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Some History on Hamiltonian (General Relativity'



Dirac 1958-1959
1978 Nelson/Teitelboim: Dirac field

2009 Barausse/Racine/Buonanno: spinning test particles in “Kerr”

Arnowitt /Deser /Misner 1959-1960

1961 Kimura: 1PN

1974 Ohta/Okamura/Kimura/Hiida: 2PN (in part)
1985 GS: 2.5PN; Damour/GS: 2PN

2001 Damour/Jaranowski/GS: 3PN

2009 Steinhoff/GS: self-gravitating spinning particles
2013 Jaranowski/GS: 4PN (in part)

Schwinger 1963
1963 Kibble: Dirac field

Refinements
DeWitt 1967; Regge/Teitelboim 1974



Hamiltonian Setting of General Relativity (A) I



stress-energy tensor of ideal fluid:
TH = (oc® + ge + p)uyut + pdt, wu’ =—-1, w, = gy u”

e =€(0,s), de = %d@ + Tds

canonical variables:
1
0« = /—gulo, s, W= E\/—QTZ-O

Lie-Poisson brackets:

il 1), 00 (% 1)} = [0 (< 1)3(x — )
{7Ti (X7 t)? S(Xla t)} — aség};i; t) 5(X o X/)
0 0

(mi(x, ), 7 (X', 1)} = (X, 1) —

ox'I

O(x —x') —mi(x,t) =—0(x — x')






linear momentum and angular momentum:

P’i = /d3ﬂf g, J?, = /d3ZC Eijkxjﬂ'k

e=p=s=0 (dusty matter)

point particles:

dx’

Ox = ;maé(x — Xa)a T, = ;paié(x — Xa)a ”Ué — dta

(2! pas} = 6ij, zero otherwise
dpai . oOH dZCz o oOH
dt  Oxt’ dt  Opa



Poincaré algebra I

{P,H} ={Ji,H} =0

{Ji, P} = €iji Pie s {Ji,Ji} = €iji Jk
{Ji,G;} = €ijr Gg

{G;,H} = P,

{G;,P;} = & H 6

{Gi, G} = — & ciji Jn

Lorentz boost vector:
K, =—tP, +G;




canonical variables for non-interacting particle'

total angular momentum: J =X x P+ S

Hamiltonian: H = v/m?2 + P2

Lorentz boost: K = —tP + HX — Hims x P

center-of-energy: X = X——L _SxP
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center-of-spin: X; {X*, X7} = 0 (Newton-Wigner coordinates)

A

Center—of—energy: X = X — m S X P

center-of-inertia: X = X + m SxP

related spin supplementary conditions:
center-of-inertia: S** P, =0
center-of-energy: S*'n, =0, n, = (—1,0,0,0)

center-of-spin: mS*n, + SH P, = (
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fast & heavy

various centers: X (*), X(—), XH—)

slow & light
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many particle systems with interaction (no radiation) I

P=> pa
J:Z(ra X Pa + Sa)

a

M2=H? P2 H =/ M2+ P2

G=HX- J-—XxP)xP

H+ M

(X1, X9} ={P!,Pi} =0, {X' Pi}=4
{M, X7} = {M,P7} = {M,H} = 0
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Binary Black Hole Spacetimes'
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isolated BH '

2 1— 5o 2 7,2 Gm \"* i 7]
ds — (1—|-2€:Zé> codt +(1+2TC2> (Swd.?} dx?
1_2%% 2 2 7.2 Gm \* i '
) _<1+2%?2> o +(1+2RC2> e

symmetry transformation (inversion): Rr = (W)z

R2 — XzXZ, 702 — .”JSZCIZZ
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CPSNZ NN,
CSS 7))
e 224

-~ ram/2

r=0

F16. 1, A two-dimensional analog of the Schwarzschild-K ruskal
manifold is shown isometrically imbedded in flat three-space. The
figure shows the curvature and topology of the metric

as*= (14-m/2r)4 (dr*+-r2de?).

