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Foliation of space-time

• Hypotheses:

◦ fluid without pressure and vorticity → p = 0, wij = 0

◦ hypersurfaces orthogonal to the fluid flow → uµ ⊥ Σt

◦ Lagrangian picture → α = 1, βi = 0

• Space-time metric: gαβdX
αdXβ = −dt2 + hijdX

idXj

• Constraint & evolution equations:

3R−Ka
bK

b
a +K2 = 16πG%+ 2Λ

DaKa
i −DiK = 0

∂thij = −2Kij

∂tKij = 3Rij − 2Ka
iKaj +KKij + 4πGhij%− Λhij



Kinematical reformulation

• Decomposition of the covariant derivative of the fluid four-velocity:

Θij ≡ ∇iuj =
1

3
Θhij + σij

Θij expansion rate tensor
Θ expansion rate
σij shear rate tensor

• Identification: Kij ≡ −hαihβj∇αuβ = −Θij K ≡ −Θ

• Reformulation:

1

3
Θ2 = 8πG%− 1

2
3R+ σ2 + Λ

∂tΘ = −4πG%− 2σ2 − 1

3
Θ2 + Λ

∂thij = 2Θij



Averaging procedure

• Average of a scalar field ψ over a compact spatial domain D:

〈
ψ(t,Xi)

〉
D
≡ 1

VD

∫
D
ψ(t,Xi)

√
h(t,Xi) d3X

VD volume of the domain(
VD ≡

∫
D

√
h(t,Xi) d3X

)
h determinant of hij

• Non-commutation rule between spatial averaging and evolution:

∂t 〈ψ〉D − 〈∂tψ〉D = 〈Θ〉D 〈ψ〉D − 〈Θψ〉D

• Definition of a dimensionless effective scale factor:

aD ≡
(
VD

VDi

)1/3

〈Θ〉D =
∂tVD

VD
⇒ 〈Θ〉D = 3

∂taD

aD



Global evolution of a domain

• Buchert’s equations:

3

(
ȧD

aD

)2

= 8πG 〈%〉D −
1

2

(
3RD +QD

)
+ Λ

3
äD

aD
= −4πG 〈%〉D +QD + Λ

〈%〉.D + 3
ȧD

aD
〈%〉D = 0

• Averaged scalar curvature: 3RD ≡
〈
3R
〉
D

• Kinematical back-reaction: QD ≡
2

3

〈(
Θ− 〈Θ〉D

)2〉
D
− 2

〈
σ2
〉
D



Global evolution of a domain

• Buchert’s equations:

3

(
ȧD

aD

)2

= 8πG 〈%〉D − 3
kDi

a2
D

− 1

2
(WD +QD) + Λ

3
äD

aD
= −4πG 〈%〉D +QD + Λ

〈%〉.D + 3
ȧD

aD
〈%〉D = 0

• Curvature back-reaction:
3RD ≡

〈
3R
〉
D
≡ 6kDi

/a2
D +WD

• Kinematical back-reaction: QD ≡
2

3

〈(
Θ− 〈Θ〉D

)2〉
D
− 2

〈
σ2
〉
D



Averaged inhomogeneous cosmology

• Addressing the : nature of dark components

• Buchert’s equations:

3

(
ȧD

aD

)2

= 8πG 〈%〉D − 3
kDi

a2
D

− 1

2
(WD +QD) + Λ

3
äD

aD
= −4πG 〈%〉D +QD + Λ

〈%〉.D + 3
ȧD

aD
〈%〉D = 0

Q̇D + 6
ȧD

aD
QD + ẆD + 2

ȧD

aD
WD = 0

• QD > 0 ⇒ effective dark energy
QD < 0 ⇒ effective cosmological dark matter



Stability ?

• Issues:

◦ Do FLRW backgrounds provide a correct approximation to describe
the dynamics of the averaged space-time?

◦ Are FLRW backgrounds globally gravitationally stable within the
class of solutions of averaged inhomogeneous cosmologies?

