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Wave forms in Regge-Wheeler gauge
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Perturbation theory

m∗≪M

M

xp (τ)
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Perturbation theory
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Perturbation theory

� Extreme Mass Ratio Inspiral

Schwarzschild black hole(-Droste)

+

point particle

M

m∗≪M

γ

� Metric perturbation

g tot
αβ = gαβ +hαβ gαβ ≫ hαβ ∼O (m∗/M )

� Linearised field equations

Gαβ [g +h ] = 8πTαβ [g +h ;γ]

G
(0)
αβ [g ]+G

(1)
αβ [g ,h ]+O(h2) = 8πTαβ [g ;γ]+O(h2)
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Perturbation theory

� Linearised field equations

G
(0)
αβ [g ]+G

(1)
αβ [g ,h ]+O(h2) = 8πTαβ [g ;γ]+O(h2)

with

G
(0)
αβ [g ] =Gαβ [g ] = 0

Tαβ [g ;γ] = m∗

∫ +∞

−∞

d xα

dτ

d xβ

dτ
(−g )−1/2δ(4)(x − xp (τ))dτ

∼O(h)
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Perturbation theory

� Linearised field equations

G
(0)
αβ [g ]+G

(1)
αβ [g ,h ]+O(h2) = 8πTαβ [g ;γ]+O(h2)

at first order

G
(1)
αβ = 8πTαβ

with

G
(1)
αβ [g ,h ] =− 1

2
∇γ∇γhαβ +∇β∇γhαγ+∇α∇γhβγ−Rγαδβhγδ

−
1

2
∇β∇αh −

1

2
gαβ

�

∇δ∇γhδγ−∇γ∇γh
�
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Perturbation theory

� Metric multipolar expansion

hαβ =
∑

ℓ,m

10∑

i=1

h (i )ℓm (t , r )Y
(i )ℓm
αβ (θ ,φ)

where

�

Y
(i )ℓm
αβ

	

=
n

Y
(1)ℓm
αβ , Y

(2)ℓm
αβ , Y

(3)ℓm
αβ , · · · , Y

(7)ℓm
αβ

︸ ︷︷ ︸

even parity

, Y
(8)ℓm
αβ , Y

(9)ℓm
αβ , Y

(10)ℓm
αβ

︸ ︷︷ ︸

odd parity

o

are the 10 Zerilli tensor spherical harmonics

�

h (i )ℓm
	

∝
n

H ℓm
0 ,H ℓm

1 ,H ℓm
2 ,h

(e )ℓm
0 ,h

(e )ℓm
1 ,G ℓm , K ℓm

︸ ︷︷ ︸

even parity

,hℓm0 ,hℓm1 ,hℓm2
︸ ︷︷ ︸

odd parity

o

are the 10 Regge-Wheeler metric perturbation functions
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Perturbation theory

� Stress-energy tensor multipolar expansion

Tαβ = m∗r
−2u t

d xαp

dτ

d x
β
p

dτ
δ
�

r − rp (t )
�

δ
�

θ −θp (t )
�

δ
�

φ−φp (t )
�

Tαβ =
∑

ℓ,m

10∑

i=1

T (i )ℓm (t , r )Y
(i )ℓm
αβ (θ ,φ)

where

T (i )ℓm (t , r ) =

∫

S2

ηαγηβδTαβ

�

Y
(i )ℓm⋆
γδ

�

dΩ

ηαβ ≡ diag(1,1, r 2, r 2 sin2θ ) and dΩ= sinθdθdφ
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Regge-Wheeler gauge

gauge freedom

hαβ → hαβ +∇αξβ −∇βξα

such that

hℓm2 = 0 et h
(e )ℓm
0 = h

(e )ℓm
1 =G ℓm = 0

3 equations for the odd parity perturbations hℓm0 and hℓm1 :

∂ 2hℓm0

∂ r 2
−
∂ 2hℓm1

∂ t ∂ r
− 2

r

∂ hℓm1

∂ r
+

�
4M

r 2
− ℓ(ℓ+1)

r

�
hℓm0

r −2M
=

8π
p

ℓ(ℓ+1)

r 2

r −2M
T (8)ℓm

∂ 2hℓm1

∂ t 2
−
∂ 2hℓm0

∂ t ∂ r
− 2

r

∂ hℓm0

∂ t
+

(ℓ−1)(ℓ+2)(r −2M )

r 3
hℓm1 =− 8π(r −2M
p

ℓ(ℓ+1)/2
T (9)ℓm

∂

∂ r

�

f hℓm1

�

−
r

r −2M

∂ hℓm0

∂ t
=−

8πi r 2

p

ℓ(ℓ+1)(ℓ−1)(ℓ+2)/2
T (10)ℓm
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Regge-Wheeler gauge

