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Stochastic backgrounds of radiation

Stochastic backgrounds of radiation: incoherent superposition of radiation 
emitted by unresolved sources 

                              cosmological origin                      astrophysical origin  
!
EM radiation        CMB                                        IR extragalactic background  
!
!
GW radiation      cosmological background       astrophysical background  

Plank CMB map Plank IR map



Astrophysical background: status of the art  

Our goal: compute the total flux of GW from astrophysical sources, received per 
units of frequency and solid angle around the direction of observation
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can also be used to establish a pulsar-based timescale and to identify (or limit)
errors in Solar-system ephemerides.

We are now approaching the level of timing precision and data spans which are
needed to achieve the main goals of PTA projects. Specifically, if current predictions
of the strength of the stochastic GW background in the Galaxy from binary super-
massive black holes in the cores of distant galaxies are realistic, within a few years
we should be able to make a significant detection of this signal. Other possible
sources of a stochastic GW background include fluctuations in the inflation era and
oscillations of cosmic strings in the early Universe. Fig. 7 summarises the signals
expected from different astrophysical sources and places the PTA in the context of
ground- and space-based laser interferometer systems, specifically LIGO and LISA.

Fig. 7. Spectrum of potentially detectable GW sources and sensitivity curves for PTA systems,
the space-based laser interferometer LISA and the ground-based laser interferometer LIGO.

Current efforts are concentrating on eliminating systematic errors from the tim-
ing data and improving signal-processing and GW-detection algorithms. While in-
trinsic period irregularities are significant in a few PTA pulsars, so far they are not
a limiting factor for GW detection. Several groups around the world are collaborat-
ing to combine data sets to form an International Pulsar Timing Array, which will
improve our sensitivity to GWs and help us to reach the other PTA goals. Future

bounds on          integrated over 
directions 

         computed in FLRW

…         sky map (persistent sources) we go beyond this assumption! 
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Figure 2. The CMB dipole in galactic coordinates as seen by the WMAP satellite.
The red horizontal line in the middle is due to emission from the Milky Way. This
figure is obtained by subtracting the best fit monopole from the full sky CMB map
and by removing the annual modulation shown in Fig. 3. Figure from the WMAP
webpage of NASA http://map.gsfc.nasa.gov/mission/observatory cal.html.

(or blue-) shifted with frequency ⌫ 0 = ✏0/h where

✏0 = �✏ (1 + n · v) , � =
1

p

1 � v2
. (2.2)

(Here and in the rest of this article the speed of light is set to unity, c = 1.) For an

isotropic emission of photons coming from all directions n at first order in v this leads

to a dipole anisotropy. Interpreting it as due to our motion with respect to the last

scattering surface implies a velocity for the bary-center of the solar-system given by

v = 369 ± 0.9km/s in direction (b, l) = (48.26o
± 0.03o, 263.99o

± 0.14o) (2.3)

at 68% CL [25–27]. Here (b, l) denote the latitude (’Breite’) and longitude (’Länge’)

in galactic coordinates. Interestingly, COBE not only measured the amplitude of the

dipole with high precision but also its annual modulation due to the motion of the earth

which moves with a mean velocity of about 30km/s with respect to the bary-center of

the solar system [28] see Fig. 3.

The FIRAS experiment aboard the COBE satellite also measured the frequency

spectrum of the dipole and showed that it is in good agreement with the derivative of

a Planck spectrum [27].

Furthermore, the Planck satellite [29] has measured the aberration which is of order

v2 and the modulation of CMB fluctuations on smaller scales due to our peculiar motion.

Consistent values for the velocity of the solar system could be derived also from these

e↵ects [30].
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Fig. 6.11 Evolution of the observational status between 1997 and 2003 (left). The solid line 
curve represents the best-fit ACDM model, whereas an open model (no = 0.3, dotted line) 
is now excluded by observations. (right): The power spectra for the t emperature and the 
temperature-E polarization cross-correlation obtained by the WMAP satellite. 

more robust , proof of the existence of super-Hubble fluctuations at the time of 
decoupling, since the Sachs- Wolfe plateau of the temperature power spectrum 
alone could have been generated along the line of sight after decoupling (as, e.g. , 
in topological defect models) . The sign of the cross-correlation and the phase of 
the acoustic oscillations compared to that of the temperature power spectrum are 
strong indications in favour of adiabatic primordial perturbations. 

- the 8E cross-correlation at large scales (€ < 20) is explained by an early reioniza-
tion of the Universe, at a redshift of Zre = which gives an optical depth 
of Tre = 0.089 ± 0.03. 

