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@ 1907 - Equivalence principle = General relativity

We [...] propose the complete equivalence between a gravitationnal field and the
acceleration of the corresponding frame

The material content of the universe makes impossible the existence of an
Inertial frame at the universe scale!

The equations of physics are the same in all frames
We pass from M, [¢*] to a Riemann manifold [«z#] in dimension 4
0> O¢P
oxt Oxv

ds® = NapdE*dEP = nop detdx” = g, dz"dz”
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¢ ® @ The universe becomes dynamical
‘% 1915 - General Relativity y = 8rGc™*

1 : .
S =5n — v /g“”Rum/—ng with R,,, = R, (g) Ricci Tensor
X

_ L 1
variation of which gives : G, := R, — §gWR = X1\

ﬁ 1917 - Homogeneous, static and isotropic Universe (Einstein )

d 2
ds® = —dt* + a 4 + r?df? + r? sin? Odp?
1 — Rr?
Two parallels . . . .
can 1088 The sphere ... Einstein Universe is
20 allows a static solution unstable!
The sum of triangle’s p= CSt@, € = cste CL(t) — a(l + 5CL (t))
angle;is greaterQ a = cste, R = 6/a* p(t) =p(1+6,(1))
If e(t) = a(l + 6.(1))
Geodesics are GM’/ + Ag’u,/ = XT'LW 5p (t) = w5€ (t)

arc of circl

A : Cosmological Const. a(t) diverges ifw > —1/3
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% 1922 - 1924 : Alexandre Friedmann

e .
(F3) : If e+ 3P > 0 then (a > 0, c2 - O) =- a concave =- Big-Bang

dt?
(F1) : Hubble's Constant : H = a/a

2

Critical Density : ¢, =
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% 1922 - 1924 : Alexandre Friedmann

e .
(F3) : If e+ 3P > 0 then (a > 0, c2 - O) =- a concave =- Big-Bang

dt?
(F1) : Hubble's Constant : H = a/a

2

Critical Density : ¢, =
y.e€ 77

Hubble
1da\> k 8r(Ge
(o) *a="5
1 d? 47G
aﬁg:_% (e +3P) (I

sdP d (e + P) a’]
dt dt

Energy impulsion conservation

a (F'3)

— 1.87847(23) x 107’ p* . g-cm™3

We can mesure k = £7Ga? (€ — ¢,)

Big controversy with Einstein but Friedmann dies in September '25
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% 1925 - Firsts observations Using cepheids stars, Hubble computes the
distance of "Islands Universes" closing the "Great Debate". Slipher measures a
systematic red-shift in their spectra.

‘ 1927 - Lemaitre’s ldea Lemaitre links observations and Friedmann’s
theoretical results. He postulates "the birth of space".

‘ 1929 - Hubble : The Universe is expanding!
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© ®® The legend of A...

‘% 1929 - Einstein’s Renunciation
" The cosmological constant is my biggest mistake" — A =10

‘% 1990 - Cosmic candles
Systematic observation of White Dwarf SN’s shows a cosmic expansion
acceleration (Nobel Prize 2011).

— A#0

1da\° k 8rGe A

S = = (F
(a dt) i a? 3 i 3 (£1)
A dynamical Universe 1 &2 A A
Very fun'!
,dP  d|(e+ P)d®]

i r
R dt (F'3)

Impulsion-Energy conservation




¢ ® @ Friedmann’s Universes Dynamics

Predator-Prey, competition
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Hit) =2 = d(g;“)

D

Q (1) = T (1) =
and Q, (t) = A



¢ ® @ Building...

i 1
Hit) =2 = d(;“)
( a 2_87TG€_ k —I—é
a 3 a? 3 N — al  aa
1=~ e
7 A7G A . settin
| &= e3P+ 2 ’ 837G k
a 3 3 O () — e O B
m() 3H27 k() _a2H2
| ¢=—3H(P+e¢) A
| | and QA():3H2
we obtain
Qo + Qe+ Q=1 (F1.1)
417G
P) = Q) F2.1
\ 3H2(6—|—3 ) =q+ Q) ( )
| é=-3H(P+e) (F3.1)
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¢ ® @ State equation

. —1
Barotropic: P =we=(I'—1) e = (73 )e
W ~1 0 1/3 2/3 1
Kind Quantum Incoherent Photon monoatomic Stiff
of Matter Vacuum Dust Gas Ideal Gas Ideal Gas matter

W € [_171] , I'e [072] , V€ [_274]
Barotropic Friedmann’s Equations :
(=1 —Q — O

Qp, (14 3w)
2

< q — _QA

. B dlna
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Q= Q0 [(1+3w) (n — 1) — 2Q4]

L Q) = QA [2 (14 3w) +2(1 —Qp)]



¢ ® @ The dynamical system

( Q=1 —Q,, — Qp

Q= Q0 [(1+3w) (n — 1) — 2Q4]

m

L QL =OA Q) (14 3w) +2(1 —Qp)]
setting v = 1 + 3w in the interval [—2, 4]
R? R?