7 equations for the even parity perturbations K ℓm , H ℓm
0 , H ℓm

1 , H ℓm
2

f 2 ∂
2K

∂ r 2
+

1

r
f

�

3−
5M

r

�
∂ K

∂ r
−

1

r
f 2 ∂H2

∂ r
−

1

r 2
f (H2−K )−

ℓ(ℓ+1)

2r 2
f (H2 +K ) =−8πT (1)ℓm

∂

∂ t

�
∂ K

∂ r
+

1

r
(K −H2)−

M

r (r −2M )
K

�

− ℓ(ℓ+1)

2r 2
H1 =−4

p
2πi T (2)ℓm

f −2 ∂
2K

∂ t 2
− r −M

r 2 f

∂ K

∂ r
− 2

r f

∂ H1

∂ t
+

1

r

∂ H0

∂ r
+

H2−K

r 2 f
+
ℓ(ℓ+1)(K −H0)

2r (r −2M )
=−8πT (3)ℓm

∂

∂ r
[ f H1]−

∂

∂ t
(H2 +K ) =

8πi r
p

ℓ(ℓ+1)/2
T (4)ℓm

−
∂H1

∂ t
+ f

∂

∂ r
(H0−K )+

2M

r 2
H0 +

1

r

�

1−
M

r

�

(H2−H0) =
8π(r −2M )
p

ℓ(ℓ+1)/2
T (5)ℓm

− f −1 ∂
2K

∂ t 2
+ f

∂ 2K

∂ r 2
+

2

r
f
∂ K

∂ r
− f −1 ∂

2H2

∂ t 2
+2

∂ 2H1

∂ t ∂ r
− f

∂ 2H0

∂ r 2
+

2(r −M )

r 2 f

∂H1

∂ t
− r −M

r 2

∂H2

∂ r

−
r +M

r 2

∂H0

∂ r
+
ℓ(ℓ+1)

2r 2
(H0−H2) = 8

p
2πT (6)ℓm

H0−H2 = 16πr 2(ℓ(ℓ+1)(ℓ−1)(ℓ+2)/2)−1/2T (7)ℓm where f =
�

1− 2M
r

�
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Wave equation

Linear combinations of h (i )ℓm lead to 2 gauge invariant scalar fields (Moncrief 74)

ψℓmeven =
r

λ+1

�

K ℓm (r , t )+
r −2M

λr +3M

�

H ℓm
2 (t , r )− r ∂r K ℓm (t , r )

��

ψℓmodd =
r

λ

�

r 2∂r

�

hℓm0 (t , r )

r 2

�

−∂t hℓm1 (t , r )

�

The 2 functions satisfy Regge-Wheeler-Zerilli equations

�

− ∂
2

∂ t 2
+
∂ 2

∂ r ∗2
−V (r )ℓe /o

�

ψℓme/o(t , r ) = P ℓme /o (t )
∂

∂ r
δ
�

r − rp (t )
�

+Q ℓm
e /o (t )δ
�

r − rp (t )
�

V ℓ
e /o , P ℓme /o ,Q ℓm

e /o are known functions

r ∗ = r +2M ln (r /2M −1) is the tortoise coordinate

rp (t ) particle trajectory

λ= 1
2
(ℓ−1)(ℓ+2)

Knowingψℓme /o , metric reconstruction is still possible : h (i ) = h (i )
�

ψ,∂ ψ,∂ 2ψ
�

.
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Wave equation

Properties :

For each multipole (ℓ, m) we have

h

−
∂ 2

∂ t 2
+
∂ 2

∂ r ∗2
−V (r )
i

ψ(t , r ) = P (t )δ′+Q (t )δ

δ′ induces a discontinuity at r = rp (t )

ψ(t , r )=ψ+(t , r ) Θ1 +ψ
−(t , r ) Θ2

Jump of the wave function at the location of the particle

[[ψ]]rp
=ψ+(t , rp (t ))−ψ−(t , rp (t ))

whereψ±(t , rp (t )) = lim
ǫ→0
ψ(t , rp ±ǫ)