Planck ‘13
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Figure 2. The CMB dipole in galactic coordinates as seen by the WMAP satellite.
The red horizontal line in the middle is due to emission from the Milky Way. This
figure is obtained by subtracting the best fit monopole from the full sky CMB map
and by removing the annual modulation shown in Fig. 3. Figure from the WMAP
webpage of NASA http://map.gsfc.nasa.gov/mission/observatory cal.html.
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a Planck spectrum [27].
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Fig. 6.11 Evolution of the observational status between 1997 and 2003 (left). The solid line 
curve represents the best-fit ACDM model, whereas an open model (no = 0.3, dotted line) 
is now excluded by observations. (right): The power spectra for the t emperature and the 
temperature-E polarization cross-correlation obtained by the WMAP satellite. 

more robust , proof of the existence of super-Hubble fluctuations at the time of 
decoupling, since the Sachs- Wolfe plateau of the temperature power spectrum 
alone could have been generated along the line of sight after decoupling (as, e.g. , 
in topological defect models) . The sign of the cross-correlation and the phase of 
the acoustic oscillations compared to that of the temperature power spectrum are 
strong indications in favour of adiabatic primordial perturbations. 

- the 8E cross-correlation at large scales (€ < 20) is explained by an early reioniza-
tion of the Universe, at a redshift of Zre = which gives an optical depth 
of Tre = 0.089 ± 0.03. 
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What we can learn 

We calculate the angular power spectrum of the GW stochastic 
background and its correlations with lensing and galaxy distribution 

(1) cosmology: cosmic structure at large scales, spacetime geometry…

(2) local physics: GW production, star formation rate, distribution sources…

Two types of information: 



we learn mostly about the distribution of GW sources

What we can learn 

We calculate the angular power spectrum of the GW stochastic 
background and its correlations with lensing and galaxy distribution 

(1) cosmology: cosmic structure at large scales, spacetime geometry…

(2) local physics: GW production, star formation rate, distribution sources…

Two types of information: 



new cosmological observable robust to local physics unknown 

What we can learn 

We calculate the angular power spectrum of the GW stochastic 
background and its correlations with lensing and galaxy distribution 

(1) cosmology: cosmic structure at large scales, spacetime geometry…

(2) local physics: GW production, star formation rate, distribution sources…

Two types of information: 



Unresolved sources of GW

We distinguish the following sources of GW (inside a galaxy), depending on 
the characteristic time of GW emission with respect to the life time system

(1) binary inspiralling objects

(2) binary merging objects

(3) exploding supernovae

23

n

The MPM algorithm

Gµ⌫(g↵� , @g↵� , @
2g↵�) = 0

hµ⌫ =
p
�ggµ⌫ � ⌘µ⌫ = Ghµ⌫ + G2h(2)µ⌫ + . . .

⇤h(i)
µ⌫ = ⇤µ⌫(h

(1), . . . , h(i�1))

@µh(i)
µ⌫ = 0

F =
G
5c5

 
d3M (N)

ij

dt

d3M (N)
ij

dt
+O

✓
1

c2

◆!

Equation of motion  
1PN  Lorentz&Droste 17; Einstein-Infeld-Hoffman 38; 
Fock 39; […] 4PN Damour-Jaranowski-Schäfer 14; 
Bernard-Blanchet-Bohé-Faye-Marsat 16 
Emission and propagation of GW  
(Einstein 1918; Landau-Lifshitz  1947;[…]; Thorne 
1980;[…];3.5PN Liv. Rev. Blanchet) 

2 tasks:

Post-Newtonian theory

Einstein quadrupole formula:

Blanchet-Damour-Iyer formalism

‣ Perturbative expansion of relativistic effects
‣1 PN 

⇣v
c

⌘2



       in solid angle           defines a null bundle along the  
 past light cone 

Scheme of our approach 

dx

µ

d�

⌘ k

µ = E(uµ � e

µ)

d⌦O

4-velocity observer uµ
O

eµOdirection observation

eµO

dV is 3D physical volume element given by the intersection of 4-volume with the 
observer past light cone  

wave vector graviton

3+1 decomposition

We consider the flux of GW from a galaxy seen in direction      at redshift     .eµO zG



Some observational issues

�(eO, zG, ✓G) ⌘
Energy

AO�tO

Z
d⌫O�(eO, ⌫O, zG, ✓G) ⌘ �(eO, zG, ✓G)

specific flux

Galaxy G, at      and observed in     .  Associated flux:       

To find the total flux received, we need to sum the contributions from all 
the galaxies in the solid angle d⌦O

eOzG

✓G      parameters describing G  (mass, metallicity…)



Three scales in our problem

(1) cosmological scale. Galaxies: point-like sources moving 
with the cosmic flow  

(2) galactic scale. A source -i  inside a galaxy is characterized 
by parameters         and is moving with  velocity     . Effective 
luminosity of a galaxy defined taking into account the various 
contributions of the sources 

(3) local scale. Scale of single sources emitting GW inside a 
galaxy 

�✓(i)