X' =F,(X) with X =[Q,,,Qx] and E,: (z,y) : (f1 (2 y), f2(2,9))

where
filz,y) =z (yr -2y —7)
fo(z,y) =y (yvo — 2y +2)

Lotka-Volterra like equation
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© ® @ Equilibria
Equilibrium : X* = [z,y] ' = [, Q4] such that F, (X*) =0
z(yr—2y—7)=0
Yy

_ _ (vz —2y+2)=0
There Is 3 solutions :

O de Sitter Universe : X* =1[0,1] ' and Q;, =0
If & > 0then a(t) o eV 3t

Uncreated Universe in perpetual exponential expansion.

® Einstein-de Sitter Universe : X3 = [1,0] ' and Q; = 0
If w> —1thena(t) x $ 5(1+3)

Big-Bang followed by a decelerated expansion.

3 Milne Universe : X = [O,O]T and 2 =1
k = —a”?H? : Hyperbolic universe with a(t) = agt + ag

Linearly expanding Universe since Big-Bang : exotic cosmological models ?



¢ ® @ Dynamic is a competition !

(

2, = Qi (V2 — 200 — )

Q;\ — QO (’YQm — 20\ + 2)

\

(O Competition between €,,, and Q, "referred" by Q

® 3 equilibrium states :
e Matter (EAS) - v—Hyperbolic;
e Curvature (M) - v—Hyperbolic;
e Cosmological Constant (dS) - Stable.

T The most competitive is always the Cosmological Constant : v € [—2,4].

@ No Limit Cycle (Bendixon criteria, div(F) has constant sign on [0, 1]2 ?
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If wof Q,,isin] —1/3,1]:

QA
%K

dS
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Without any coupling between species (£2;) the dynamic is fully degenerated

X = (Qba Qd7 Qra Qe)—r ) x' = dlag(x) (I‘ + AX)

with
[ 1+3wp 1+3wg 143w, 143w | [ —1 — 3wy,
14+3wp, 14+3wg 143w, 14 3we —1 — 3wy
A= and r =
14+3wp, 14+3wg 143w, 14 3w —1 — 3w,
| 1+3wp, 1+3wg 143w, 1+ 3we | —1—3we |

As rank(A) = 1, equilibria must lie on axes x; = 0, this is Friedmann’s dynamics.
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Without any coupling between species (£2;) the dynamic is fully degenerated

X = (va Qd? Qra Qe)—r ) x' = dlag(x) (I' + AX)

with
[ 1+3wp 1+3wg 143w, 143w | [ —1 — 3wy,
14+3wp, 14+3wg 143w, 14 3we —1 — 3wy
A= and r =
14+3wp, 14+3wg 143w, 14 3w —1 — 3w,
| 1+3wp, 1+3wg 143w, 1+ 3we | —1—3we |

As rank(A) = 1, equilibria must lie on axes x; = 0, this is Friedmann’s dynamics.

Introducing coupling between any barotropic components of the Universe, the
dynamical systems becomes

r; = —(1 + 3&)@) (1)
Aij =1 + Bwj + 5z'j with 87;]' = —63'@' and Eii = 0

The matrix A can have any rank, it can be invertible, equilibria can be everywhere,
this is Jungle dynamics. [e.g. Perez et. al., 2014]



¢ ® @ Dark coupling...

0.7

0.6

0.35
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0.3

t=0

Q.+, 0.4F
0.2 0
e

0.15

0.25

0.3
0.1

0.05 0.2

0.1F

0 | | | | | | |
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0 0 ' Q4

Coupling between dark energy and dark mater with ¢ = 4.

The radiative components (£2,) and the baryonic matter (€2,,) dilutes and disappears
while the dark component converges toward a limit cycle.
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Evolution of the three coupled density parameters, in the 3D phase space. The
beginning of the orbit is overlined. Initial condition is indicated by a black dot. Relevant
equilibria are indicated by a star.
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The interaction term in the continuity equation of a fluid ¢ reads

pi = —3Hpi(1+w;) + Y e HQp;
j=1
It actually modifies its equation of state which then describes a barotropic uid with an
effective time-dependent barotropic index wi™ = w; — 7", 5€;9;
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Could dark energy emerge from the jungle coupling ?