Θ1 =Θ
�

r − rp

�

, Θ2 =Θ
�

rp − r
�

Heaviside distributions

δ= δ
�

r − rp

�

, δ′ = ∂
∂ r
δ
�

r − rp

�

Dirac distribution and its spatial derivative – p. 14/52



Wave equation

Jump conditions :

[[ψ]]rp
=

P (t )

f (rp )
2− ṙ 2

p

[[∂rψ]]rp
=

1

f (rp )
2− ṙ 2

p

�

Q (t )+

�

f (rp )
d f

d r
(rp )− r̈p

�

[[ψ]]rp
−2ṙp

d

d t
[[ψ]]rp

�

[[∂tψ]]rp
=

d

d t
[[ψ]]rp

− ṙp [[∂rψ]]rp

��

∂ n
r ∂

m
t ψ
��

rp
. . .

where ṙp =
d rp

d t
, r̈p =

d 2 rp

d t 2 and f (rp ) =
�

1− 2M
rp

�
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Wave equation

For generic orbits
�

t , rp (t ),θp (t ),φp (t )
	

P ℓmo (t ) =
8κ

λ
rp

�

ṙ 2
p − f (rp )

2
�

Aℓm⋆

Q ℓm
o (t ) =− 8κ

λ
rp ṙp

d Aℓm⋆

d t
− 8κ

λ

�
rp

u t

d

d t
(u t ṙp )+
�

ṙ 2
p − f (rp )
�
�

Aℓm⋆

V ℓ
o (r ) = 2 f (r )
�

(λ+1)r−2 −3M r −3
�

P ℓme (t ) =−8κ
rp f (rp )
�

ṙ 2
p − f (rp )

2
�

λrp +3M
Y ℓm⋆

Q ℓm
e (t ) =16κ

rp ṙp f (rp )

λrp +3M

d Y ℓm⋆

d t
−16

κ

λ
rp f (rp )θ̇p φ̇p ∂φ

�

∂θ −cotθp

�

Y ℓm⋆+8κ
r 2

p f (rp )
2

λrp +3M

�

θ̇ 2
p + sin2 θp φ̇

2
p

�

Y ℓm⋆

−4κλ−1 rp f (rp )
�

θ̇ 2
p − sin2 θp φ̇

2
p

��

∂ 2
θ −cotθp ∂θ − sin−2 θp ∂

2
φ

�

Y ℓm⋆

+8κ
ṙ 2

p

�

(λ+1)(6rp M +λr 2
p )+3M 2
�

rp (λrp +3M )2
Y ℓm⋆−8κ

f (rp )
2
�

r 2
p λ(λ+1)+6λrp M +15M 2

�

rp (λrp +3M )2
Y ℓm⋆

V ℓ
e (r ) =2 f (r )

�

λ2(λ+1)r 3 +3λ2M r 2 +9λM 2r +9M 3
�

r 3(λr +3M )2

where κ= (πm∗ u t )/(λ+1), λ= 1
2
(ℓ−1)(ℓ+2), f (r ) = 1−2M /r and Aℓm =

�
θ̇p

sinθp
∂φ − sinθp φ̇p ∂θ

�

Y ℓm
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Numerical implementation

t

r ∗

r ∗
p
(t )

B
L

A
C

K
H

O
L

E

Empty cells

Cells crossed by
the particle
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Numerical implementation

Empty cells :

2nd order classical finite difference scheme (Lousto-Price, Martel-Poisson)

bc

bc

bc

bcA

E

CB

r
∗

t ∆t

∆r
∗

ψℓmA =−ψℓmE +
�

ψℓmB +ψℓmC

�
�

1− ∆r ∗2

2
V ℓ(r )

�

+O(∆r ∗4)

typically ∆r ∗ =∆t
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Numerical implementation

Cells crossed by the world line :

2nd order modified finite difference scheme (Aoudia, Ritter, Spallicci 2013 submitted)

ψℓmA =
∑

n∈{B ,C ,D ,E ,F }
αnψ

ℓm
n +
∑

p+q<3

βp q

��

∂
p

t ∂
q

r ∗ψ
ℓm
��

x
+O(∆r ∗3)
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Numerical implementation

−50 0 50 100 150

r ∗ /2M

500

600

700

800

900

1000

1100

1200

1300

t/
2
M

−0.5 0.0 0.5

Re
{
ψ 22
e (r ∗ =400M,t)

}

Example : elliptic orbit (e = 0.5) for the quadrupolar mode (ℓ,m) = (2,2)
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Numerical implementation
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M
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e
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Code validation

Isaacson stress-energy tensor

T OG
αβ =

1

64π

¬

∇αhγδ∇βhγδ

¶

Averaged flux of energy and angular momentum at infinity

d E =−
∫

Σ
T αβ ξ

β

(t )
dΣα→

d E

d t
=

1

64π

∑

ℓ≥2,m

(ℓ+2)!