(1) Cosmological scale

�(zG, eO, ✓G) ⌘
1

4⇡D2
L(zG, eO)

LG(✓G)

Z 1

0
LG(⌫G, ✓G)d⌫G = LG(✓G)

⌫G = (1 + zG)⌫O

�⌫(zG, eO, ⌫O, ✓G)d⌫O ⌘ (1 + zG)

4⇡D2
L(zG, eO)

LG(⌫G, ✓G)d⌫O

effective frequency

effective luminosity

The observed flux from a galaxy, is related to its effective luminosity through 

d⌫G = (1 + zG)d⌫O



(2) Galactic scale 

with distribution function� = �(✓(i), ✓G)
Z

d3�f(�, ✓G) = 1with

Effective luminosity (per unit of effective frequency) 

f(�, ✓G)

LG(✓G, ⌫G) = LI
G(✓G, ⌫G) + LM

G (✓G, ⌫G) + LSN
G (✓G, ⌫G)

galaxy rest frame    

LI
G(✓G, ⌫G) =

IX

(i)

Z
d✓(i)N (i)(✓(i), ✓G)

Z
d3� f(�, ✓G)

dE(i)
G

dtGd⌫G
(⌫G,�, ✓G)

LM,SN
G (✓G, ⌫G) =

M,SNX

(i)

Z
d✓(i)

dN (i)

dtG
(✓(i), ✓G)

Z
d3� f(�, ✓G)

dE(i)
G

d⌫G
(⌫G,�, ✓G)



(3) Local scale

Spectra and powers in the galaxy rest frame are obtained  Lorentz 
transforming  the results in the literature (which are computed in the source 
local frame)

e.g.  BH+BH  

e.g.

dE

dt d⌫

G = boost

✓
dE

dt d⌫

loc

,�

◆

persistent background



Summary: from cosmological to local scale

cosmological scale

local scale

� =
(1 + zG)

D2
L

LG

function local 
quantities at sources



Final parametrization of ⇢GW

d2⇢GW

d⌫Od⌦O
(⌫O, eO) =

Z
dzG

Z
d✓G �(zG, ⌫O, ✓G)

d2NG

dzG d⌦O
(zG, ✓G)

dNG(x
µ(�), ✓G) ⌘ nG(x

µ(�), ✓G)dV (xµ(�))

dV (xµ(�)) = d⌦OD
2
A(�)

q
pµ(�)pµ(�)d�

zG ! �

integration over redshift  

change variable integration   

number of galaxies per solid angle per redshift bin  

physical surface spatial 
displacement

integration over 
parameters  galaxy

…covariant: valid in a generic cosmology!



FLRW with perturbations

We specialize to homogeneous & isotropic universe + scalar perturbations

We need to consider perturbations of the following quantities: 

ds

2 = a

2
⇥
�(1 + 2 )d⌘2 + (1� 2�)�ijdx

i
dx

j
⇤

(uµ) ⌘ 1

a
(1� , vi)

density perturbation

 perturbation spatial displacement 

zG ⌘ z̄ + �z

nG(x
µ) = n̄G(x̄

µ) + �x

µrµn̄G(x̄
µ) + �nG(x̄

µ)

pµ = p̄µ + �pµ

redshift perturbation
b �CDM (x̄µ)



Results in cosmological context

d2⇢GW

d⌫Od⌦O
(⌘O,xO, e, ⌫O) =

d2 ¯⇢GW

d⌫Od⌦O
(⌘O,xO, ⌫O) + E(⌘O,xO, e, ⌫O)

1

4⇡H0

Z
dz̄

1

E(z̄)

1

(1 + z̄)4

Z
d✓G n̄G(z̄, ✓G)LG(⌫G, ✓G)

first order perturbation. Angular dependence! 
background



Results in cosmological context

d2⇢GW

d⌫Od⌦O
(⌘O,xO, e, ⌫O) =

d2 ¯⇢GW

d⌫Od⌦O
(⌘O,xO, ⌫O) + E(⌘O,xO, e, ⌫O)

[local physics 
contribution]

[cosmological contribution]

Doppler

contribution local overdensity

CMB temperature in perturbed universe  (SW, integrated SW and Doppler terms…) ⇠

integrated contribution

1

4⇡

Z
d⌘ a4

Z
d✓G n̄G(⌘, ✓G)LG(⌫G, ✓G)


b�CDM + 4 � 2e ·rv � 6

Z
d⌘0 ̇

�



In progress…

Our results have a cosmological part and a local part 

we already have it
we are working it out in detail, for 
different source types

numerical prediction for the angular power spectrum of                 
to test vs observations!

