On-shell methods for classical and quantum gravity

Pierre Vanhove

GReCO, IAP, 19 mars 2018, Paris

based on the works 1309.0804, 1410.4148 and 1410.7590, 1609.07477 1704.01624
N.E.J. Bjerrum-Bohr, John Donoghue, Barry Holstein, Ludovic Planté

Q 12 1 a

Pierre Vanhove (IPhT& HSE) On-shell methods 19/03/2017


http://ipht.cea.fr
https://ms.hse.ru/en
http://arxiv.org/abs/1309.0804
http://arxiv.org/abs/1410.4148
http://arxiv.org/abs/1410.7590
http://arxiv.org/abs/1609.07477
http://arxiv.org/abs/1704.01624

A new observational window on gravitation

The detection of gravitational waves has open a new window on the
gravitational physics of our universe
> For the first time detection and test of GR in the strong gravity coupling
regime
> For the first time dynamics of Black hole (not just static object curving
space-time)
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A new observational window on gravitation

[Yunes, Yagi, Pretorius] have listed theoretical implications of
GW150914 in particular
GW150914 constrains a number of theoretical
mechanisms that modify GW propagation
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Quantum gravity as an effective field theory

[Donoghue] has explained that one can evaluate some long-range infra-red
contributions in any quantum gravity theory and obtain reliable answers

Some physical properties of quantum gravity are universal being independent
of the UV completion J

The one-loop infra-red contributions depend only the structure the low-energy
fields and the classical background J
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Physics of the effective field theory approach

Using the effective field theory approach to gravity one can compute
> the classical (post-Newtonian) and quantum contributions to the
gravitational potential between masses
>
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Classical physics from loops

We will be considering the pure gravitational interaction between massive and
massless matter of various spin

Ly ~ Jd“x ( — R+ Khuv mauer) ,

We will be considering perturbative computations k” = 3271Gyy

S O ,
W= ML ROMITOP -
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Double expansion : classical and quantum parameters

We have two scales in the problem:

» The Schwarzschild radius

> The Compton wave-length
A=—
Mc

> Dual with respect to the Planck length

2Gyh
A= =20
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Double expansion : classical and quantum contributions

Starting from the PPN expansion

Tacc rS m
Vdass _ ; (7)
(r) Z Vim,0 .

m=0

If A = 1/(Mc) is the characteristic length of the quantum fluctuations we
have at first order
1 1 A

-~

(reA) o
leading to the modified potential

m

rg r¢A
V(r + )\) = Z Vm,Or? + Vim,1 W

m
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Double expansion : classical and quantum contributions

Since Guh
A= 02
rS C3 P

We have
A
V(r£A) ~ Z (Vm’or’" + Vi1 e
m

This motivates the appearance of the first quantum corrections to the
gravitational potential We will use scattering amplitudes to evaluate both the
classical and the quantum part of the long range potential.

Pierre Vanhove (IPhT& HSE) On-shell methods 19/03/2017



Classical physics at tree-level

The tree-level contribution is the 1-graviton exchange giving the classical
Newtonian potential in the non-relativistic limit

(mimy)?

8

M o Gy

The potential is obtained by

&g 1 77
- M(g) €77
vir) J (27)3 dmymy (g)e
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Classical physics from loops

For a 2 body scattering an L-loop gravitational amplitudes has to following
dependence in D = 4 dimensions

[EDthloop} _ K2L+2 hL*l /\ZL+2

The classical piece will manifest itself through contributions of the form

L
SﬁLfloop _ m4 K2L+2 hL*l (612 )L*l L — i mfg
classical he \/?

Which after Fourier transform in D = 3 gives

1

. 1 ro\ L
_ L—loop ig-r g3  __ (7S>
V(r) - JEDE et dg o

This how the Schwarzschild radius arises inside quantum loop amplitudes
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Classical physics from loops

Let’s consider the one-loop contribution for a say a massive scalar of mass

Putting back the factors of 1 and ¢ the Klein-Gordon equation reads

171202
hz
N——

A2

(O— ) =0
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Classical physics from loops

Let’s consider the one-loop contribution for a say a massive scalar of mass

The triangle contribution with a massive leg p7 = p3 = m” reads

e (a0 57)

J(€+P1)2(€2—7§z)(€—ﬂ2)2

finite part
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Classical physics from loops

Let’s consider the one-loop contribution for a say a massive scalar of mass

The triangle contribution with a massive leg p{ = p3 = m” reads

K2 rs

AV s

Fourier transformed with respect to the non-relativistic momentum transfert
/4| = /s leads to rg/r corrections
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Classical physics from loops

The 1/h term at one-loop contributes to the same order as the classical tree

term [Donoghue; Bjerrum-Bohr, Donoghue, Holstein; Donoghue, Holstein; Bjerrum-Bohr, Donoghue, Vanhove]