(ℓ−2)!





�
�
�
�
�

dψℓme

d t

�
�
�
�
�

2

+

�
�
�
�
�

dψℓmo

d t

�
�
�
�
�

2




d L =
∫

Σ
T αβ ξ

β

(φ)
dΣα→

d L

d t
=

i m

64π

∑

ℓ≥2,m

(ℓ+2)!

(ℓ−2)!

�

ψℓm⋆e

dψℓme

d t
+ψℓm⋆o

dψℓmo

d t

�

ξ
β

(t )
and ξ

β

(φ)
are 2 Schwarzschild Killing vectors
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Code validation

ℓ m Ė∞
ℓm

[us] Ė∞
ℓm

[Poisson 97] Ė∞
ℓm

[Martel 04] Ė∞
ℓm

[Barack 05] Ė∞
ℓm

[Sopuerta 06]

2 1 8.1680.10−07 8.1633.10−07 [0.06%] 8.1623.10−07 [0.07%] 8.1654.10−07 [0.03%] 8.1662.10−07 [0.02%]

2 2 1.7064.10−04 1.7063.10−04 [0.006%] 1.7051.10−04 [0.07%] 1.7061.10−04 [0.02%] 1.7064.10−04 [<0.001%]

3 1 2.1757.10−09 2.1731.10−09 [0.1%] 2.1741.10−09 [0.07%] 2.1734.10−09 [0.1%] 2.1732.10−09 [0.1%]

3 2 2.5203.10−07 2.5199.10−07 [0.02%] 2.5164.10−07 [0.2%] 2.5207.10−07 [0.01%] 2.5204.10−07 [0.002%]

3 3 2.5471.10−05 2.5471.10−05 [0.001%] 2.5432.10−05 [0.2%] 2.5479.10−05 [0.03%] 2.5475.10−05 [0.02%]

4 1 8.4124.10−13 8.3956.10−13 [0.2%] 8.3507.10−13 [0.7%] 8.3982.10−13 [0.2%] 8.4055.10−13 [0.08%]

4 2 2.5099.10−09 2.5091.10−09 [0.03%] 2.4986.10−09 [0.5%] 2.5099.10−09 [0.002%] 2.5099.10−09 [0.002%]

4 3 5.7750.10−08 5.7751.10−08 [0.001%] 5.7464.10−08 [0.5%] 5.7759.10−08 [0.02%] 5.7765.10−08 [0.03%]

4 4 4.7251.10−06 4.7256.10−06 [0.01%] 4.7080.10−06 [0.4%] 4.7284.10−06 [0.07%] 4.7270.10−06 [0.04%]

5 1 1.2632.10−15 1.2594.10−15 [0.3%] 1.2544.10−15 [0.7%] 1.2598.10−15 [0.3%] 1.2607.10−15 [0.2%]

5 2 2.7910.10−12 2.7896.10−12 [0.05%] 2.7587.10−12 [1.2%] 2.7877.10−12 [0.1%] 2.7909.10−12 [0.003%]

5 3 1.0933.10−09 1.0933.10−09 [<0.001%] 1.0830.10−09 [0.9%] 1.0934.10−09 [0.009%] 1.0936.10−09 [0.03%]

5 4 1.2322.10−08 1.2324.10−08 [0.01%] 1.2193.10−08 [1.1%] 1.2319.10−08 [0.03%] 1.2329.10−08 [0.05%]

5 5 9.4544.10−07 9.4563.10−07 [0.02%] 9.3835.10−07 [0.8%] 9.4623.10−07 [0.08%] 9.4616.10−07 [0.08%]

Total 2.0293.10−04 2.0292.10−04 [0.005%] 2.0273.10−04 [0.096%] 2.0291.10−04 [0.009%] 2.0293.10−04 [<0.001%]

Ė at infinity in units of M 2/m 2
∗ . Good agreement with previous litterature (err < 0.1%)
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Code validation

