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Perturbation theory in Bianchi I space-times
Predictions from an anisotropic inflationary era
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Motivations

A sufficient period of accelerated expansion solves the
problem of flatness and isotropy in the hot big-bang.
Inflation also explains the nearly scale-invariant
spectrum but assuming perturbations around a
homogenous, isotropic and flat, that is
Friedmann-Lemaître (FL) space-time.
It would be more satisfactory to get all these predictions in
a consistent way.
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Publications

We have studied perturbations around a homogenous flat
but anisotropic space-time: Bianchi I

T.S. Pereira, C. Pitrou, J.-P. Uzan JCAP 09 006 (2007)
[arXiv:0707.0736].

C. Pitrou, T.S. Pereira, J.-P. Uzan [arXiv:0801.3596].
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Metric

ds2 = gµνdxµdxν = −dt2 +
∑3

i=1 X 2
i (t)

(
dx i)2

.

ds2 = S2 [−dη2 + γij(η)dx idx j]
S ≡ [X1(t)X2(t)X3(t)]1/3 , Sdη = dt

Matter content

Tµν = ∂µϕ∂νϕ−
(1

2∂αϕ∂
αϕ+ V

)
gµν

Anisotropy: shear

σij ≡ 1
2γ
′
ij

γ ≡ γ ijσij = 0
σ2 ≡ σijσ

ij

x2 ≡ σ2/(6H2)
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Friedmann equations

H2 = κ
3

[1
2ϕ
′2 + V (ϕ)S2]+ σ2

6 ,

H′ = −κ
3 [ϕ′2 − V (ϕ)S2]− σ2

3

(σi
j )
′ = −2Hσi

j

ϕ′′ + 2Hϕ′ + S2Vϕ = 0 (Klein-Gordon)
κ = 8πG, H = S′/S

Main features
σ is like a massless scalar field.
σ ∼ 1/S2

Klein-Gordon is the same!
Positive energy condition is x < 1.
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General solutions

Adapted coordinates
In a basis where σij is diagonal
γij = exp [2βi(t)] δij = a2

i δij

Directional scale factors and Hubble parameters
Xi = Sai , hi =

X ′i
Xi

= H+ β′i

Pure Cosmological constant: single parameter α

S(t) = S∗ [sinh (t/τ∗)]1/3 , τ−1
∗ =

√
3κV

Xi = S∗
[
sinh

(
t
τ∗

)]1/3 [
tanh

(
t

2τ∗

)] 2
3 sinαi

αi = α + i 2π
3
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Directional scale factors in function of α
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Particular cases with two
scale factors being equal

α = π/2: Bouncing time
at the singularity
α = π/6

Kasner exponents

ds2
Kasner

= −dt2 + S2
∗
∑3

i=1

(
t

2τ∗

)2pi
(dx i)2

pi(α) = 2
3 sinαi + 1

3
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Invariants of the metric

R = 4
3τ2
∗

RµνRµν = 4
9τ2
∗

RµνρσRµνρσ =
1

27τ2
∗

{
8 +

4
cosh4 [t/(2τ∗)]

+
32 cosh (t/τ∗)
sinh4 (t/τ∗)

[
3 cos(α)2 sin(α)− sin(α)3 + 1

]}
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Chaotic inflation: V = 1
2m2ϕ2

Bianchi I vs FL
Scale factor
Scalar field
Dynamics is only slightly
changed: lasts slightly longer
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Reaching the attractor
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Attraction towards the FL attractor
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On the attractor

Slow-roll parameters

ε ≡ 3 ϕ′2

ϕ′2+2S2V

δ ≡ 1− ϕ′′

Hϕ′ = − ϕ̈
Hϕ̇

Dynamics of ε and δ

ε′ = 2Hε(ε− δ)

δ′ = H(3− δ)
[
ε2−3δ
3−ε − x2(3− ε)

