Gravitational waves from extreme mass ratio inspirals

Patxi RITTER

Spallicci, Cordier, Aoudia, Jubertie

(Université d’Orléans)

g

| By I||I||
Al
RSITE D'ORLEANS

UNIVE

| AP - 10 juin 2013

-p.1/52



Plan

1. Wave forms in Regge-Wheeler gauge
e DPerturbation theory
e Regge-Wheeler gauge
e Wave equation
e Numerical implementation

e (Code validation

2. Self-force computation : radial fall case
e Self-force computation
e Mode-sum regularisation
o Self-force in RW gauge
e Action of the SF on the trajectory

3. Conclusions

-p.2/52



1
Wave forms in Regge-Wheeler gauge



Perturbation theory

m, < M
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Perturbation theory
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Perturbation theory

B Extreme Mass Ratio Inspiral

Y
Schwarzschild black hole(-Droste)
+
point particle ®m, <M
B Metric perturbation
8ap = 8ap + ap 8ap > hop ~O(m,/M)

B [inearised field equations

Guplg +h]=8nTyp(g + h;7]

G\ [8]+ Gy [g, b+ O(h?) =8 Typ(g:7] + O(h?)
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Perturbation theory

B [inearised field equations

G 8]+ Gy (g, h] + O(h?) =8 Tyg[g:7] + O(h?)

with
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Perturbation theory

B Linearised field equations

G [8]+ Gy [g, 1]+ O(h?) = 8nTypg:7] + O(h?)

at first order

G(1> =387 Ta/j

a

with
1
Gog 182 1] == 5 VTV hag + V¥ iy +V V7 gy —RyasphT

1 1
~5VpVah—78as (VOV hoy =YV, 1)
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Perturbation theory

B Metric multipolar expansion

a/a’ Zzh Em (/i;)fm<9’¢)

{,mi=

ap ' Tap ap ’Ya[J’ ' Tap

A\ - 7 7

{Y(i)ﬁm}:{ya(é)ﬁm’Y(Z)ﬁm Y(S)Km,'”,y(7)€m’y(8)€m (9)¢m Y(lO)Em}

~

even parity odd parity

are the 10 Zerilli tensor spherical harmonics

{h(i)zm} x {Hém,HIKm’HZKm’ h(ge)fm’ hl(e)fm’ Gﬁm,Kﬁm, hgm, hfm, hgm }

g

~~ ~~

even parity odd parity

are the 10 Regge-Wheeler metric perturbation functions
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Perturbation theory

B Stress-energy tensor multipolar expansion

B
2 ¢ dx;‘ dx

Typ = mur2u' —=— 26 (r—ry(1))8(0—0,(1))8 (¢ — 9 (1))

where

ngm(t,r):f T}arnﬁéTa[J’(ng)gm*)dQ
52

Nep =diag(1,1,72,r*sin*0) and dQ=sin0d0d ¢
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Regge-Wheeler gauge

gauge freedom
ha[a’ — ha/o’ ‘|‘Va§[5 _vﬁia

such that

nm =0 et B =nl"=glm =0

3 equations for the odd parity perturbations hém and hf e
o2hi™m  9%nt™m 2 ont™ NEARIGRY hg™ 8 r?
or? Jdtdr r Or r—2M Vel +1) r—2M

?m™ ™ 20"  ((-1)(+2)(r—2M)

r2 r

87T(I’—2M T(g)gm

m __

0i2 _ dtor r ot 3 N T (ESYE.
il:fhgm]_ r Ohi" - 8mir? 7(10)0m
ort" "t r—2M ar I+ D)[I-1){({+2)/2
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Regge-Wheeler gauge