ℓ m L̇∞
ℓm

[us] L̇∞
ℓm

[Poisson 97] L̇∞
ℓm

[Martel 04] L̇∞
ℓm

[Sopuerta 06]

2 1 1.8294.10−05 1.8283.10−05 [0.06%] 1.8270.10−05 [0.1%] 1.8289.10−05 [0.03%]

2 2 3.8218.10−03 3.8215.10−03 [0.009%] 3.8164.10−03 [0.1%] 3.8219.10−03 [0.002%]

3 1 4.8729.10−08 4.8670.10−08 [0.1%] 4.8684.10−08 [0.09%] 4.8675.10−08 [0.1%]

3 2 5.6448.10−06 5.6439.10−06 [0.02%] 5.6262.10−06 [0.3%] 5.6450.10−06 [0.003%]

3 3 5.7048.10−04 5.7048.10−04 [<0.001%] 5.6878.10−04 [0.2%] 5.7057.10−04 [0.02%]

4 1 1.8841.10−11 1.8803.10−11 [0.2%] 1.8692.10−11 [0.8%] 1.8825.10−11 [0.09%]

4 2 5.6213.10−08 5.6195.10−08 [0.03%] 5.5926.10−08 [0.5%] 5.6215.10−08 [0.003%]

4 3 1.2934.10−06 1.2934.10−06 [0.003%] 1.2933.10−06 [0.01%] 1.2937.10−06 [0.02%]

4 4 1.0583.10−04 1.0584.10−04 [0.01%] 1.0518.10−04 [0.6%] 1.0586.10−04 [0.03%]

5 1 2.8293.10−14 2.8206.10−14 [0.3%] 2.8090.10−14 [0.7%] 2.8237.10−14 [0.2%]

5 2 6.2509.10−11 6.2479.10−11 [0.05%] 6.1679.10−11 [1.3%] 6.2509.10−11 [0.001%]

5 3 2.4487.10−08 2.4486.10−08 [0.002%] 2.4227.10−08 [1.1%] 2.4494.10−08 [0.03%]

5 4 2.7598.10−07 2.7603.10−07 [0.02%] 2.7114.10−07 [1.8%] 2.7613.10−07 [0.05%]

5 5 2.1175.10−05 2.1179.10−05 [0.02%] 2.0933.10−05 [1.2%] 2.1190.10−05 [0.07%]

Total 4.5449.10−03 4.5446.10−03 [0.007%] 4.5369.10−03 [0.2%] 4.5452.10−03 [0.005%]

L̇ at infinity in units of M /m 2
∗ . Good agreement with previous litterature (err < 0.2%)
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2

Self-force computation : radial fall case
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Self-force

d 2 xα

dτ2
+ Γαβγ

d xβ

dτ

d x γ

dτ
= 0
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Self-force

d 2xα

dτ2
+ Γαβγ

d xβ

dτ

d x γ

dτ
= F αSelf
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Self-force

G
(1)
αβ [gαβ ,hαβ ] = 8πTαβ [gαβ ]

In harmonic gauge :

�h̄ ret
αβ +2R

µ ν

α β h̄ ret
µν =−16πm∗

∫ +∞

−∞
uαuβ (−g )−1/2δ(4)(xα− xαp (τ))dτ

∇αh̄ ret
αβ = 0

�≡ g αβ∇α∇β wave operator,

h ret
αβ physical retarded solution,

uα ≡ d xα

dτ
4-velocity,

h̄αβ ≡ hαβ − 1
2

gαβh trace reversed metric and h = g αβhαβ .

– p. 28/52



Self-force

In harmonic gauge :

h dir

h tail

x α

x α
p
(τ)

ε

δx α

γ
h ret
αβ = hdir

αβ +h tail
αβ

h ret
αβ and hdir

µν diverge at the coincidence

limit xα→ xαp (τ)

h tail
αβ is continous and differentiable every-

where

F αSelf = F α[h tail
αβ ] =−

1

2

�

g αβ +uαuβ
��

2∇µh tail
βν −∇βh tail

µν

�

uµuν

MiSaTaQuWa formulation (Mino, Sasaki, Tanaka, Quinn, Wald 1997)
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Self-force

In harmonic gauge :

�h̄ ret
αβ +2R

µ ν

α β h̄ ret
µν =−16πm∗

∫ +∞

−∞
uαuβ (−g )−1/2δ(4)(xµ− xµp (τ))dτ

uβ∇βuα =−1

2

�

g αβ +uαuβ
��

2∇µh tail
βν −∇βh tail

µν

�

uµuν

where

h tail
αβ = 4m∗ lim

ε→0

∫ τ−ε

−∞

�

G+αβα′β ′ −
1

2
gαβG δ

+δα′β ′

�
�

xp (τ), xp (τ
′)
�

uα
′
uβ
′
dτ′

How to compute the self-force ?
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Self-force

How to compute the self-force ?
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Self-force

How to compute the self-force ?