The sheets at the top and bottom of the funnel continue to infinity

and represent the asymptotically flat regions of the manifold
(r—0, r— o),

Brill/Lindquist, JMP 1963

Y S =
/%??\ s _-;e_-_.*__-‘}:}"“ —Tlpe®
‘-“_‘-—. JJ‘-- ‘A

; '-...- VA e .
Lt | N = LD m —lz® 0
ne0 I,@;‘;‘o;&\ {(‘-‘_{‘ﬁ_ﬁ_‘z" 7\ ]

F16. 2. A two-dimensional analog of the hypersurface of time
symmetry of a manifold containing two “throats” is shown iso-
metrically imbedded in flat three-space. The ggure_lllus;frates thti
curvature and topology for a system of two ‘“‘particles” of eq:x;.
mass m, and separation large compared to m, described by the

metric
ds®= (14m/2ry-+m/2rs)4ds# .
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Brill-Lindquist BHs I

initial-value metric

2
1 — & G a1G asG\*
d 2 _ 2r1cC 2rac th2 1 1 2 d 2

211 c? 2192

total energy: Eipy = —% §i0 ds;0; ¥ = (a1 + ag)c?

\Ij:1_|_041G_|_042G

211 c2 219 c2

inversion map of the three-metric at the throat of black hole 1
a2
)

riry = ( ry = |x' —x1|, 71 =|x—x1]
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dl?
Uidx? = (
_ (1 i 611(;
. 2r1c?
dx'2 =
C4
2 + I'io, r 2r/162
. 12 =T
1= .
r
2ﬁ(¥ |
35;01 dstolv’ = ay
_|_ ozlong

v =
1_l_ Och
_+_a1a2G

2 /
T c? 4
=
aryct
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2192

100G

o\ 4
) dx'*

Aror!
o1y

CXQ(; 4
) dx?



dynamical approach I

4
1
9ij = (1 + gcb) 0ij + hi;"

=0, w9 =-—2KY —4YK),
unique decomposition: 7Y = 7Y + W%JT
~ij ' i 2 k
i J = 8¢7T‘7 + aj’ﬂ' — §5Z'jakﬂ-
J

7T prC‘3 /167G canonical conjugate to h;l;.T

19
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3+1 splitting of spacetime n* = (1,—N")/N

dz' = —N'edt /A\
7

n, = (=N, 0,0,0)

gi;jdr'dz?, Kjdx'dx’

Kij = —NT3; = =Ng*"(gip,j + Gjui — Gijpu)/2

ds® = —(Nedt)? + g (dx + N'edt)(dz? + N7 cdt)
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Hamilton and momentum constraints'

1 .y 1 i 167G 2 9 ii 1/2
g'’R — gl/2 (”ﬂf - 57%767') B Z (mzc® + v paibaj) ' da
167G
2 /_gG:u’Ununy — CZ A\/ _gT'LLUnuny

: 167G

7 kl o _ .
167G

2\/ —ngnu — C4 V _gTzlun/«L

H = 0 (Hamilton constraint) and H; = 0 (momentum constraint)
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1 167G -
_(1+— qb) Ap = 5 Zm“5a (hEF = 0= pa;)

ma‘l‘m CQTCL ma—|—m
b
C Tab/(;

Hpp, = (on + ) & = (my +mg) & — G 22

22
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Metric in d-dimensional conformally flat space:

4

1d—2 \72
gij = (1 + Zﬁﬁb) 0ij
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s T((d=2)/2) 5 4
—ATS = 12 r

2(d — 1)r(d—2)/2 ril_z d—2

<1+G(d—2)1“((d—2)/2) ( o as ))a151:m151

2(d — 1)r(d=2)/2 Til_Q ™ 7“3‘2

l<d<?2

(1 N Gd—-2)T'((d—2)/2) as ) 161 = M6t

2(d — 1)m(d=2)/2 7“?2_2
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Hamiltonian Setting of General Relativity (B) I
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Independent field Variablesl

