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Conclusions from WMAP:

A spatially-flat Universe

Dark matter and dark 
energy

Initial perturbations 
which are gaussian, 
adiabatic and nearly 
scale-invariant,           
e.g. as given by inflation.

If you want to explain this 
data, your best bet is ...



What is inflation?
Inflation is any period of the 
Universe’s evolution during which 
the Universe is accelerating  

Accelerating

Decelerating

ä > 0

For this talk, we are interested in 
possible accelerated expansion in 
the early Universe.

This can also be written in terms 
of the comoving Hubble length as

d(H−1/a)
dt

< 0



Inflation is by now regarded as a standard 
ingredient of cosmological models.



Inflation and perturbations
The main motivation for being interested in inflation is 
that it leads to a perturbed Universe. During inflation, 
quantum fluctuations are imprinted on the Universe.

Scalar field fluctuations

Lead to scalar metric perturbations

Cause gravitational collapse to form structures

Gravitational wave perturbations

Not associated with gravitational collapse but may 
influence the CMB.



Current constraints on single-field models
Leach & Liddle, PRD, astro-ph/0306305

Comparison with 
observations:

Fit to data compilation of 
WMAP, other CMB 
experiments (VSA, CBI 
and ACBAR), and 2dF 
galaxy survey.

Use CAMB plus CosmoMC 
plus WMAP likelihood 
code plus slow-roll 
inflation module. e2
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What changed with WMAP?

Leach & Liddle, astro-ph/0207213
Without WMAP or 2dFGRS

2 and 3 sigma contours
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Current constraints
Leach & Liddle, PRD, astro-ph/0306305

Comparison with 
observations:

Fit to data compilation of 
WMAP, other CMB 
experiments (VSA, CBI 
and ACBAR), and 2dF 
galaxy survey.

Use CAMB plus CosmoMC 
plus WMAP likelihood 
code plus slow-roll 
inflation module. nS−1
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Predictions of the simplest models

The simplest models of inflation predict 
nearly scale-invariant spectra of adiabatic 

gaussian density perturbations and 
gravitational waves, in their growing mode, 

in a spatially-flat Universe. 

WMAP does not provide any evidence against any of 
these, and gives support to all but the gravitational waves. 
As such, it gives strong general support to the 
inflationary paradigm (but not uniquely to inflation).



Nearly scale-invariant spectrum

Adiabatic perturbations

Gaussian perturbations

Gravitational waves

Growing mode

Spatial flatness

n = 0.99±0.04
(for a power-law fit to the data)

Good fit to data assuming these dominate.

No unambiguous evidence of primordial     
non-gaussianity.

Good fit to data assuming no decaying mode.
Temperature-polarization anti-correlation.

Wtot = 1.02±0.02

Not detected: r < 0.43
(for a power-law fit to the data)

Conclusion: the simplest inflation models are doing very well!!



More complicated models

Multi-field models.  These allow isocurvature perturbations, which 
may be correlated with the usual adiabatic ones. 

The Curvaton.  In this model, negligible adiabatic perturbations are 
produced during inflation, being later generated from isocurvature 
perturbations generated during inflation. This is a natural way to 
introduce some non-gaussianity.

Braneworld Inflation. In standard braneworld inflation, the form of 
perturbations generated from a given potential changes, though the 
general predictions are unharmed.

There is presently no observational need to consider more 
complicated models, but here’s some possibilities:

Even if effects from these more complex models are never seen, 
they introduce degeneracies in interpretting observations.



With so many ideas around, can 
we really draw robust conclusions 

from the observational data?



While there is broad consensus that the standard 
cosmological model gives an excellent description of the 
observed data, there isn’t actually agreement on what the 
standard cosmological model is!

The precise constraints obtained depend on 

There have been a variety of choices made for both of these.

The observational datasets used.

The set of cosmological parameters used to 
define the cosmological model.

What is the Standard Cosmological Model?



WMAP: Spergel et al



Can we use the data itself to decide which 
parameters should be used in the fit?