]
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Dynamics on the attractor near the singularity
ε→ 0 δ → −3 ,
δ′ = O(ε, δ), ε′ = O(ε, δ)

H ' 1
3t

x ' 1
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Scalar Vector Tensor (SVT) decomposition

gµν = ḡµν + δg(S)
µν + δg(V )

µν + δg(T )
µν

ϕ = ϕ̄+ δϕ

Perturbation variables

ds2 = S2 [− (1 + 2A) dη2 + 2Bidx idη +
(
γij + hij

)
dx idx j]

Bi = ∂iB + B̄i

hij = 2C
(
γij +

σij
H
)

+ 2∂i∂jE + 2∂(iEj) + 2Eij
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Mode decomposition

f
(
x j , η

)
=
∫ d3ki

(2π)3/2 f̂ (ki , η) eiki x i

k ′i = 0 but k i ′ = (γ ijkj)
′ = −2σijkj 6= 0

k2 = kik i is time dependent k ′/k = σijkikj

Polarisation basis

Base {e1,e2} orthonormal to k̂ i = k i/k

ea
i kjγ

ij = 0
ea

i eb
j γ

ij = δab

Projector orthogonal to k i is Pij ≡ e1
i e1

j + e2
i e2

j .
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SVT Decomposition in Fourier space

Vectors
Vi =

∑
a Vaea

i

Tensors

Tij =
∑

λ=+,× Tλελij

ελij =
e1

i e1
j −e2

i e2
j√

2
δλ+ +

e1
i e2

j +e2
i e1

j√
2

δλ×

ελij γ
ij = 0 (traceless) ελij k

i = 0(transverse)

Decomposition of the shear

σij =
3
2

(
k̂i k̂j −

1
3
γij

)
σ‖ + 2

∑
a=1,2

σVa k̂(iea
j) +

∑
λ=+,×

σTλ ε
λ
ij
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Gauge transformation

A vector ξµ on the background space-time generates the gauge
transformation.
At first order any tensor transforms as
δTµν → δTµν + LξT̄µν , ξµ = (T , ∂ iL + Li)
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Scalars
A→ A + T ′ +HT

B → B − T +
(k2L)

′

k2

C → C +HT
E → E + L

Vectors

B̄i → B̄i + γij(Lj)′ − 2ik jσljP l
iL

Ei → Ei + Li

Tensors
Eij → Eij
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Gauge invariant variables

Scalars

Φ ≡ A + 1
S

{
S
[
B − (k2E)

′

k2

]}′
Ψ ≡ −C −H

[
B − (k2E)

′

k2

]
v = a

(
δϕ− C

H ϕ̄
′
)

Vectors

Φi ≡ B̄i − γij
(
E j)′ + 2ik jσljP l

iE

Tensors
Eij or µij = aEij
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Degrees of freedom

10 (metric) + 1 (ϕ) - 4 (Gauge fixing) - 4 (Constraints)= 3
Scalars: 4 + 1− 2− 2 = 1
Vectors: 4 + 0− 2− 2 = 0
Tensors: 2 + 0− 0− 0 = 2

Canonical degrees of freedom
v
µ+

µ×

They generalize the Mukhanov-Sasaki variables.
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ADM Formalism

We start form the Hilbert-Einstein action and split it in space
and time with the ADM formalism:

S =
1
2

∫
dtd3x

√
−g
[
NR(3) + N

(
KijK ij − K 2

)
−N

(
g ij∂iϕ∂jϕ+ 2V (ϕ)

)
+ N−1

(
ϕ̇− N i∂iϕ

)2
]

where

Kij ≡
N−1

2
(
ġij − 2∇(iNj)

)
, K = K i

i
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Second order action

Einstein-Hilbert Action at second order

S2 = 1
2

∫
dηd3k

(
|U ′|2 + UT Ω2U∗

)
U ≡ (v , µ+, µ×)