The interaction term in the continuity equation of a fluid ¢ reads

pi = —3Hpi(1+w;) + Y e HQp;
j=1
It actually modifies its equation of state which then describes a barotropic uid with an
effective time-dependent barotropic index wi™ = w; — 7", 5€;9;

Exemple :

0.8

0.6 B
0.4} 1
Effective "L |

barotropic of
index ,!|

Density [
(arbitrary units)

04

Wier (w1 =0)

-0.6 |

waer (w2 =0)

w3er (w3 =0)

-0.8 |

-1 1
10” . 10° 10’
T]me (arbitrary units)

10" 10° 10’

Time (arbitrary units)

Jungle Interaction (e12 = —2; €23 = —3; €13 = 0) between three dark matter fluids



® ® @ Bianchi Universes

The Cosmological Billiard
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¢ ® @ Save General Relativity!

ﬁ 1915 A. Einstein : Gravitationnal Field Theory

% 1922-27 A. Friedmann & G. Lemaitre : Homogeneous and Isotropic solution
(Big Bang ~ 1960)

O 1965-66 R. Penrose & S. Hawking : All solutions are singular!

‘ 1969 v. Belinski, L. Khalatnikov & E. Lifchitz : Singularity may be chaotic if
Universe is anisotropic!
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¢ ® § Homogeneous Manifold in 3+1 dimension

Synchronous Frame : ds? = g;; dz' da’ — dt*, E = %y, gi; = §i;(t)

Invariant Forms basis G : ej- da?

b = (0ie5—0;€f) el ey (Structure Constants)

o, = e"0; suchthat [o,,0,] =CS o

The set of C 9 is a determination of G.

Decomposition C & := g,pq N + 65 M, — 6¢ M, = N symetric

Equivalence Classes B Equivalence Classes
of Homogeneous Universes | | of N** and M, such that N**M, = 0
‘np 0 0 ]
N® =10 ny 0 My, = [m, 0, 0]
] 0 0 ns i




¢ ® @ Bianchi’s Classification

Class A:m=0,Class B: m # 0

Ky

S
N)

0 is a triple eigenvalue of N

0 is a double eigenvalue of N

0 is a simple eigenvalue of N

— = OO O

O < O||l<C O||<C Of 3

NN
—

0 is not an eigenvalue of N

_ = O O =k O RO RO O

—_ || = =

o O




¢ ® ® BKL Formalism

(e.g. [Belinski, Khalatnikov et Lifchitz, 69])

3
ds?® = g;jdz'dz? — dt* = Z eV (M dx? — V2 (7)dr?

The lapse function is the volume of the universe : V? = e41t42+43 gt = Vdr

The matter is isotropic & barotropic: P = (I' —1)e = e=¢V '

( 0O = E.+E,+FE,=H
xeo (2 —T) V2t Al + (nye 1) (n2ez — nge? )2
xeo (2 —T) V2t A + (noe ) (nge —nie 1)2
L X0 (2=T) V2T =AY+ (ngee)” — (nye

2
1€ —nge )

3
E. 7&2 1A’A; E, = #Z lnm] Aitd; 'Zln,?eQAi
i1#j= 1#£] 1=
d
E,, = —4ye V2 f=— , x= 8¢



® ® ® Vacuum B, Solution : The fondamental state

In conformal time variable, Spatial Einstein Equations write A” = 0 which gives in

physical time e?i = X;12%/> where V (t) = 1Qt + Q. Time Einstein Equation makes
appear a global parameter u € [1, +o0|

=k /Q=—u(l+uta?) e [-1,0]
p2 = ko/QU=(1+u) (1—|—u—|—u2)_1 0
\pgzkg/Q:u(1+u)(1+u+u2)_1 e

_/\

Vacuum B, Universe’s metric writes

ds® = M\ t?Pidx] + Mot?P2dxs 4 A\3t?Podws — dt?

[ . . Exponential Expansion
If¢t — 0 (— singularity) o o . Exponential Contraction
|V . Linear Contraction

Vacuum B, defines a Kasner State characterized by « and (2



¢ ®® Vacuum B, solution : The idea by BKL...

Vacuum B,, dynamics in 7 :

( A/ll — —62A1

Al = 4e2M

< Ag/ _ —|—€2A1
| 2 = ALAL + AL AL + A AY

But in ¢ it appears as a transition between 2 Kasner States :



¢ ®® Vacuum B, solution : The idea by BKL...