OK in RW gauge for radial fall
(Barack-Ori 2001)

– p. 32/52



Mode-sum regularisation

F αself(xp ) = lim
x→xp

�

F α
�

h
αβ
ret

�

(x )−F α
�

h
αβ
dir

�

(x )

�

Multipole expansion :

F αself,ret,dir =
∞∑

ℓ=0

F αℓself,ret,dir

Regularisation : F αℓdir = AαL +Bα+C αL−1 +O(L−2)

F αself =
∞∑

ℓ=0

h

F αℓret −AαL −Bα−C αL−1
i

≡
∞∑

ℓ=0

F αℓself

with L = ℓ+1/2 and Aα, Bα, C α are regularisation parameters

F αself behaves like ∼ ℓ−2 for large value of ℓ.

– p. 33/52



Mode-sum regularisation

In Regge-Wheeler gauge

1. Computeψ, h ret
αβ , and F α[h ret

αβ ] for each mode ℓ≤ ℓmax(∼ 10) on the

worldline xp (t )

2. Compute regularisation parameters Aα, Bα and C α

3. Substract mode by mode F αℓself =
h

F αℓret −AαL −Bα−C αL−1
i

4. Sum over modes F αself =

ℓmax∑

ℓ=0

F αℓself +[extrapolation ℓ > ℓmax]

– p. 34/52



Self-force in RW gauge

Radial fall case

1 2 3 4 5 6

r/2M

5

10

15

20

25

30

35

t/
2
M

r̈p =
1

2
f (rp ) f ′(rp )



1−
3ṙ 2

p

f (rp )
2





θp = 0

� Only even perturbationsψℓ ≡ψℓm=0
e

� h retℓ
αβ =

�

f H ℓ
2 H ℓ

1

H ℓ
1 f −1H ℓ

2

�

Y ℓ0, gµν =

�

− f 0

0 1/ f

�

� H ℓ
1 (t , r ),H ℓ

2 (t , r ) ∈C 0

� H ℓ
1 (t , r ) = k0∂tψ

ℓ+k1∂r tψ
ℓ+k2δ

′+k3δ

� H ℓ
2 (t , r ) = k4ψ

ℓ+k5∂rψ
ℓ+k6∂

2
r ψ

ℓ+k7δ
′+k8δ

– p. 35/52



Self-force in RW gauge

Radial fall case

−20 0 20 40 60

u/2M

−0.2

−0.1

0.0

0.1

0.2

0.3

(2
M
/
m

0
)Ψ

ℓ

Particle falling from rp (t = 0) = 5(2M ) with zero initial velocity.

Wave form ψℓ=2.
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Self-force in RW gauge

Radial fall case

F α[h ret
αβ ] =−

1

2

�

g αβ +uαuβ
��

2∇µh ret
βν−∇βh ret

µν

�

uµuν =
∑

ℓ

F αℓret

F αℓret =−1

2

�

f α0

�

∂ H ℓ
2

∂ t
− d f

d r
H ℓ

1

�

+ f α1

�

∂ H ℓ
1

∂ t
− d f

d r
H ℓ

2

�

+ f α2
∂H ℓ

2

∂ r
+ f α3

∂ H ℓ
1

∂ r

�

Y ℓ0

where the ki are functions of r and the f αj are functions of rp and ṙp
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Self-force in RW gauge

Radial fall case

F α[h ret
αβ ] =−

1

2

�

g αβ +uαuβ
��

2∇µh ret
βν−∇βh ret

µν

�

uµuν =
∑

ℓ

F αℓret

F αℓret =−1

2

�

f α0

�

∂ H ℓ
2

∂ t
− d f

d r
H ℓ

1

�

+ f α1

�

∂ H ℓ
1

∂ t
− d f

d r
H ℓ

2

�

+ f α2
∂H ℓ

2

∂ r
+ f α3

∂ H ℓ
1

∂ r

�

Y ℓ0

where the ki are functions of r and the f αj are functions of rp and ṙp

Need third derivatives of the wave function on the trajectory!
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Self-force in RW gauge