This is the statistical problem of model selection. 
It arises across many science disciplines.
      e.g. in medical trials, one may have many 

factors that might contribute to disease 
susceptibility, and want to know which 
are effective in predicting disease.



Having decided the set of cosmological parameters 
defining the model, the standard method of data 
fitting is to compute the likelihood function

L(qi) q1, ...,qk are the cosmological parameters

The maximum likelihood gives the best values for the parameters, 
and the neighbouring behaviour gives the confidence limits.

Tegm
ark et al. (2003)



How do we compare different cosmological models 
(i.e. different choices of fundamental parameters)?
Can we say which model is best?

Problem 1: if we add extra parameters, typically the 
maximum likelihood will increase, even if the new 
parameter actually has no physical relevance.

We need a way of penalizing use of extra 
parameters - an implementation of Ockham’s razor.

Problem 2: as we add extra parameters, the 
uncertainties on existing parameters increase, and 
eventually we learn nothing useful about anything.



The Information Criteria
Since the mid-seventies, statisticians have explored 
the connection between statistical inference and 
information theory to analyze this situation.

[Other model selection techniques: likelihood ratio test and Bayesian evidence.]

 Akaike information criterion   (Akaike 1974)

 Bayesian information criterion   (Schwarz 1978)

k = number of parameters

N = number of datapoints

The preferred model is the one which minimizes the 
information criterion.

BIC =−2lnLmax + k lnN

AIC =−2lnLmax +2k

Liddle, astro-ph/0401198



The Akaike Information Criterion was derived using information 
theory techniques. It gives an approximate minimization of the 
so-called Kullback-Leibler information entropy, which is a 
measure of the difference between two probability distributions.

The Bayesian Information Criterion was derived using Bayesian 
statistics. It is an approximation to the Bayesian evidence, which 
gives the posterior odds of one of two models being correct (the 
BIC making the assumption that they were equally likely before 
the comparison to data). It is related to the integrated likelihood.

There is some dispute in the statistics literature as to which is the better, which 
seems to depend on circumstances. 
      The AIC tends to be preferred if the model complexity increases with the 

size of the dataset, not thought to be true in cosmology.
      The AIC has the problem that it is `dimensionally inconsistent’, meaning that

it can favour the wrong model even with an infinite dataset.
My reading is that the BIC is preferred for cosmology.



Application to present data  
[WMAPext+SDSS, Tegmark et al. (2003)]

Start with a `base’ set of cosmological parameters, the 
simplest set known to give an acceptable fit to the data.

A spatially-flat cosmology with radiation, baryons, 
dark matter and dark energy, with scale-invariant 
adiabatic gaussian density perturbations.



There are many, many ways in which this 
base cosmological model can be extended.



How many cosmological parameters? 3

Table 2. Candidate parameters: those which might be relevant for cosmological observations, but for which
there is presently no convincing evidence requiring them. They are listed so as to take the value zero in the
base cosmological model. Those above the line are parameters of the background homogeneous cosmology,
and those below describe the perturbations.

Ωk spatial curvature
Nν − 3.04 effective number of neutrino species (cmbfast definition)
mνi neutrino mass for species ‘i’

[or more complex neutrino properties]
mdm (warm) dark matter mass
w + 1 dark energy equation of state
dw/dz redshift dependence of w

[or more complex parametrization of dark energy evolution]
c2S − 1 effects of dark energy sound speed
1/rtop topological identification scale

[or more complex parametrization of non-trivial topology]
dα/dz redshift dependence of the fine structure constant
dG/dz redshift dependence of the gravitational constant

n − 1 scalar spectral index
dn/d lnk running of the scalar spectral index
r tensor-to-scalar ratio
r + 8nT violation of the inflationary consistency equation
dnT/d ln k running of the tensor spectral index
kcut large-scale cut-off in the spectrum
Afeature amplitude of spectral feature (peak, dip or step) ...
kfeature ... and its scale