Vacuum B,, dynamics in 7 :

( A/ll — _€2A1
Al = 4e2M
| 2 = ALAL + AL AL + A AY

But in ¢ it appears as a transition between 2 Kasner States :

When t — +oc Whent — 0
[’LL, Q] [u o 17 Q(l — 2]?1)] (..‘) Sl u > 2
o
(p1 < p2 < p3)
(eoo) [(u — 1)_1 Q1 — 2p1)} (e@e) Siu <2
Kasner 1 Kasner 2

Amazing Bianchi Universes!
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¢ ®® Hamiltonian Formalism e.g. [Misner '70]

( 0 = E.+E,+E,=H
. X 2_F)V2—F — A” (n e 1) (n26 _nge )z
X Z_P) V2_F p— A// (n (& 2) (nge —nie 1)
L x(2-T)V2T =AYy <n36A3) — (nyet — nge? )2
Ep = Z n;mn;e Ai+Aj Z ,’,236214
i7#j=1 i=1
3
> ALA
i#j=1

'@‘ Diagonalize E. ...



¢ ®® Hamiltonian Formalism e.g. [Misner '70]

q:=|q1 g2 Q3]T =M [A; A A3]T
p:=[p1p2ps] =M [A] Ay A4

S-S-S-
S-S-SIL
SIS @



¢ ®® Hamiltonian Formalism e.g. [Misner '70]

~ _
L =20
Mo oL q:=|q g qs] =M [A; Ay A3]'
= . -
Ve e Ve p:=[p1p2ps] =M [A] A5 Aj]
L V6 V6 V6 -
Einstein Equations become Todda-Like
qi V H pjy=-Vg,H 1 i (a:,q)
e with H = L(p,p) + ) ke
V é — vps ° i—1
(z,y) = +x191 + T2y2 + T3Y3 \ a,
(z,y) := —21Y1 — T2Y2 + Z3Y3 ay

]431 = 271177,2 kQ = 271177,3 kg = 2%277,3

— 2 e 2 e 2
k4 = N3 ]{75 = N5 k6 = —Nj3 a

k7 — —480X



¢ ® @ Integrability

Integrable Differential System =— Regular Solutions (Reciprocally ?)

Two used methods :

ﬁ Show that the solution is analytic (formal series)
Kovalewski-Poincaré Theory (Painleve)

%B Show that the system admits enough first integrals
Lax Theory (Liouville)



¢ ® @ Kovalewski-Poincaré Theory

If Z—}; = f (x) with x € R™ admits Self-Similar Solution (3S)

.
% = [cl (t— 1)y (t— to)_g”] gcZ" ceR"
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If Z—}; = f (x) with x € R™ admits Self-Similar Solution (3S)

-
X = [cl (t—t,) 7", cp (t—to)_g’“] gecZ" ceR"”
then the linearized system around x too!
B B T
7 = [kl (t—to) 79k (E—t,) 9”] peC"

Kovalewski Exponents : {p} = Sp [Df (x) (c) + diag (g)]
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If Z—}; = f (x) with x € R™ admits Self-Similar Solution (3S)

-
X = [cl (t—t,) 7", cp (t—to)_g’“] geZ" ceR"

then the linearized system around x too!
B B T
7 = [kl (t—to) 79k (E—t,) 9”] peC"
Kovalewski Exponents : {p} = Sp [Df (x) (¢) + diag (g)]

Poincaré and Yoshida then show that

2; (1) o (t—1t,) T S[(t—t,)"", ..., (t —to)""]

p € Q" is sufficient for analiticity of x(¢)
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e.g. Melnikov’s Team in Moscow, [Gavrilov et al.,94] ,[Pavlov,96] and [Szydlowksi & Besiada,02]

A new change of variables

.....

{q,p} — {u,v} avec

The Bianchi dynamics becomes

vl = u;v;
Vi=1,..7 i = i Wi with W, := —k; (a;, a;)
- ‘7:1

which admits a plenty of 3S: x = [\t ut 2] " for each (A, 1] € R” x R7 solution of

7
. 1Wz'j pj = —Ai

j
Ai i = =2
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¢ ® @ Bianchi’s Integrability

[JP & Larena,07]

4 class of equivalence of Bianchi Universes in Kovalewski sense

Class I : B, Class I : B, & B,y
B, B
Class I77: ~ " 7Y« | Class IV : By, & By
Vilo, g
@ Vacuum & VI ¢ Q:KrcQ : |Int.
® Vacuum & Stiff matter : K;; UK C Q Int. — 11 + /73
OM&ttGI’WithFEQﬂ[O,FO] KUK c@Q o Int. o 3
O Matter with T e [T, 2[: K1 UK € C Not Int. ~ 0,82
® Vacuum & VI € [0,2[: K;v ¢ C Not Int.
I' =0 : Scalar Field I' =1 : Dust