7 equations for the even parity perturbations K¢, H!™, H{™, Hf™

0’K 1 oK , O H. £(£+ )
2 — _ S 2202 _ (1)¢m
H,+K)= T
! or? +rf( r )3r r’ or f( K)- f(Hy +K) o
J|JdK 1 M ((l+1)
K—H. K|— Hy = —4v2riT)tm
8t[3r 7 2) = r(r—2M) ] 2r2 ! e
f_232K_r—M oK 2 3H1+13H0+H2—K+€(€—|—1)(K—H0) :—87TT(3)£m
ot2  r2f dr rf 8t r Or r?f 2r(r—2M)
% % 8mir
— [fH]—=—(H, +K) = T*)em
oH, | 0 2M 1( M) 8r(r—2M) _(5om
+f=—(Hy—K)+—5Hy+—|1—— |(Hh,—Hy) = T
Ty (=K S Hoct (1= | (e Ho) = et
0K 0°K 2 0K 0’H. 0°H, 0°Hy 2(r—M)JH, r—M 0H
P S e g SR e S A SR
ot ot otor or r<f Ot r or
T, T (Hy—H,) =8V2nT

Hy—Hy = 16mr2(£(0 +1)(£—1) (€ +2)/2) /2 (Dim where f = (1—21) p12/52



Wave equation

Linear combinations of ()¢ lead to 2 gauge invariant scalar fields (Moncrief 74)

r r—2M
¢eve“ A+1 [ (r0)+ AH—SM(

r2o, (m)—ﬁthfm(t,r)]

H™ (1,r)— 18, K™ (1, r))]

lpodd -

2

The 2 functions satisty Regge-Wheeler-Zerilli equations

0?2 0? {m 4 tm
_31‘2 ‘|‘ar*2 ( )e/o]lpe/o( ) Pe/o( )6_5(r_rp(t))+Q€/0(t)5(r_rp(t))

Vf /o7 Pf 72‘) , Q e/ are known functions

r*=r+2MIn(r/2M —1) is the tortoise coordinate
rp (t) particle trajectory
A=3({—1)(+2)

Knowing Yl metric reconstruction is still possible : hi) = (i) [1/}, oy, 321,0].

e/o’
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Wave equation

Properties :

For each multipole (¢, m) we have

0>  0?
— Szt 5 V(N[ r) =P(1)§ +Q(1)5

6’ induces a discontinuity at r = r, ()

Y (L, r)=y" (t,r) O+ (1,r) By
Jump of the wave function at the location of the particle
], =W (6,1,(0) =4 (1,7 (1)

where Y (¢, rp(t))=limy(t,r,+e)

e—0

0,=0 (r —T1p ), 6, = @(rp — r) Heaviside distributions
§=26(r— rp), o' = % 5(r— rp) Dirac distribution and its spatial derivative
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Wave equation

Jump conditions:

[[a,,"atmtp]]rp

dar d2
. drp _ 2M
where 7, = ==, Iy = —— andf(rp)—(l rp)
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Wave equation

For generic orbits {z,1,(t),0,(¢),¢,(1)}

pim(t
e (1) 8 Ar, +3M
. 2 2
{m _ rprpf(rp) dyﬁm* K ) {mx rpf(rp) )2 ) L2 {mx
Qe (t) =16k )Lrp+3M d1 —IGerf(rp)Hqup@,(@g—cotH,,)Y +8Km(9p+51n 9p¢)p)Y m

—4KkA 7, f (1) (95 —sin® 0pq5’29) (392 —cotf,0p —sin"> 6, 85) ytm

72| (A+1)(6r,M + Ar2) +3M?] F(ry)?[F2A(A+1) +6415,M +15M?]