[or adiabatic power spectrum amplitude parametrized in N bins]
fNL quadratic contribution to primordial non-gaussianity

[or more complex parametrization of non-gaussianity]
PS CDM isocurvature perturbation ...
nS ... and its spectral index ...
PSR ... and its correlation with adiabatic perturbations ...
nSR − nS ... and the spectral index of that correlation

[or more complicated multi-component isocurvature perturbation]
Gµ cosmic string component of perturbations

3 APPLICATION TO PRESENT
COSMOLOGICAL DATA

3.1 Choice of parameters

Most of the recent work on cosmological parameters has
chosen a particular parameter set or sets, and investigated
parameter constraints when faced with different observa-
tional datasets. However, the information criteria ask how
well different models fit the same dataset. First we need to
decide which models to consider.

A useful division of parameters is into those which are
definitely needed to give a reliable fit to the data, which
I will call the base parameter set, and those which have
proved irrelevant, or of marginal significance, in fits to the
present data. The base parameter set is actually extraordin-
arily small, and given in Table 1. At present it seems that a
scale-invariant spectrum of adiabatic gaussian density per-
turbations, requiring specification of just a single parameter
(the amplitude), is enough to give a good fit to the data.
The Universe can be taken as spatially-flat, with the dark
matter, baryon, and radiation densities requiring to be spe-
cified as independent parameters. The base model includes
a cosmological constant/dark energy, whose density is fixed
by the spatial flatness condition. To complete the parameter
set, we need the Hubble constant. Accordingly, a minimal
description of the Universe requires just five fundamental

parameters.2 Further, the radiation density Ωr is directly
measured at high accuracy from the cosmic microwave back-
ground temperature and is not normally varied in fits to
other data.

In addition to these fundamental parameters, comparis-
ons with microwave anisotropy and galaxy power spectrum
data require knowledge of the reionization optical depth τ
and the galaxy bias parameter b respectively. These are not
fundamental parameters, as they are in principle computable
from the above, but present understanding does not allow
an accurate first-principles derivation and instead typically
they are taken as additional phenomenological parameters
to be fit from the data.

Complementary to this base parameter set is what I will
call the list of candidate parameters. These are parameters
which are not convincingly measured with present data, but
some of which might be required by future data. Many of
them are available in model prediction codes such as cmb-
fast (Seljak & Zaldarriaga 1996). Cosmological observations
seek to improve the measurement of the base parameters,
and also to investigate whether better data requires the pro-
motion of any parameters from the candidate set into the

2 To be more precise, this base model assumes all the parameters
to be listed in Table 2 are zero. Analyses may use different para-
meter definitions equivalent to those given here, for instance using
the physical densities Ωh2 in place of the density parameters.

c© 0000 RAS, MNRAS 000, 000–000



Here are the information criteria for various 
cosmological models analyzed by Tegmark et al.

The absolute values of the criteria are not of interest, only the relative values. 
For the BIC, a difference of 2 is regarded as significant evidence, and of 6 as 
strong evidence, against the model with the higher value.

Both information criteria favour the simplest model, 
with the AIC and BIC increasing with model complexity.

N = 1367 =⇒ lnN " 7



Implications for inflation
As far as the present data are concerned, even the simplest 
models of inflation are too complicated a description. We just 
need one parameter, the adiabatic density perturbation amplitude.

Hopefully future data will 
not only be of higher 
quality, but will also require 
the introduction of extra 
parameters. Otherwise the 
physics we can extract will 
be very limited.



Precision cosmology has arrived, with several cosmological 
parameters known to high accuracy, and good agreement 
amongst different datasets.

Inflationary models are commonly taken as part of the standard 
cosmological model, and indeed give excellent fits to the data.

However, as far as the data alone are concerned, the preferred 
fit uses a Harrison-Zel’dovich spectrum, and does not need 
inflationary physics.

Hopefully, future data will require the inclusion of more 
parameters, allowing us to access more physics.

There should be less focus on parameter estimation, and more 
on model selection.

Conclusions