Ω =

 −ω2
v ℵ+ ℵ×

ℵ+ −ω2
+ i

ℵ× i −ω2
×


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ω2

ω2
v (η, ki) ≡ k2 −

[
S′′
S − S2V,ϕϕ + 1

S2

(
2S2κϕ′2

2H−σ‖

)′]
ω2

+(η, ki) ≡ k2−
[

S′′
S + 2σ2

T× + 1
S2

(
S2σ‖

)′
+ 1

S2

(
2S2σ2

T+

2H−σ‖

)′]
ω2
×(η, ki) ≡ k2−

[
S′′
S + 2σ2

T+ + 1
S2

(
S2σ‖

)′
+ 1

S2

(
2S2σ2

T×
2H−σ‖

)′]
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Coupling terms

ℵ+(η, ki) ≡ 1
S2

√
κ

(
2S2ϕ′σT+

2H−σ‖

)′
ℵ×(η, ki) ≡ 1

S2

√
κ

(
2S2ϕ′σT×

2H−σ‖

)′
i(η, ki) ≡ 1

S2

(
22σT×σT+

2H−σ‖

)′
− 2σT×σT+
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Equations

v ′′ + ω2
v (ki , η)v = ℵ+(ki , η)µ+ + ℵ×(ki , η)µ×

µ′′+ + ω2
+(ki , η)µ+ = ℵ+(ki , η)v + i(ki , η)µ×

µ′′× + ω2
×(ki , η)µ× = ℵ×(ki , η)v + i(ki , η)µ+

Main features

Directional dependence in k2

Coupling between degrees of freedom
Tensor polarization not on the same footing
Vector perturbations do not vanish (because of constraints)
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Standard procedure
Canonical variables are promoted to operators (Heisenberg
picture)

v̂(x, η) =
∫ d3k

(2π)3/2

[
vk (η)eik.xâk + v∗k (η)e−ik.xâ†k

]
[âk, â

†
k′ ] = δ(3)(k− k′)

v ′′k + ω2
v (k , η)vk = 0

Bunch-Davies vacuum choice
At small scale we want to recover standard oscillator
quantization and thus we ask
vk → 1√

2k
e−ikη

This sets the initial conditions for vk .
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FL case with slow-roll approximation

ω2
v = k2 − 2+6ε−3δ

η2 , ω2
+ = ω2

× = k2 − 2+3ε
η2

We have an exact solution for vk .

WKB approximation
If no exact solution vk is known. We can build an approximate
solution

vWKB
k (η) = 1√

2ωv
e±i

R
ωv dη

vWKB
k

′′
+
(
ω2

v −QWKB
)

vWKB
k = 0

QWKB = 3
4

(
ω′v
ωv

)2
− 1

2
ω′′v
ωv

Valid if
∣∣QWKB/ω

2
v
∣∣� 1. Then we have a well defined vacuum.
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WKB condition asymptotically

FL Bianchi I

Procedure:
Set the initial condition when

∣∣QWKB/ω
2
v
∣∣� 1 is minimum.
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Validity of WKB when setting initial conditions

QWKB/ω
2
v when CI set

For k too small, this procedure is not valid.
Cyril Pitrou
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Statistical independence

The coupling terms vanish
essentially when the IC are set.
Our procedure induces no
coupling between the 3 degrees
of freedom.
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Conclusion

Perturbation formalism can be generalized. We hope to get
it for any Bianchi. We will use the tetrad formalism for that.
Canonical degrees of freedom identified. Direction
dependence and couplings.
Quantization procedure: no uniform convergence from
Bianchi I to FL.
Bunch Davies vacuum cannot be generalized easily:
modes have always been super-Hubble. We cannot handle
this in this theoretical frame. String theory?
However, the spectrum converges towards the nearly
scale-invariant isoptropic spectrum. For long inflation, no
imprint of early anisotropic era, as expected.
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THE END ...

THANK YOU
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