• ‘Global gravitational instability of FLRW backgrounds—interpreting the dark
sectors’. CQG 28, 165004 (2011)

X. Roy, T. Buchert, S. Carloni and N. Obadia



Structure of Friedmann’s equation

• Power-law structure:

3

(
ȧD
aD

)2

=
8πG 〈%〉Di

a3
D

− 3
kDi

a2
D

+
Λ

a0
D

− 1

2
(WD +QD)

• Integrability condition:

Q̇D + 6
ȧD
aD
QD + ẆD + 2

ȧD
aD
WD = 0 .



Structure of Friedmann’s equation

• Power-law structure:

3

(
ȧD
aD

)2

=
8πG 〈%〉Di

a3
D

− 3
kDi

a2
D

+
Λ

a0
D

− 1

2
(WD +QD)

• Integrability condition:

aD
dQD
d aD

+6QD+aD
dWD

d aD
+2WD = 0 ⇒ QD ∝ anD , WD ∝ apD



Perturbative results

• Li & Schwarz, PRD 76, 083011(2007): Onset of cosmological
backreaction

ds2 = −dt2 + a(t)2 ((1− 2Ψ) δij + DijΞ) dxi dxj
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• Buchert, CQG 28, 164007 (2011): Relativistic Zeldovitch Approximation

RZAgij(t,X
k) = a2(t)

{
Gij + ξ(t)

(
GajPai +GibPbj

)
+ ξ2(t)GabPaiPbj

}



Perturbative results

• Li & Schwarz, PRD 76, 083011(2007): Onset of cosmological
backreaction

〈R〉D =
Order 1

a2
D

+
Order 2

aD
⇔ WD =

Order 2

aD
, QD =

Order 2

aD

• Buchert, CQG 28, 164007 (2011): Relativistic Zeldovitch Approximation

RZAQD =
ξ̇2
(
Qinitial
CD + ξγ2 + ξ2γ3

)
(1 + ξ〈Ii〉CD + ξ2〈IIi〉CD + ξ3〈IIIi〉CD )2 ∝

Qinitial
CD
a

γ2 := 6〈IIIi〉CD −
2

3
〈IIi〉CD 〈Ii〉CD , γ3 := 2〈Ii〉CD 〈IIIi〉CD −

2

3
〈IIi〉2CD .



Observations ?

• Larena, Alimi, Buchert, Kunz & Corasaniti, PRD 76, 083011(2009):

4gD = −dt2 + L2
H0
a2
D

(
dr2

1− κD(t)r2
+ dΩ2

)
〈R〉D =

κD(t)
∣∣〈R0〉D

∣∣ a2
D0

a2
D(t)

H2
D(aD) = H2

D

(
ΩDma

−3
D + ΩDXa

n
D

)
κD(aD) = −sgn

(
(n+ 6)ΩD0

X

)
a

(n+2)
D

• SNe, Acoustic peaks, ..
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Figure 2. Supernovae and CMB constraints in the (ΩD0
m ,n) plane for the averaged

effective model with zero Friedmannian curvature (filled ellipses) and for a standard

flat FLRW model with a quintessence field with constant equation of state w =

−(n + 3)/3 (black ellipses). The disk and diamond represent the absolute best–fit

models respectively for the standard FLRW model and the averaged effective model.

4.3. Testing the curvature prescription (26)

In the process of constructing the averaged effective model, we assumed Eq. (26), namely

that the geometrical instantaneous spatially–constant curvature κD(t) is related to the

actual averaged scalar curvature 〈R〉D. As previously emphasized, this prescription

is reasonable from the physical perspective, nonetheless it is worth to test is validity

directly against the data. Indeed, the presence of this non–trivial curvature effect,

that makes the effective template metric compatible with the averaged scalar curvature

〈R〉D, is purely the result of inhomogeneities. Whereas from a kinematical point of view,

acceleration driven by standard quintessence or by backreaction are indistinguishable,

a non–trivial curvature effect favoured by the data would be an unambiguous signature

of the presence of backreaction. Supposing that the scalings are:

κD(aD) ∝ am+2
D and 〈R〉D ∝ an+2

D , (44)



Scaling Solutions (1/2)

• Closure condition: (n+ 6)QDi
anD + (p+ 2)WDi

apD = 0

n, p scaling parameters
·i initial value

◦ n 6= p : (n = −6, p = −2) ⇒
QD = QDi

a−6
D

WD =WDi
a−2
D

◦ n = p ⇒ (n+ 2)WD = −(n+ 6)QD

Note: solutions (n = −6, p = −2) and n = p = −6 physically equivalent



Scaling Solutions (2/2)

• Global contributions of inhomogeneities:

XD ≡ QD +WD XD = − 4

n+ 2
QD =

4

n+ 6
WD

• Properties of XD:

◦ departure from FLRW
→ FLRW background ≡ XD = 0

→ instability sectors ≡ XD 6= 0

◦ effective dark components
→ dark components ∈ instability sectors



Autonomous system (1/2)

• Hubble functional: HD ≡
∂taD
aD

• Dimensionless effective cosmological parameters:

ΩDm ≡
8πG

3H2
D

〈%〉D ΩDk ≡ −
kDi

a2
DH

2
D

ΩDX ≡ −
XD
6H2

D

• Volume deceleration: qD ≡ −1− ∂tHD
H2
D



Autonomous system (2/2)

• Dynamical system:

◦ constraint equations:
ΩDm − (n+ 2) ΩDX = 2 qD

ΩDm + ΩDk + ΩDX = 1

◦ evolution equations:
ΩDm

′
= ΩDm

(
ΩDm − (n+ 2) ΩDX − 1

)
ΩDX

′
= ΩDX

(
ΩDm − (n+ 2) ΩDX + n + 2

)

·
′
≡ ∂ · /∂ND

with ND ≡ ln aD

⇒ determines the orbit of a cosmological state (ΩDm,Ω
D
X ,Ω

D
k , n) in the

corresponding phase space



Fixed Points

Coordinates Scale factor Stability
(ΩD

m,Ω
D
X ) {eigenvalues}

point A (0, 0) aD(t) = HDi
(t− ti) + 1

n < −2, attractor
n > −2, saddle
{−1, n + 2}

point B (1, 0) aD(t) =
(

3
2
HDi

(t− ti) + 1
) 2

3
n < −3, saddle
n > −3, repeller
{1, n + 3}

point C (0, 1)
aD(t) =

(
−n

2
HDi

(t− ti) + 1
)− 2

n (n 6= 0)

aD(t) = exp(HDi
(t− ti)) (n = 0)

n < −3, repeller
−3 < n < −2, saddle
n > −2, attractor
{−n− 3,−n− 2}

line L1 ΩD
m + ΩD

X = 1 aD(t) =
(

3
2
HDi

(t− ti) + 1
)2/3

(n = −3)

line L2 ΩD
m = 0 aD(t) = HDi

(t− ti) + 1 (n = −2)



Phase space diagrams

n < −3 n = −3 −3 < n < −2
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Orbits for n < −3

n = −4
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◦ arrows ≡ increasing ND
◦ dots ≡ fixed points
◦ thick straight lines (dark blue) ≡ invariant lines
◦ dashed line ≡ vanishing qD
(acceleration below, deceleration above)
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Orbits for n = −3
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Orbits for −3 < n < −2
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Orbits for n = −2
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Orbits for n > −2

n = −1
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Conclusion

Does a Friedmann-like state, lying on the line ΩDX = 0, converge on average to
the same or another Friedmann-like state when subjected to perturbations?

• Stability of FLRW backgrounds:

i) n < −2 and kDi
< 0 → attractor ≡ Milne state

ii) n < −3 and kDi
= 0 → attractor ≡ Einstein–de Sitter state

• Instability of FLRW backgrounds:

i) n < −2 and kDi
> 0 (”DM” forn < −3 & kDi

> 0)

ii) −3 ≤ n < −2 and kDi
= 0

iii) n > −2 (”DE” forn > −2 & ΩDX > 0)
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