M — ﬂ < N(I’gémz) + N(”ﬂlﬂ”&?ﬂ(n’l] +m2) + .. .>+hOG]2v0(10g(ZI»2))+. i

For the scattering between a massive matter of mass m and massless matter of
energy E one gets

1 (mE)? , mE? 2 2 202
M~ — il 1 1 .
" <GN 7 + Gy 7 +hGy0 ( og(g),log"(g ))

The mechanisms generalizes to higher loop-order amplitudes to leads to the
higher order post-Newtonian corrections
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Classical metric

By considering the graviton emission (p, Ty p>) one can obtain the metric

(in harmonic gauge) by extracting the classical pieces from higher loop
amplitudes

_GM

G k
GM
_ roo_ k
g00*1+GM*1+2§ (—1) <r )

r k=1

The kth order term is a k — 1-loop term

KHMLKM +H'—Kd:+ﬁ K :-I—
GM M2 T e} s ’
- () (%)

GM
r

T

The tree skeleton graphs are the one computed by [Duff, PRD(1973) ]
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Corrections to Newton’s potential

One-loop corrections to Newton’s potential can be calculated using effective
ﬁeld theOI‘y approach tO gI’aVIty [Donoghue; Bjerrum-Bohr, Donoghue, Holstein; Bjerrum-Bohr, Donoghue,

Vanhove]

G G Gyh
V(r) = — N”Zﬂnz (1—|—C N(m1r+mz) 1o r/\; >+Q’G12\,m1m263()?)

> ( is the classical correction and O and O’ are quantum corrections
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Corrections to Newton’s potential

One-loop corrections to Newton’s potential can be calculated using effective
ﬁeld theOI‘y approach tO gI’aVIty [Donoghue; Bjerrum-Bohr, Donoghue, Holstein; Bjerrum-Bohr, Donoghue,

Vanhove]

G Giv(my + Gvh B}
V() = -2V <1+C N(m‘r ™) 1 g > >+Q'G}2\,m1m263(x)

> ( is the classical correction and O and O’ are quantum corrections

> (O in the potential V(r) is ambiguous but V() is not observable

The coefficients of 1/ /—¢* and log(—¢?*) in the amplitude are
unambiguously defined and depend on the long range physics
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Corrections to Newton’s potential

One-loop corrections to Newton’s potential can be calculated using effective
ﬁeld theOI‘y approach tO gI’aVIty [Donoghue; Bjerrum-Bohr, Donoghue, Holstein; Bjerrum-Bohr, Donoghue,

Vanhove]

anl_loop, 2, Gn(mimy)? G (mymy)? (my + my)
W )= q? lq]

+h (QGy (mim2)? log(—¢*) + Q' G (mim>)*Q' Gy (m1my)?)

> (' is the short distance UV divergences of quantum gravity: need to add
the R2 term ['t Hooft-Veltman]

4 12 LR,
SdeI—gI2 [327'CGN:R+CIR + coRyvR*Y + - -
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Effective field theory and gravity

We are working in the context of an effective field theory assuming :
» standard QFT (local, unitary, lorentz invariant, . ..)
» The low-energy DOF: graviton, usual matter fields

> Standard symmetries: General relativity as we know it

We will allow in the lagrangian only the low energy DOF with higher
derivative term suppressed by some high energy scale M.,

4 4 M21 2 Z R o
P
Sgﬁ' — JM d’'x \/g ASES TCRM) + C()R + dk <2>
4 k>1 *
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Effective field theory and gravity

M Planck
M.,
. '

The parameters may be derived from a fundamental microscopic theory but in
EFT treatment we can work without knowing the explicit relations
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Recovering classical General relativity

The classical contribution from the matter scattering must reproduce the
post-Newtonian contributions to the gravitational potential derived from
General relativity

Gymymy

VOR(r) =

<1 +3Gle+mz)

r r

When scattering massless matter we can consider the bending angle on the
massive object of Schwarzschild radius rg = 2Gym/c>

QoR _ 2rs | 15w (@)2
b 16 \'b

We need to see that the classical pieces from the loop match the general

relativity answer (i.e. satisfy the equivalence principle)

We can determine quantum corrections to gauge invariant quantities

Pierre Vanhove (IPhT& HSE) On-shell methods 19/03/2017



Perturbative technics

Classical Newton’s potential is obtained in the non-relativistic limit

. Gymimy Gymymy
V(lgl) = 7 V(r) = -

=

ST TAR S

B

—

my

2

=

A Sl (o

LS

=

is derived by a tree-level graph exchanging a graviton
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Loop amplitude