Radial fall case

4th order scheme (Ritter et al. 2012)

bc

bc

bc

bc

bc

bcbc

bcbc bc bc

A

E

C

I

B

H

D F

JG

x

r ∗p (t )

ψℓA =
∑

n∈{B ,··· ,J }
αnψ

ℓ
n +
∑

p+q<5

βp q

��

∂
p

t ∂
q

r ∗ψ
ℓ
��

x
+O(∆r ∗5)
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Self-force in RW gauge

1 2 3 4 5 6 7 8 9 10

rp /2M

0

2

4

6

8

10

12

f(
r p
)√ 2

ℓ
+
1
H

ℓ 1
(r

p
)

ℓ=2

ℓ=3
ℓ=4

ℓ=5

ℓ=6
ℓ=7

ℓ=81.7 1.8 1.9 2.0 2.1 2.2 2.3
3.0
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3.4
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3.8
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4.4

1 2 3 4 5 6 7 8 9 10

rp /2M

0
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4
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12

f(
r p
)√ 2

ℓ
+
1
H

ℓ 2
(r

p
)

ℓ=2

ℓ=3
ℓ=4

ℓ=5

ℓ=6
ℓ=7

ℓ=81.7 1.8 1.9 2.0 2.1 2.2 2.3
3.0

3.2

3.4

3.6

3.8

4.0

4.2

4.4

3 4 5 6 7 8 9 10

rp /2M

−0.03

−0.02

−0.01

0.00

0.01

−F
tℓ re
t(
r p
)

ℓ=2

ℓ=3
ℓ=4

ℓ=5

ℓ=6
ℓ=7

ℓ=8

1.8 2.0 2.2 2.4 2.6 2.8
−0.16

−0.14

−0.12

−0.10

−0.08

−0.06
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rp /2M

−0.06

−0.04

−0.02

0.00

0.02

0.04

0.06

F
rℓ re
t(
r p
)

ℓ=2

ℓ=3
ℓ=4

ℓ=5

ℓ=6
ℓ=7

ℓ=81.8 2.0 2.2 2.4 2.6 2.8
−0.16

−0.14

−0.12

−0.10

−0.08

−0.06
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Self-force in RW gauge

Regularisation parameters

Recall that F αℓ[h
αβ
ret ] is function of ψℓ, ∂ ψℓ, ∂ 2ψℓ and ∂ 3ψℓ.

By a local analysis when r → rp (t ) and ℓ→∞ we find

F αℓ→∞[h
αβ
ret ]∼ F αℓ[h

αβ
dir ] = AαL +Bα+C αL−1 +O(L−2)

with

Ar =± E

r 2
p

At =±
ṙp

f (rp )r 2
p

B r =− E 2

2r 2
p

B t =−
E ṙp

2 f (rp )r 2
p

C α = 0

F αself =
∞∑

ℓ=0

h

F αℓret −AαL −Bα−C αL−1 +O(L−2)
i
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Self-force in RW gauge

2 3 4 5 6 7 8 9 10

rp /2M

−0.06

−0.04

−0.02

0.00

0.02

−F
tℓ se
lf
(r

p
)

ℓ=2

ℓ=3
ℓ=4

ℓ=5

ℓ=6
ℓ=7

2 3 4 5 6 7 8 9 10

rp /2M

−0.06

−0.04

−0.02

0.00

0.02

F
rℓ se
lf
(r

p
)

ℓ=2

ℓ=3
ℓ=4

ℓ=5

ℓ=6
ℓ=7

F ℓSelf

ℓ→∞−−→ 0 ⇒
∑

ℓ

F ℓSelf finite
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Self-force in RW gauge
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Action of the self-force on the trajectory

d 2xα

dτ2
+ Γαβγ

d xβ

dτ

d x γ

dτ
= F αSelf

geodesic motion

r̈p =
1

2
f (rp ) f ′(rp )



1−
3ṙ 2

p

f (rp )
2





perturbed motion

r̈p =
1

2
f (rp ) f ′(rp )



1−
3ṙ 2

p

f (rp )
2



+ΛSelf

where

ΛSelf =
∑

ℓ

f (rp )
2

E 2

�

F r ℓ
Self− ṙp F t ℓ

Self

�
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Action of the self-force on the trajectory
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Action of the self-force on the trajectory