8 Y@m*_8 {mx
oK 1y (Ar, +3M)? § rp(Ary +3M)? '
VE(r) =2 )[AZ(/H1)r3+3)@Mr2+9/1M2r+9M3]
r)=2f(r
¢ r3(Ar+3M)?

where k = (mm,u')/(A+1), A= 5((—1)({+2), f(r)=1-2M/r and A"" = (Siz’;p O —sinepgﬁpﬁg) YL 5o



Numerical implementation

0 o ’ o Empty cells
LL] - » o
] (o)
O ’ o ’ o o Cellscrossed by
L o o ° the particle
X o
O o o
< °
- o o
) (o]
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Numerical implementation

Empty cells:

2nd order classical finite difference scheme (Lousto-Price, Martel-Poisson)

m _ . fm {m
A =Yg +( B

typically Ar* = At
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Numerical implementation

Cells crossed by the world line :

2nd order modified finite difference scheme (Aoudia, Ritter, Spallicci 2013 submitted)

4 14 14
= D a Y Bpglal oty ] +oar®)
ne{B,C,D,E,F} p+qg<3
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Numerical implementation

1100

1000

t/2M
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\
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Re{y2 (r* =400M,t)}

Example : elliptic orbit (e = 0.5) for the quadrupolar mode (¢, m) = (2,2)
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Numerical implementation

(@M /mq)$2
(2M/mg )2
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u/2M
4
0.6 1 3t 0.6F
0.4 ]
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Code validation

Isaacson stress-energy tensor

Tip = o\ Vah Vg hys)

Averaged flux of energy and angular momentum at infinity

2
dl/)ﬁm dl/)ﬁm
_ a P 0
fz T/5 §(t)d2a dt 22: —2) ! dt i dt
B 12 Wm ¢ dwf)””
_ a nmx 124R'S
dL_szﬁ 5(¢>d2“ dt ~ eAn Zz: v dr T, dt ]

< {5 £) and & f $) are 2 Schwarzschild Killing vectors
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Code validation

EX [us]

E [Poisson 97]

Ep [Martel 04]

EX [Barack 05]

EX [Sopuerta 06]

Ul U1 U1 U1 U1 B b b R W W W N NS
B W N R R W N R, WN R N ~|S

o1

8.1680.10707
1.7064.10704
2.1757.107%9
2.5203.10797
2.5471.1079°
8.4124.10713
2.5099.10%9
5.7750.10708
4.7251.10706
1.2632.1071°
2.7910.10712
1.0933.10%9
1.2322.10708

9.4544.10707

8.1633.10797 [0.06%
1.7063.10~%% [0.006%
2.1731.10799 [0.1%]
2.5199.10797 [0.02%]
2.5471.107% [0.001%]
8.3956.10713 [0.2%]
2.5091.107%9 [0.03%]
5.7751.10798 [0.001%)|
4.7256.10796 [0.01%]
1.2594.10715 [0.3%)]
2.7896.10712 [0.05%]
1.0933.10799 [<0.001%]
1.2324.10798 [0.01%]
9.4563.10797 [0.02%]

8.1623.10797 [0.07%]
1.7051.10%4 [0.07%]
2.1741.10799 [0.07%)
2.5164.10797 [0.2%]
2.5432.1079° [0.2%)]
8.3507.10713 [0.7%]
2.4986.10799 [0.5%]
5.7464.10798 [0.5%]
4.7080.10796 [0.4%]
1.2544.10715 [0.7%)]
2.7587.10712 [1.2%)]
1.0830.10799 [0.9%]
1.2193.10798 [1.1%)]
9.3835.10~97 [0.8%]

8.1654.10797 [0.03%)]
1.7061.10704 [0.02%]
2.1734.10799 [0.1%]
2.5207.10797 [0.01%]
2.5479.107% [0.03%]
8.3982.107 13 [0.2%]
2.5099.107%9 [0.002%)|
5.7759.10798 [0.02%)]
4.7284.10796 [0.07%
1.2598.10715 [0.3%)]
2.7877.10712 [0.1%)]
1.0934.10799 [0.009%]
1.2319.10798 [0.03%]
9.4623.10797 [0.08%)]

8.1662.10797 [0.02%]
1.7064.107%4 [<0.001%)]
2.1732.10799 [0.1%]
2.5204.10797 [0.002%)|
2.5475.1079° [0.02%]
8.4055.10~13 [0.08%]
2.5099.107%9 [0.002%)|
5.7765.10798 [0.03%]
4.7270.10796 [0.04%)
1.2607.10715 [0.2%)]
2.7909.10712 [0.003%]
1.0936.10799 [0.03%)
1.2329.107%8 [0.05%]
9.4616.10797 [0.08%