Since we are only interested in the long range (low energy) graviton
exchange, it is enough to just evaluate the gravitons cut

my

we need to know the gravitational Compton amplitudes on a particle of spin s
with mass m

X5 4 graviton — X*™ 4 graviton
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Gravitational compton scattering

Gravitational Compton scatting off a massive particle of spin s = 0, %, 1

BhG S O =7
= S

Tl = &
A= oty

using Feynman rules and DeWitt or Sannan’s 3- and 4-point vertices this is a
big mess but this will be simplified using the momentum kernel formalism to
gravity amplitude

Pierre Vanhove (IPhT& HSE) On-shell methods 19/03/2017 20/33



The Momentum Kernel formalism Gravity amplitude

The KLT relation allow to express the field theory multi-particle tree-level
amplitudes as bilinear of color ordered Yang-Mills amplitudes

giree — (—1)7—3 Z Sy(2,...,n—2)|0(2,...,n—2)]
0—/’3/661173

xAu(1,0(2,...,n—2),n—1,n)An(n—1,n,v(2,...,n—2),1)

The color ordered Yang-Mills amplitudes satisfy the annihilation relation
VB € ‘S” 2

> 8(0(2,...,n=1DIB2,...,n— DAL, 0(2,...,n—1),n) =0

oc 6/172

[Bern, Carrasco, Johansson] [Kawai,Lewellen, Tye; Tye, Zhang;Bjerrum-Bohr, Damgaard, Feng, Sgndergaard; Bjerrum-Bohr, Damgaard,

Sgndergaard, Vanhove; Stieberger]
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The Momentum kernel in field theory

The o« — 0 limit of the monodromy relations between string theory
amplitudes lead to an object named momentum kernel &

k

k
ll/- . lkl]l/-- /Jk = H p- ki, + Z e(f/CZ) kl} : kiq

t=1 q>t

0(t,q) = 1if (i, —i,)(j; — j,) < 0 and O otherwise

[Bern, Carrasco, Johansson; Bjerrum-Bohr, Damgaard, Vanhove; Stieberger; Mafra, Schlotterer]

[Bjerrum-Bohr, Damgaard, Feng, Sgndergaard; Bjerrum-Bohr, Damgaard, Sgndergaard, Vanhove]
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Gravitational compton scattering
We express the gravity Compton scattering as a product of two Yang-Mills
amplitudes [Kawai, Lewellen, Tye], [Bern, Carrasco, Johansson]

M(Xg — X*¢) = Gy x (p1 - k1) As(1234)A0(1324)

A;(1234) is the color ordered amplitudes scattering a gluon off a massive spin
s state X°g — X°g
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Gravitational compton scattering

We express the gravity Compton scattering as a product of two QED Compton
amplitudes Using the monodromy llelations [Bjerrum-Bohr, Donoghue, Vanhove]

(k1 - k2) As(1234) = (p1 - k2) As(1324)

(p1-ki)(p1 - k2)

M(X'g — X*g) =Gy Ay (1324)A0(1324)
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Gravitational compton scattering

The gravity Compton scattering is expressed as the square of QED (abelian)

C (0) Hlpt() n am pl 1 tu d €S [Bjerrum-Bohr, Donoghue, Vanhove]
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The one-loop amplitude between massive particles

|

|

l We are only interested in the 1/ \/—g?>

} and log(—qz) terms since the terms

| of (¢°)"/ \/—¢* and (¢*)" log(—¢*) are
: negligible in the non-relativistic limit.

: Only the massless graviton cut is enough.
|

m

The cut contributions
d*—2¢y
6o H;il by - pi
Re <tr,(glﬁl£2ﬁ2))4
e GBI b - p

131 —loop
M ! |singlel cut — J

g1 —loo 4—2e
M p|nonf%inglct cut — Jd
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The one-loop amplitude between massive particles

We are only interested in the 1/ /—g>
and log(—qz) terms since the terms

of (¢*)"/ \/—¢* and (¢*)" log(—¢*) are
negligible in the non-relativistic limit.
Only the massless graviton cut is enough.

my

my

> In the non-relativistic limit the amplitude decomposes

! —loop ~ G,ZV (mym2)*(Ls(s, t) + Lo (s, u)) + G;h\/(11111712)3‘5'(14(5‘, 1) —1I4(s,u))
+ G/z\,(mlmg)z (Iz(s,m) + I3(s,my))
+ G,Z\](I’i'lllng)zlz(s)
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The one-loop amplitude between massive particles

|

|

l We are only interested in the 1/ y/—g>

} and log(—qz) terms since the terms

| of (¢*)"/ \/—q* and (¢*)" log(—q¢*) are
: negligible in the non-relativistic limit.