Y
3CC: g4 = (1 + §</5> dij + hij 3955 — 95j.i) =0

1CC: wft =0, 7 =—4V2K9—4EK), 7t =2y/2K = 75T
unique decomposition: 7Y = 7Y + 7 ZBT

i . ;2 I

7 =0y + 07" — §5’éjak7T

7T ¥T03 /167G canonical conjugate to h;l;.T
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1 i 1, 167G i 1/2
gl/2R = —91/2 (ij:z — —7T7,7T;> + Z (771302 T jpaipaj) Oq

a

- 167G 87G

—28]'7'('7; —+ 7 87;gk;l = 03 ga pazéa (Gz C T )

ADM Hamiltonian
i TT _ij ¢t 3 TT _4j
H |::Ca7pa7/7hz] 77TTT} — _167TG d’x A¢ { avpa%vhm 77TTT}
Routh functional
3
TT TT C 3 TT
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o [ R(t)dt' . __OrR ., _OR
OhiT(xk,t) 7 Pai = oxt’ ODai

a —

on-field-shell Routh functional:

Ron(t) =R [xéapaia h;l;T [aj];apak:]a 8th;FjT [xpraku

pult) = gty = e

5fRon dt/ (9R0n _ iaRon 4 5y — (CE‘Z )
5z(t)  02(t) dtoxr) v~ Vebw
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Post-Newtonian expansions I

R (@}, pais by, Oy | — Mc® =) <i> R, [ xh, Pai, bt O ST

62
n=0

(8- ) 0= 53 () DEblo o) 0,577 0,007 1)
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Higher-Order-PN Dynamical Systems.

30



4PN binary BH conservative dynamics'

1
H(t) = mic® + moc® + Hy + C—QH[1PN]

1 1 1
T C_4H[2PN] T C_6H[3PN] T C_SH[4PN] T .

C%H[QﬁPN] (t) + 6—17H[3.5PN] () + ...
H=(H—-Md?)/pu, p=mimse/M, M = mq + ms
v=u/M, 0<v<1/4

test-body case: v =0, equal-mass case: v =1/4
CMF: p; +p2 =0, P = p1/i,

pr=m-p), q=(x1—-x2)/GM, n=q/lq
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1
1—6(1 — 5v + 50%)p°

[ —

1
~[(5 —20v — 302)p* — 20%p2p® — 3v7p;] =
q

oo

| , 11 1
5[(5 + 8v)p” + 3Vpr]q—2 — 1(1 + SV)q—3
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Hizpny

1
E8(—5 + 350 — 70v% 4 350°)p°

1
1—6[(—7 + 420 — 537 — 5u%)p® 4 (2 — 3v)vpp?

1
3(1 — v)v’ppp” — 5]~
q
1 oy 4, L 2, 2
[1—6(—27 + 136v + 109v°)p™ + 1—6(17 + 30v)vp;p

1 1
3 (5 + 43v)vp,.] o

| 2 (1, 335\ 23, ,
25 (1 5 335) = 23
3 64 A8 g )P

5 _ 3 5 T\l L (109 2,
—— = =T = = — + = — —T
16 64 4 PR
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3PN

Jaranowski/GS (’98)[in part], Damour/Jaranowski/GS (’01)

Blanchet /Faye (’01)[in part], Blanchet/Damour/Esposito-Farese (’04)

[harmonic gauge, point masses]

Itoh/Futamase (’03) [harmonic gauge, surface integrals]

Foffa/Sturani (’11) [Effective Field Theory]
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i 7 189 105 63
T _ 189 5 100 5 063 4\ 10
[4PN] (256 YT 2567 T 1287 T 256”7 )p
458458 123 s 3 o6 9 44\
T {128 v ( 64 P T gl T gy PP
+ + — + =2
( 956 F T eaPP T 1agPP T ga PP T o56F
35 8 2 6 9 4 4 5 6 2 35 8) 4 1
+ ( 5P prp GaPrt = gp = ogen ) v e
PN EE + 7916+4924 880 4 o, 369
P 64 T 167" T 102"P T 16077 )"
4857 o 545 , 94T 4, 1151 ¢\
b 22 pb - 222t
( TR AR £ v 2 e U
2335 o 1135 5 4 1649 4 o 10353 6) . 1
+ b —
( 256 © T 256 1P T Treg PP T Togp P 7
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105 237 1293 97
{—p4 + [041 + (—p4 — —p%p2 + —pff) In g} v