[' =4/3 : Quantum Id. Gas.(u = 0)

['=>5/3 : Classical Id. Gas
' = 2 : Stiff Matter

Singularity could be chaotic...
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e.g. [Jantzen,82] , [Uggla,97]

Setting dt = V/3dt et m = V4/3 the dynamics becomes

(dgqi2 P12 OF 2 | 2
= = = = py+p 2
dt m  0q12 b= 12m 2 —&qr,q2) = “Ké?l?
< with E — +oo
dp1 2 o OF Pourt — 0
| dt dq12  Opip2

7
E(qr,q2) = > kjel™@)a) g € R? 7 : Projector on (e, es)
=1

1




¢ ® @ Bianchi’s Billiards

e.g. [Jantzen,82] , [Uggla,97]

Setting dt = V/3dt et m = V4/3 the dynamics becomes

(dqi2 P12 OF 2 | .2
2= = = p1+p
dt  m  Oqp E==0"2 (0, q) =
. m
< with
dpl’g o 8€ - OF Pourt — 0
| dt dq12  Opip2

(dV/dt)?

E — +o00
m — 0

7
E(qr,q2) = > kjel™@)a) g € R? 7 : Projector on (e, es)
=1

1

Bianchi

_ & with an increasing energy
Dynamics

In the potential well ¢

Dynamics of 2D decreasing mass particle
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. d?y : dy
"Isolated" Dynamics : —Z = —k2¢eY with — 0= = .
y T e¥ with y (0) =0 i .

R R O R 1 e
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. d?y : dy
"Isolated" Dynamics : —Z = —k2¢eY with — 0= = .
y T eV with y (0) =0 i .

R R O R 1 e

Rebound on 1 cushion
y(@) 4




¢ ® @ The Cosmological Billiard

d?y
"Isolated" Dynamics : —2 = —k?
dx?

y (r) =In [1—th2 (%

Rebound on 1 cushion
y(@) 4

eyWithy(O)z():@ .
dr|,_,
kx +/2kx + 21n 2
= —2In |ch | — ~
V2 when z — +o00
Several cushions ...
q,x< Y
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ny = 17n2 =ng =0: g(Ql?QQ) — _€@QQ+\/§C]1

Isocontours £ = E
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/6 /6 /6
n=1,n=—-1,n3=0:&(q1,q) = _ 5 etV2a _ o a—V2q1 _ 9,5 a2

BVIO

Isocontours £ = E



® ® @ Cushions’ form of B, billiard

V6 V6 V6
ny = 17n2 — 1’n3 — O g(q17q2) — _eTq2+\/§Q1 _ eTq2_\/§Q1 _l_ 2€TQQ

.'J}'
0r / ,"'{ |

7 7/BN\Y:
/BN

Isovaleurs £ = FE
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niy = 1,%2 = 1,77,3 :_1:€(q17q2) = ...

4 By

Isocontours £ = E



® & @ Cushions’ form of B, hilliard

niy = ].,7?,2 = 1,n3 = 1:€(q1,q2) = ...

Isocontours £ = E



o ®® A few numerics ...

Dynamics in Bx not easy!

... but understandable'!
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Bvin- E=1 Bvir— E=10 Bvir— E=15
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Bvin- E=1 Bvir— E=10 Bvir— E=15
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¢ ®® VVacuum B ,, BKL Dynamics

! :::::::’} —HHHH 1 | 1 1
- y ’
A Ay Aj
7 0.5
era axls U
1, I eoo 2.31
II XX 1.272

117 eee 3.714502573

1 105 IV  eee 2.714620352

|74 eee | 1.714827418

VI  eee 1.39996151/

i1 -1 VII eee | 2.497215986

| 4-1.5

Random IC’s



¢®® . — 1/3 B, BKL Dynamics
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¢ ®® w = 1B, BKL Dynamics
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Stop when u > u, = 8
® D — X1
® D — X2

® D1 — T3



® ® @ Attractors

97]

in

h&Lew

e.g. [Cornis

0o, wo)

(
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Stop when u > u,
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P1 — 1

P1 — T2

— I3

P1



©e®® The B, Fractal

1.48 1.458

1.46 1.456

1.44 1.454

1.42 1.452

1.42 1.44 1.46 1.48 1450 1454



¢ ® @ Conclusion

B'EHHJ Peut 'é&'rgj

W, Nebemasl. com
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