Self-consistent approach

r̈p =
1

2
f (rp ) f ′(rp )
�

1− ṙ 2
p f (rp )

−2
�

+ΛSelf(rp , ṙp )

ψℓ(t , r old
p

(t ))

F t ℓ
Self, F r ℓ

Self

r new
p

r old
p

= r new
p

ΛSelf
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Action of the self-force on the trajectory

Self-consistent approach

r̈p =
1

2
f (rp ) f ′(rp )
�

1− ṙ 2
p f (rp )

−2
�

+ΛSelf(rp , ṙp )

ψℓ(t , r old
p

(t ))

F t ℓ
Self, F r ℓ

Self

r new
p

r old
p

= r new
p

ΛSelf

But regularisation parameters Aα, Bα and C α must be calculated on a geodesic

→ osculating orbit approach (Ritter et al. in preparation).
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Action of the self-force on the trajectory
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Conclusion

Easily implementable numerical scheme based on a jump-conditions

method in time domain

Good accuracy in wave-forms and fluxes computations.

Extension to 4th order to treat the orbital evolution in radial fall case

Future?

Find a post-doc...

Scientific exploitation of code and results

Export the code procedure to the harmonic gauge.

Increase the speed by using space-time compactification techniques.

– p. 49/52



– p. 50/52



Annexe

ψ± = κ
h

L−3±2E L−4
i

+O (L−5)

ψ±,r =
κ

r
f −1

�

∓E L−2− 3

2
E 2L−3±
�

6M

r
− 9

4

�

E L−4 +O (L−5)

�

ψ±,r r =
κ

r 2
f −2
h

E 2L−1±
�

2−
3M

r

�

E L−2 +O (L−3)
i

ψ±,r r r =
κ

r 3
f −3

§

∓E 3 +E 2

�
5

2
E 2 +

9M

r
−6

�

L−1∓3E

�
7M

r

�
M

r
−1

�

+2

�

L−2 +O (L−3)

ª

ψ±,t =
κ

r

�

±ṙ L−2 +
3

2
E ṙ L−3∓
�

6M

r
−

9

4

�

ṙ L−4 +O (L−5)

�

ψ±,t r =
κ

r 2
f −1
h

−E ṙ L−1±
�

3M

r
−1

�

ṙ L−2 +O (L−3)
i

ψ±,t r r =
κ

r 3
f −2

§

±E 2 ṙ −E ṙ

�
5

2
E 2 +

9M

r
−4

�

L−1± ṙ

�
3M

r

�
5M

r
−4

�

+2

�

L−2 +O (L−3)

ª
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Annexe

K ± =
κ

2r
L−1 +O (L−2)

∂t K ± =± κE ṙ

2 f r 2
− κE 2 ṙ

4 f r 2
L−1 +O (L−2)

∂r K ± =∓ κE

2 f r 2
+

κ

2 f r 2

�E 2

2
− f
�

L−1 +O (L−2)

∂t r K ± =− κE 2 ṙ

2 f 2r 3
L ± κE ṙ

2 f 2r 3

�

5M −2r E (1−E )
�

− κE 2 ṙ

4 f 2r 4

�

17M +4r E 2−11r
�

L−1 +O (L−2)

H ±1 =−
κE 2 ṙ

r f 2
L−1 +O (L−2)

∂t H ±1 =∓ κE

r 2 f
(E 2− f )+

κ

2r 4 f

�

(5E 4−7E 2 +2)r 2 +(18M E 2−10M )r +12M 2
�

L−1 +O (L−2)

∂r H ±1 =∓κE 3 ṙ

r 2 f 3
− κE 2 ṙ

2r 4 f 4

�

(5E 2−4)r 2 +(8−5E 2)2M r −16M 2
�

L−1 +O (L−2)

H ±2 =
κ

2r f

�

2E 2− f
�

L−1 +O (L−2)

∂t H ±2 =± κE ṙ

2r 2 f 2
(2E 2− f )− κE 2 ṙ

4r 3 f 2

�

(10E 2−9)r +26M
�

L−1 +O (L−2)

∂r H ±2 =∓
κE

2r 2 f 2
(2E 2− f )+

κ

4r 4 f 2

�

(10E 4−13E 2 +2)r 2 +(26M E 2−4)2M r +8M 2
�

L−1 +O (L−2)
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