32 40 40 4 s
553 , 225 381 1
oy 12 993 4 220 9 9 981 4\ g | 1
a2V +< 1287 7 ea PP T 128 )V (48
105 233 , 29 2) q} ,) 1
—p° 4+ |Co1 + | —p° — — In—-|v+4 Cav® p—
{32p [21 (40p 6'7) " S

1 +{ i q} o2
_— — C —1mn —| v C 1% E—
16 | T 20 s R (P
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Cy2

C'22

€02

Ca1
C21

Co1

( 1189789
28800

57563 _ 38655 ,
( 1920 16384

672811 158177
( 19200 49152

1256 7403 ,
15 302"

6411104 + C412p72~192 + c413DP,

2 2
C211p~ + Cc212pP;

€01

16384

)

18491

7r>p4—|—<—

4
Dy
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4

127 4035 5\ , ,

3 2048 ) PrP
21827 110099 ,\
3840 | 49152 & ) Pr



H = H(p,r), p? = p? + 5% /r?, pr=(p-1)/r
circular orbits: p, = 0, p2 = j2/7“2, H = H(j7 "“)

circular motion: 2 H(j,r) =0 — H(j)

orbital frequency: w = #£Y) _, g (w)

dj
ISCO: %&w) = 0 | or, alternatively g—;H(j, r) =20
1 -2z
SBH: FE = —1
(@) = A am
1 2
_ L §x2 n 7 4 @Iél 3969:1;5

2P TR T 16" T 138" T 256
H(x) — mc? (GMw)2/3
Y r =

c3
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circular orbits:

Weire = Wradial T Wperiastron — 2 p 3

1+ k (Gchim)?/ 3
9 ‘/’U —

A A

Hpapny + C_6ﬁ[3PN] + C_SH[4PN]

A

Espy = Hy + C_2H[1PN] +c

z (3 1 o7 19 1
E - __ Z o4 2 Y L2 3
1P (2) 2+(8+24V>x +(16 16V+48V)x

675 , (34445 205 ,\ 155 , 35 4\
O/ (23440 | 200 199 9 99
128 1152 ' 192 192 10368

1/ _ 3960 448 498449 | 31572\ .2 , 301 .3 774\ .5
2( 128 + a1 + 15 1na;]v—|—( 3456 T 576 7 )V + 1725V T 37702V )5’7

Damour (’10)[Inz], Blanchet /Detweiler/Le Tiec/Whiting (’10)[Inz]
Jaranowski/GS (’12)[lnz, v3, v*], (°13)[v?], Foffa/Sturani (’13) [Inz, v3, v4]

_ 123671 , 90372 , 1792 896 ., _
1= —oe + 37 + - In2+ 52y = 153.88...

Bini/Damour (’13), Le Tiec/Blanchet/Whiting (’12) [numerical value]
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XLsco

07~ ]

! 1PN
0.6- _
0.5 _
04" i
0.3 ________Q_RN _____________ 7

- 3PN eI
0.2-*-_'_‘;'_'_‘_"_'_'_':'_'-' ———————————————————— 7

k 4PN 1 * test particle exact
0.1 i
0.0 | | | | | | | | | | | | | | | | | | |

0.00 0.05 0.10 0.15 0.20 0.25
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Dynamical invariants I

radial action i, (F, j):

1

ir(E,j) = oy j{dr pr(E,j,7), (ﬁ = F)

phase of revolution ® (periastron advance k):

) 0
—=14+k=——1,.(F,
27 * 3]’2 (E,])
orbital period P:
P 0
= ——1, E7 .
2nGM (9EZ (£,
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periastron advance at 3pN:

1 3 1 |5 1 1

L1 [m(”)% i QQ(V)% + az(v) E2] }

orbital period at 3pN:

P 1 1l
onGM  (—2E)3/2 4 g
1 [3 (—=2E)3/2 3 S
— 1Z(5-9 _ =
+ i _2(5 V) - 32(35+301/—|—31/)E
1 [ —2F)3/? —2F)5/?
+ 6 as (V) ( j3) — 3az(v) ( j) + a4(v) E3] }
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2 \ 2 64" 3 A

2 64" 3 6

1
Z®—5u+mﬂ)

5
ﬁg(21--105u+15u2+5u3)

43



orbital motion at 2PN:

r = a.(1— e.cosu)
2T . .
F(t —ty) = u—esinu+ F,_,(v—u)+ F,sinv + ...
2T . .
E(Cb —¢o) = v+ Gaysin(20) + G3,sin(3v) + ...

v = 2arctan

/1
+ o tanu]
1 — €¢ 2
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2.5PN binary BH (orbital) dissipative dynamics

1 2G d°Q;;(t) (p1ip1; = p2ip2; Gmimo
g h — i iP1;j iP2j
cd [2'5PN]( ) 5¢®  dt3 ( mq + mo 719
Qii(t) = Z me (! x! — 1)(25@ )
J = aa 3 a~t]
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Multipole expansion in far zone

G szm(n) > 1 % 4 l T«
h;FjT(X’ t) = — - Z { (c_2> il Ml(w)n,zgzl (t ——) Nis..q,

r ~ T
M;i(t— =) = My, (t —*)
it=—) J ;
2Gm oC v ~ (2) * 4
—+ c3 . dvln(%)Mw (t_?_ )+O(1/C )7
2G
re=r + i (L) +0(1/c)
C cb
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Luminosity and energy loss:

3

L(t) = O, hiT)2r2d0
() 327TG FZ( 12 1] ) r
G =/ 1\" 4
E — 565 nz (0—2) En
_ (303 5 @@ |, 16.3)4)
— k.5 {M M [189M’ijM’ij _Sz'j S'L’j ]

O B ) O q@ @
+ [9072 Mz]kmM'ijm + 84 Szgkszjk

—<——=> = < L(t—1/c)>
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Spin and Gravity'
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tetrad field ef: et'ep,, = ngp, eauebynab = Guv = Gvu

local LT: e/* = L e, LnapLPy = ned

linear connection wzb: D,p=0,0+ %wsz [ab]®

inf. local LT: ¢ = 5§abG[ab](b

curvature tensor RabW: D,D,¢ —D,D,¢p = R“bWG[ab]fb

ab L ab ab ac, .bd ac, .bd
R™,, = 0uw,” — 0w, + w, Wi Ned — W, "W, Ned
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Lagrangian for gravity.

1 v pab
£G 16—7Tdet( ) fjebR MV(w)—I—f%C“

vacuum Einstein equations:

&CG 1
0
0= 555) = wzb = wzb(e, dye) no torsion !
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Lagrangian for spinning objects I

dz¢ 1 df®
,CM /dT [( — —Sabw’uab> ? _Sab dr ](5(4)

- A
Lo = /dT [)‘Cllpbsab + AQ[i]A[z]apa - ?3(]92 + m2)] 6(4)

do** = ASdACY = —dp®
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resulting covariant equations of motion:

DS, DS,
=0 P2 =0
Dt ’ Dt
Dp 1 b 1 o
D’: = —§Rupabup5' = —iRupaﬁupS p
dzH
ut = W = A\3p”, bSab = 6Saﬁ =

e fo (o),
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Canonical setting I

ds* = —(Ncdt)? + gij(dx" + N'edt)(da? + N7 cdt)

64

H = /d%(NH — N'"H;) + e ]go d*si(gij.; — 95j,i)

Nljo =1+ 0(1/r), Nt =01/r), g¢i; =0;; +O(1/r)

If the constraints H = 0 and ‘H; = 0 are fulfilled and adapted
coordinate conditions are applied, then

C4

H =
167G

j’{o d*si(gij.; — 955,1) = Hapwm
1
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solution of the matter constraints'

nH:(l,—Ni)/N, n, = (—N,0,0,0)