: Only the massless graviton cut is enough.
|

m

ms

The result is given by

gt —loop ~ Glzv(mlmz)z 61 ——— —— log(—qz)
~N~ ./
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Universality of the result

In the case of scattering of particles of different spin S| and S» the
non-relativistic potential reads

(my + my)
v

C and Q have a spin-independent and a spin-orbit contribution

M!100P (42 ~ GIZ\,(mlmz)2 (C + thog(—q2)>

- >_<.
C,0=C,0(S1151) (S:152) + €, 01,% (sils1) S - (1.6 2)

This expression is generic for all type of matter

the numerical coefficients are the same for all matter type
The universality of the coefficients with respect to the spin of the external

states is a consequence of

» The reduction to the product of QED amplitudes
> thC l()W—CnCrgy thC()rClTlS ()f [Low, Gell-Mann, Goldberger] and [Weinberg]
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Only the green box contributes to the classical 2PN effective potential

17G3m1m2(m% + m%) . 3G3m%m%

4r3 2r3
The blue box to the first quantum correction and the red box to two-loop
quantum corrections

6V27100p _
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P B S

> W Al }ﬁ

The green box gives the complete classical 2PN effectlve radial action
integral for a test mass ijlnh = —Et+ho + [dr/R(r,E, h)

8EGyM  (6¢> + 15E)(GyM)?>  17(GyM)? 1
2 + 4.2 + 4 3
c°r c*r 2c¢ 7

R(r,E,0) = 2E +
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The one-loop amplitude for massless particles

. o

We consider the gravitational one-loop amplitude between a massless particle
of spin S and a massive scalar
S

K4 ii])iéfloop boS(s,1) 1s(s, 1) + bo® (s, u) Ln(s, u)

= (s (
+ 1,(s) Iz(s5,0) + 13,(s5) I3(s, M?)
+ bu(s,0)L(s,0).

The coefficients satisfy interesting BCJ relations

bo3(s,t)  boS(s,u)
2 2 = 115(s)
t—M u—m
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The amplitude

The low-energy approximation

I-QUEH'CCJrlfloop _ N(S) |:K2 (ZM(’U)2
o h 1642
4
K

+ hr6 <4(M(,U)4(14([,S) —|—[4([,u)) + 3(MUJ)2SI3(I)

%(Mzw)zh(t,M) + buS(Mw)zlz(t)ﬂ

For photon scattering only the amplitudes with helicity (++) and (——) are
non-vanishing.

Therefore there is no birefringence effects to contrary to case with electrons
loops contributing to the interaction [Drummond, Hathrell;Berends,

Gastmans]
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The amplitude

NG (Mw)?
h 4
K2 415 M

2 s,
4 15 —q° . bu’ —q?
hk? 1 — hk? 1
TSR Og(Mz) * 18n)2 Og( 2
3 —q* Mw i —q*
Akt log? (L) + #2210 }
LT Og<p2>+K ST[sOg( 2

The last line contains the infrared divergences

gptree+1—loop
iy ~

X

J d4_2€f (I/HZJ—G
* ), 220 p 2t 21
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The bending angle via Eikonal approximation

iIM(b) ~2(s —Mz) |:ei(Xl+X2) _ 1}

X1(b) is the Fourier transform of the one graviton (tree-level) exchange

1 d’q . 1
_ —ig-b g1 () ~ _ _
x1(b) = 5 ZEJ o) e M, " (q) ~ 4GyME { — log(b/2)

X2 (b) is the Fourier transform of the two gravitons (one-loop) exchange

_ 1 d2q —ig-b g (2)
X2(b) = 2M2EJ (27)2 & JJEx (q)

15t GyM’E

b
~ —GIM?E—— S 49— 2
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The bending angle

The bending angle 0 ~ —%% (x1(b) +x2(b)) is

AGM  15G*M2m 8bu® +9 —48log 52 G2am
05 ~ +— + : :
b 4 B - b

> The classical contribution including the 1rst Post-Newtonian correction
is correctly reproduced

» The quantum corrections are new: not only from a quantum corrected
metric
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The bending angle

The bending angle 0 ~ — % (x1(b) +x2(b)) is

1
E
oo 4OM  15GPMPm  8bu’ 9 —d8log 5 GPht
T b 4w m b

The difference between the bending angle for a massless photon and massless
scalar

8(buY — bu®) G*hM
T b
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Recent progresses from string theory technics, on-shell unitarity, double-copy
formalism simplifies a lot perturbative gravity amplitudes computations

» The amplitudes relations discovered in the context of massless
supergravity theories extend to the pure gravity case with massive matter

> The use of quantum gravity as an effective field theory allows to
compute universal contributions from the long-range corrections

> We can reproduce the classical GR post-Newtonian corrections to the
potential and understand some generic properties using low-energy
theorems: hope to be able to simplify the computation of PPN
corrections.
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