Total

2.0293.10704

2.0292.107% [0.005%]

2.0273.107% [0.096%)]

2.0291.107%4 [0.009%]

2.0293.107%4 [<0.001%)]

E at infinity in units of M?/m2. Good agreement with previous litterature (err < 0.1%)
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Code validation

L [us]

L [Poisson 97]

L [Martel 04]

L [Sopuerta 06]

Q1 O1 U1 U1 U1 b= b= b= b= W W W N N>
U = WO N = WP, WD ~P, DN ~]S

1.8294.107%°
3.8218.10703
4.8729.10708
5.6448.10706
5.7048.10704
1.8841.107 11
5.6213.10798
1.2934.10706
1.0583.10704
2.8293.10714
6.2509.10~11
2.4487.10708
2.7598.10707
2.1175.1070°

1.8283.107% [0.06%]
3.8215.10793 [0.009%)|
4.8670.10798 [0.1%]
5.6439.10796 [0.02%]

5.7048.107%4 [<0.001%)]

1.8803.10711 [0.2%)]
5.6195.10798 [0.03%]
1.2934.1076 [0.003%]
1.0584.107%4 [0.01%]
2.8206.10~14 [0.3%]
6.2479.10711 [0.05%]
2.4486.10798 [0.002%]
2.7603.10797 [0.02%]
2.1179.1079° [0.02%]

1.8270.107%5 [0.1%)|
3.8164.10793 [0.1%]
4.8684.10798 [0.09%
5.6262.10796 [0.3%]
5.6878.10704 [0.2%]
1.8692.10711 [0.8%)]
5.5926.10798 [0.5%]
1.2933.1076 [0.01%]
1.0518.107%4 [0.6%)|
2.8090.10~14 [0.7%]
6.1679.10711 [1.3%]
2.4227.10798 [1.1%)]
2.7114.10797 [1.8%]
2.0933.1079° [1.2%]

1.8289.107% [0.03%]
3.8219.10793 [0.002%)|
4.8675.10798 [0.1%]
5.6450.10796 [0.003%)|
5.7057.10704 [0.02%]
1.8825.10711 [0.09%]
5.6215.10798 [0.003%)|
1.2937.10796 [0.02%]
1.0586.107%4 [0.03%]
2.8237.10714 [0.2%]
6.2509.10~11 [0.001%)]
2.4494.10798 [0.03%]
2.7613.10797 [0.05%
2.1190.1079° [0.07%]

Total

4.5449.10703

4.5446.10793 [0.007%]

4.5369.10793 [0.2%)

4.5452.10793 [0.005%]

L at infinity in units of M/m2. Good agreement with previous litterature (err < 0.2%)
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2

Self-force computation : radial fall case



Self-force

‘~\\
. <<C ’ )>
dzx“ , dxP dx’
d 2 /57’ dr dtv
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Self-force
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Self-force
GO((}Q’) [ga/a’r ha/a’] =8 1yp [ga/i]

In harmonic gauge :

+00
sz;e/; +2R" ’/}3 ﬁ;e; = —167Tm*J Ug UB (—g)V26W (x%—x%(1))dt

p
—00

7, ret
VERE =0

O= gl VV g wave operator,

h;e/; physical retarded solution,

a — dx“ .
u = U 4-V€10C1ty,

hop = hap — % gap h trace reversed metric and h = g% h, B-

~p.28/52



In harmonic gauge :

Fs(élf:Fa[h

Self-force

hyg = hgg +hip

h;e/; and hl‘}l’f diverge at the coincidence

limit x% — x,/(7)

héa/i,l is continous and differentiable every-

] (gaﬁ +uu )(ZVuh;jaf}—Vﬁ hLa;I) uu’