Az mp =nfip, = _\/m2 + 7 pip; 7 gk =9

kig ..
)\1 . nSZ p— n””Sm — Pr7 J?
np

Ny o AW Z AWGOPE - pjola P
pl®” m
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time gauge for the tetrads I

, 1 Z. N’

H _

Coy="" =7 0=

(m)

9ij = € €E(m)j

»CMC _ _NHmatter i Nngnatter

Hmatter — _np5 KZ] pzns 5 (nSké),k
np

: 1 S
H,]Lgnatter — (pz’ —I—KURS])(S—F (2 mk:S 5_|_5(k: l)mplz;; l5)
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transformation to canonical matter Variables'

) k A
i : no’ ) ’TLS@ — _ka iji
m — np m

: nS;  pinS;
Sy =Sy — 2 4 Pl

m —np m — np

e ()
A6 — 30k (% L _Pwp )

m(m — np)
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Py =pit Kign§? + Aegyer’) (%Skj T p(knsj)>r’“i
) np (2

. 1 - g
gz'kglekl = =5;; + MPN))
2 np(m — np)

ab Q Q J G
§%Sab = Sty () Siy(i) = 25)S() = 28° = const

doD) = igdx[k]m _ 0@
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adding Lagrangian of gravity'

~ .. 1 - XNy
Ly = P;2'0 + §S(i)(j)9(z)(‘7)5

Lo = Aeqe)d

; L () !
Lok +La = 8_7T[7T 7+ 81 A ‘7(5]6(;6)1-63-,0 + Lao — 16—7'('5@’1

Ei = Gij.j — Yij.i

total energy: I = ﬁ $d?s; & = ﬁ [ &z & ;
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spatially symmetric time gauge for the tetrads I

(k) _ pkl 1
e(k)iej,,u — Bij 9kl,u + igij,,u

€i)j = Cij = Eji

€ij€jk = ik €ij = (gkl)
T de l Oe k
1] m m

— €Eml
0g; j 0g; j

7 =7 4 8r Al § + 167 B; Akl s

can
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spacetime-coordinates conditions I

39ij.5 — 9jj.i = 0, Tonn =0

4 TT i ~ TT
gi; =V 5ij+hij7 = FY 4 Y

can can can

“TT _ 3, TT _ Tl _

transverse traceless: can ijj — Tecan,j

TT _
h,m =m

R =Vi VI

can can,] camn, )

R _5@JVan k

constraints: Hﬁeld i H{matter O7 Hzﬁeld 1+ H%rnatter — 0
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total action in canonical form'

1 4 .o 1 Ny
W= /d e Thih + /dt [Piz + 55@(]-)9( ) E]

Hamiltonian: £ = Hapy = —— /dSSC A\P[Z Pz,S(z)(g),h ZJTT]

1] Mcan

{2', P} = by, {S(i)» Sty } = €inSw)

can

TT kITT _ TTki
{hij (x,t), (x',t)} = 1670, §(x —x')

62



spin-gravity interaction (S = S) I

leading order spin orbit
G 1 3Im
LO _ b
HSO — 6_2 ZZ T(Sa X Dab) : [%pa — 2pb]
leading order spin(l)—spin(Q)

8182 02 Z Z 27“ a nab)(sb ) nab) _ (SCL ) Sb)]
a b#a

leading order spin(1) spin(1)

G 1
HE% = —=—=[3(S1 - n12)(S1 - ni2) — (S1 - S1)]
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G

cir?

bmopi  3(p1 - P2)
_ S,) -
((p1 X S1) Hm)! S + 2

+ +

3p3 3(p1 -ni2)(p2 -ni2)  3(p2 - nyo)?
dmimeo 4m? 2mima

_|_

(p1-PpP2)  3(P1-1mi2)(p2 - ni2)
mi1mo mimeo

((p2 X S1) - m12) [

(1 % 81} pa) [2(17:31;1212) B 3(1);;@2112)] ]
% — ((p1 X S1) - n12) [11?2 5?:1%]
(D2 % S1) - 1po) [6m1 + 15;”2] +(1-2)
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_|_