⌦GW



Impact of our work, how to continue it 

Accurate modeling needed to disentangle GW astrophysical background from 
primordial background and instrumental noise

We have proposed an analytic  framework to study the anisotropies of the 
astrophysical background of GW

New generation of GW experiments: astrophysical background of GW has a 
chance to be detected in the next few years LIGO coll. PRL 116.131102

Method developed to extract angular information from signal: radiometer 
method & spherical harmonic decomposition (see Cornish & Romano review) 
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Figure 2. The CMB dipole in galactic coordinates as seen by the WMAP satellite.
The red horizontal line in the middle is due to emission from the Milky Way. This
figure is obtained by subtracting the best fit monopole from the full sky CMB map
and by removing the annual modulation shown in Fig. 3. Figure from the WMAP
webpage of NASA http://map.gsfc.nasa.gov/mission/observatory cal.html.

(or blue-) shifted with frequency ⌫ 0 = ✏0/h where

✏0 = �✏ (1 + n · v) , � =
1

p

1 � v2
. (2.2)

(Here and in the rest of this article the speed of light is set to unity, c = 1.) For an

isotropic emission of photons coming from all directions n at first order in v this leads

to a dipole anisotropy. Interpreting it as due to our motion with respect to the last

scattering surface implies a velocity for the bary-center of the solar-system given by

v = 369 ± 0.9km/s in direction (b, l) = (48.26o
± 0.03o, 263.99o

± 0.14o) (2.3)

at 68% CL [25–27]. Here (b, l) denote the latitude (’Breite’) and longitude (’Länge’)

in galactic coordinates. Interestingly, COBE not only measured the amplitude of the

dipole with high precision but also its annual modulation due to the motion of the earth

which moves with a mean velocity of about 30km/s with respect to the bary-center of

the solar system [28] see Fig. 3.

The FIRAS experiment aboard the COBE satellite also measured the frequency

spectrum of the dipole and showed that it is in good agreement with the derivative of

a Planck spectrum [27].

Furthermore, the Planck satellite [29] has measured the aberration which is of order

v2 and the modulation of CMB fluctuations on smaller scales due to our peculiar motion.

Consistent values for the velocity of the solar system could be derived also from these

e↵ects [30].
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Fig. 6.11 Evolution of the observational status between 1997 and 2003 (left). The solid line 
curve represents the best-fit ACDM model, whereas an open model (no = 0.3, dotted line) 
is now excluded by observations. (right): The power spectra for the t emperature and the 
temperature-E polarization cross-correlation obtained by the WMAP satellite. 

more robust , proof of the existence of super-Hubble fluctuations at the time of 
decoupling, since the Sachs- Wolfe plateau of the temperature power spectrum 
alone could have been generated along the line of sight after decoupling (as, e.g. , 
in topological defect models) . The sign of the cross-correlation and the phase of 
the acoustic oscillations compared to that of the temperature power spectrum are 
strong indications in favour of adiabatic primordial perturbations. 

- the 8E cross-correlation at large scales (€ < 20) is explained by an early reioniza-
tion of the Universe, at a redshift of Zre = which gives an optical depth 
of Tre = 0.089 ± 0.03. 
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Thank you



Extracting angular information 

Two ways of implementing the maximum likelihood approach for mapping GW 
power (see Cornish & Romano) 
!
!
             Radiometer method & spherical harmonic decomposition method

LIGO angular searches: 2 directional searches for persistent GW background, 
using the two methods above 
!
SRN ratio maps obtained from the two methods  consistent with detector noise 
!

optimized for a background dominated by 
point-like sources

diffuse background



LISA angular resolution

LISA: all-sky monitor (not pointed instrument) 

Info on the source position is encoded in the signal in three ways:

(1) relative amplitude and phase of the two polarization components

(3) modulation of the signal due to detector time-varying orientation

(2) periodic Doppler shift

it measures simultaneously both polarizations of GW: 2 time series of data

�⌦Sangular resolution             for a given source

(Cutler ’97)

In any case, if we just had 3 LISA…



Future detection background 

LIGO (PRL 116.131102)   
!
Analysis characteristic event GW150914  —-> prediction for flux GW from BH+BH 
events  
!
!
!
!
 Amplitude detectable by advanced VIRGO & LIGO (even before reaching the 
final designed sensitivity) 



Sensitivity curves and expected fluxes 

expected regime of frequencies and strain 
for astrophysical stochastic background 

cosmological background (inflation, 
cosmic strings…)



Final parametrization of ⇢GW

After these substitutions, we get 

effective luminosity   
of a galaxy  

d

2
⇢GW

d⌫Od⌦O
(⌫O, eO) =

1

4⇡

Z
d�

Z
d✓G

1

(1 + zG(�))3

q
pµ(�)pµ(�)nG(x

µ(�), ✓G)LG(⌫G, ✓G)

redshift

galaxy density

spatial  
displacement

…covariant: valid in a generic cosmology!