MiSaTaQuWa formulation (Mino, Sasaki, Tanaka, Quinn, Wald 1997)

- p.29/52



Self-force

In harmonic gauge :

“+00
Ry + 2R G R =—16mm, J uqug(—g) 26 (xt —xb(7))dr

—00
1 : .
uﬁVﬁ u® = - (gaﬁ +u” uﬁ) (ZVMh/tja:}—Vﬁ hltf‘;l) uu”

where

T—€
1 1 1 / /
h(i,:laﬂl — 4m* hmf (G+a/3’a’/3”_ Ega/j Gfga/ﬁ/)(xp(f),xp(,[/)) ua uﬁ dT/

—00

€—0
How to compute the self-force ?

- p.30/52



Self-force

How to compute the self-force ?

Green function Mode-sum Effective source

computation

Fa[hdir] —
Graporp (2,2') |3 AL+ B2 +CoL
L
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How to compute the self-force ?

Green function
computation

Giaparg(z,2')

OK in RW gauge for radial fall

Self-force

\

Mode-sum

Fe [hdir] =

Y AL B LI
{

(Barack-Ori 2001)

Effective source

reg __
Dhaﬁ —

8T op — 0N 57

-p.32/52



Mode-sum regularisation

E ) = Jim [P 00— F RS o)

X xp ret

Multipole expansion :
0.0

a . al
P;elf,ret,dir T Z P;elf,ret,dir
(=0

Regularisation : F d‘ff = AL +B*+C*L™ '+ O(L™?)

00
ol a a ar—1|_— ol
ESl—aL—Bt-coL =Y R
(=0 (=0

]2

a __
P;elf T

with L =¢+41/2 and A%, B%, C% are regularisation parameters

E% . behaves like ~ £~ for large value of £.
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Mode-sum regularisation

In Regge-Wheeler gauge

1. Compute v, h;e/;, and Fa[h;e/;] for each mode ¢ </, (~ 10) on the

worldline x,, (7)

2. Compute regularisation parameters A%, B¢ and C“

ret

3. Substract mode by mode Fs‘e)‘f} = [Faf —AYL—B*—C*L™!

e max

4. Sum over modes Fsglf = Z Fsgf; + [extrapolation ¢ > £ .|
(=0

-p.34/52



Self-force in RW gauge

Radial fall case

B Only even perturbations ¢ = zpﬁ m=0

O hre/;ﬁ (fh[;gzg ffllil )Yzo, guvz(_of I?f)
B fgl(t,r),H (t,r)€E°

H(t,1) = kO ' + k10, Yt + ko6’ + k36

B [ (t,r) = ket + kS, ¢" + ked2Y' + k767 + kgb
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Self-force in RW gauge

Radial fall case

50 100 -20 0 20 40 60
7 u/2M

Particle falling from r,, (¢ = 0) = 5(2M ) with zero initial velocity.
Wave form y¢=2.
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Self-force in RW gauge

Radial fall case

[hre/;] _ 1 (gaﬁ + uauﬁ) (ZVMh/rf;—V hret) utu ZF“E

2 ret

1 5H€ df 3H€ df 3H€ 3H€
ol a 2 !/ a /0
Fol — = — Lty + + Y
ret 2!fo ( ot dr 1) h ( ot dr fz or f3 or

where the k; are functions of r and the fja are functions of r;, and 7,

-p.37/52



Self-force in RW gauge

Radial fall case

[hre/;] _ 1 (gaﬁ + uauﬁ) (ZVMh/rf;—V hret) utu ZF“E

2 ret

1 0 Hf _af oH! _af 0 Hf o HY
Faéz__ a a 1 YKO
ret 2!fo ( ot dr )+f1 ( ot dr +f2 or +f3 or

where the k; are functions of r and the fja are functions of r;, and 7,

Need third derivatives of the wave function on the trajectory!