+ 4+ + + + + +

Hé\?s(j (G/2mimactr®)[3((p1 x S1) - n12)((p2 X S2) - ny2)/2
6((p2 X S1) - m12)((P1 X S2) - ni2)

15(S1 - n12)(S2 - n12)(P1 - n12)(P2 - N12)
3(S1 - n12)(S2 - n12)(p1 - P2) + 3(S1 - P2
3(S2 - p1)(S1 - ni12)(p2 - n12) + 3(S1 - p1

w wm
[\ [\
5 }3
— —
[\ [\

(S1
(
(S1-S )( H12)2 (S1-m12)(S2 - p1
(
(
(
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21m
_ = S 2 @ 282 2 . 2S
A3 4m51)’ (P1-S1) +mi,P1 1 Smi’ (p1 - n)
15m
(S1-m)” + — " (p1-1) (S1 ) (p1 - S1) —
1
1 9
S, -n)° — — S F
3
)(P2°Sl)—W(P1 n)(p2-S1)(S1-n)
1
15
(P2 - n) (p1 Sl)(Sl'ﬂ)+4—2(P1 n)(p2-n)
my

miq my

+@> ((Sl-n)Q—S%)—I—ZL(l—I-@
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SO
NLO: Tagoshi/Ohashi/Owen(’01), Faye/Blanchet/Buonanno(’06),
Damour/Jaranowski/GS(’08), Steinhoff/Hergt/GS(’08), Levi(’10), Porto(’10)

NNLO: Hartung/Steinhoff(’11), Marsat/Bohé/Faye/Blanchet(’13)
(N/2)NNLO: Wang/Will(’07), Steinhoff/Wang(’10)

S1S2
NLO: Steinhoff/Hergt/GS(’08), Porto/Rothstein(’06, '08, ’10), Levi(’10)

NNLO: Hartung/Steinhoff(’11), Levi(’12)
(N/2)NNLO: Zeng/Will(’07), Wang/Steinhoff/Zeng/GS(’11)

S1S1
NLO|[black holes]: Steinhoff/Hergt/GS(’08), Porto/Rothstein(’08, '10)

NLO|[neutron stars]: Porto/Rothstein(’08, ’10), Steinhoff/Hergt/GS(’10)
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NLO center-of-mass:

GNLO = %" P

Mg =52 3

(Pq X Sq)
5Xgq
- {((Paxsa) ngp) — X
4marab ab
1
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Heon = HN + HipNn + Hopn + H3spn + Hapn
S+ HS%, + HLS + Hgg

HNLO _|_HglLS(’; _|_HNLO _|_HNLO

+ o+ o+

NNLO NNLO
Hg + Hg. s,

_|_

LO LO LO LO
H S3+H 3+H sls§+H 2592 5%

1 1
Hmatter = mq (1 — 5 (al ) 81)2> 51 4+ §p1 . (al X 81)51 + (1 PEEN 2)

1
H;fnatter — p1i51 + % (al X 81)2 (]_ — 8 (al . 61)2> 51 + (1 < 2)

Si =aymi, So =asmo
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Results for equal masses, circular orbits, and aligned spins:

Hspin = Hle —+ HSQO —+ HS% —+ HS% —+ H5152 —+ HS3 —+ HS4 + ...

LO NLO NNLO
7 3 5 L? 1 751 L? 25 L4
Hs o0 =510 —+— | -1+ — 401 — — 2 =22
510 =L {8r3+r4{ " 16 r}+647“5[ 8 r 16 r2}+
Crpez 1 17C g2 — 11 L2
_o2) CEs B ES
HS% —Sl{ 8703 +16rr4 |:60E82 +5 4 , :| —|—}
H —SS{ Lt {3 7L2}+ ! { 271 238L2—|—45L4]+
S152 7 1oz 4r3  2rd 8 r 647> r 8 r2
5L 5
g3 = (S1+52)° + ... yet only known
647>
3
Hga = ——— (S1+ So)t + ... for black holes
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