- p.38/52



Self-force in RW gauge

Radial fall case

4th order scheme (Ritter et al. 2012)

- p.39/52



Self-force in RW gauge

12

10

f(rp) 2€—|—1Hf (rp)

.7 1.8 19 20 21 22 23

S a8~
L T S [ I
0o NOoOYUL A WN

0.01

—0.02

—-0.03

S a s~~~
Il
0o NOoOYUL A WN

10

20+1Hy (r,)

f(ry)

1 2 5 6
r,/2M
006556 =2
—-0.08 /=3
0.04F -o.10 =4
-0.12 £=5
(=6
0.02 —0.14 0=7]
— -01§ 0=8
L&.
< 0.00f g
E‘E
—0.02
—-0.04
—-0.06
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Self-force in RW gauge

Regularisation parameters
Recall that F % [hroéf] is function of !, dyt, 82yt and d3y*.
By a local analysis when r — r,,(¢) and £ — 0o we find

FU=o P~ PP = A% 4+ B+ L™ + O(L7?)

ret

with
E i
Ar ::i:_z At ::I: p >
r f(rp)ry
Br:_E_2 Bt:_ Erp
2
2f (rp)r1;

FY—A%L—B*—C*L™ '+ 0(L™?)

[ ret
-p.41/52



Self-force in RW gauge

— (=2
— (=3
— (=4
0.02} E 0.02} .
— (=5
— (=6
— (=7
0.00} ___0.00f
L&
s
EL:Q
-0.02 E —0.02f
— (=2
— (=3
0.04 — =4 0.04
| — ¢=5]] e
— (=6
— (=7
—0.067—7 3 4 5 : 7 8 9 10 ~0.06 7 8 9 10

¢ {—o0 (.
Fg—0 = Z F5 ¢ finite
]
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-3.8

—49.

Self-force in RW gauge

log(L =¢+0.5)

° — pente t=-2.0
s — pente_r =-2.0
[ ]
3 0.2 0.5 0.6 0.7 0.8 0.9 1.0

1.1
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Action of the self-force on the trajectory

a’x® _ dxPdxr
— =F
a2 Tprar @
geodesic motion
1 31"5
Fp =S f(rp) f'(rp) | 1=
) p p f(rp>2
perturbed motion
: 3%
iy ==f(rp)f (rp) l_f(rp)z + Aseif

where

Ac e — F)r v o
Self —Z [FSelf_r p FSelf]

—p.44/52



(4M2 /mO) éelf/ret

Action of the self-force on the trajectory

0.000

—0.005 \

—0.010f

|
©
o
=
Ul

—0.020f

—0.025f

l
== Adir

—0.030

— slope~ -2

2I.5 | 3I.5 | 4‘.5 | 5I.5 | 6I.5 | 7I.5 | 8‘.5 |



Action of the self-force on the trajectory

Self-consistent approach

o =5 £ )1 (1) 1= 2 (1) 2]+ Asea (1 )

Wt r9%(h))

L

tl rt
an E FSeIf

old Self’

n
I —
p p

Y

I’pF/
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Action of the self-force on the trajectory

Self-consistent approach

o =5 £ )1 (1) 1= 2 (1) 2]+ Asea (1 )

Wt r9%(h))

L

tl rt

pold — ,.new FSeIf’ FSeIf
p p /
\ new ASelf

I

But regularisation parameters A%, B¢ and C® must be calculated on a geodesic
— osculating orbit approach (Ritter et al. in preparation).
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Action of the self-force on the trajectory

300

2801

260

240

220_305

300

200
2951

180 290}

2 L L | | ! | ! !
160} 9 1.0 1.5 2.0 2.5 3.0 3.5 4.0 45 5.0

5 10 L5 20
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Conclusion

Easily implementable numerical scheme based on a jump-conditions
method in time domain

Good accuracy in wave-forms and fluxes computations.

Extension to 4th order to treat the orbital evolution in radial fall case

Future?

Find a post-doc...

Scientific exploitation of code and results

Export the code procedure to the harmonic gauge.

Increase the speed by using space-time compactification techniques.
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