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The spacetime of the universe

Maximally symmetric spacetimes relevant for our universe:

• Λ ą 0 de Sitter

:
ñ spacetime of universe @ cosmological scale

• Λ = 0 Minkowski

:
ñ spacetime @ scales ą black hole throat and ă cosmological

• Λ ă 0 Anti de Sitter

:
ñ spacetime near black holes with M Á Q or M2 Á J
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Holographic structure of spacetime

Beautiful story unfolded over past „20 years that revealed detailed
holographic structure of quantum gravity in AdS and dS spacetime:

• Anti de Sitter: Identification of symmetries of AdS with
proposed dual holographic conformal field theory at the
boundary at spatial infinity ñ AdS/CFT with space emergent.
Negative cosmological constant: “Quantum gravity in a box”.

• de Sitter: Identification of symmetries of dS with proposed dual
conformal structure at the boundary in the future ñ dS/CFT
with time emergent. Positive cosmological constant: no box.

• Minkowski: What are the symmetries? Is there a dual CFT?
Where does it live? What are its properties? ...
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Holographic screen of AdS spacetime
§ Ground-breaking tool: AdS/CFT correspondence (holography)

[Maldacena’97]
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Black hole information in AdS
§ Ground-breaking tool: AdS/CFT correspondence (holography)

[Strominger,Vafa’96; Strominger’97]
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Holographic screen of Minkowski spacetime

§ Novel development: flat space holography?

4D spacetime encoded on 2D celestial sphere?
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Outline

I. Infrared physics

II. Celestial sphere: flat space holography?
• 4D S-matrix Ø 2D correlator
• 4D spacetime symmetries Ø 2D conformal soft primaries
• 4D memory effects Ø 2D conformal memory primaries
• 4D soft theorems Ø 2D conformal soft theorems
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I. Infrared physics
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Causal structure of Minkowski spacetime

Natural holographic screen: conformal boundary of Minkowski space
null infinity I = CS2 ˆ R

“celestial sphere”
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The infrared triangle
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Asymptotic symmetries

Asymptotic Symmetry Group =
allowed gauge symmetry
trivial gauge symmetry

• choose boundary conditions
strong enough to avoid pathologies, weak
enough to allow all relevant configurations

• find residual gauge/diffeos
respecting boundary conditions

antipodal matching as Ñ i0
ñ 8 of charge conservation laws
[Strominger’13]
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Asymptotic symmetries

Large gauge symmetry: δshift
ε Az = Dzε with ε = ε(z, z̄)

Q+
ε = 1

e2
ş

I+
´
ε ˚ F = 1

e2
ş

I´
+
ε ˚ F = Q´

ε

Ñ Electric charge conservation

[Bondi,van der Burg,Metzner,Sachs’62]

Supertranslations: δshift
f Czz = ´2D2

z f with f = f(z, z̄)
Q+

f = 1
4πG

ş

I+
´

d2z γzz̄ f mB =
ş

I´
+

d2z γzz̄ f mB = Q´
f

Ñ Energy conservation

[deBoer,Solodukhin][Banks’03][Barnich,Troessaert’09’11]

Superrotations: δshift
Y Czz = ´uD3

zYz with Yz = Yz(z, z̄)
Q+

Y= 1
8πG

ş

I+
´

d2z(YzNz̄ + Yz̄Nz) =
1

8πG
ş

I´
+

d2z(YzNz̄ + Yz̄Nz) =Q´
Y

Ñ Angular momentum conservation
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Asymptotically flat space

[Bondi,van der Burg,Metzner,Sachs’62]

ds2 = ´ du2 + 2dudr + 2r2γzz̄dzdz̄ ... flat space

+
2mB

r du2 + rCzzdz2 + DzCzzdudz + c.c+

+
1

r

(
4

3
(Nz + uBzmB) ´

1

4
Bz(CzzCzz)

)
dudz + c.c + . . .

• mB...Bondi mass aspect
• Czz...free gravitational data
• Nz...angular momentum aspect
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Soft theorems

QED:

S˘
0 = e

ÿ

k

ϵ˘
µ pµ

k Qk

pk ¨ q [Bloch,Nordsiek’37][Low’54] ...

Gravity:

S˘
0 =

?
8πG

ÿ

k

ϵ˘
µνpµ

k pν
k

pk ¨ q [Weinberg’65]

S˘
1 = ´i

?
8πG

ÿ

k

ϵ˘
µνpµ

k qλJν
kλ

pk ¨ q [Cachazo,Strominger’15]
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Soft theorems ô Asymptotic symmetries
soft theorems

Ward ID
ÐÝ

QED:
S˘
0 = e

ř

k
ϵ˘
µ pµ

k Qk
pk¨q

Q+
ε S´SQ´

ε =0
ÐÝ

Gravity:

S˘
0 =

?
8πG

ř

k
ϵ˘
µνpµ

k pν
k

pk¨q

Q+
f S´SQ´

f =0
ÐÝ

S˘
1 = ´i

?
8πG

ř

k
ϵ˘
µνpµ

k qλJν
k λ

pk¨q

Q+
Y S´SQ´

Y =0
ÐÝ

asymptotic symmetries

large gauge symmetry:
δshift
ε Az = Dzε

supertranslations:
δshift

f Czz = ´2D2
z f

superrotations:
δshift

Y Czz = ´uD3
zYz
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Memory effects

Asymptotically flat space: [Bondi,van der Burg,Metzner,Sachs’62]

ds2 = ´ du2 + 2dudr + 2r2γzz̄dzdz̄

+
2mB

r
du2 + rCzzdz2 + DzCzzdudz + c.c+

+
1

r

(
4

3
(Nz + uBzmB) ´

1

4
Bz(CzzCzz)

)
dudz + c.c + . . .

geodesic deviation

r2γzz̄B2
usz̄ = ´ Ruzuzsz

=
r
2

B2
uCzzsz

gravitational memory effect

∆sz̄ =
γzz̄

2r ∆Czzsz

[Zel’dovich,Polnarev’74][Braginski,Thorne’87][Christodoulou’91] [Blanchet,Damour’92] ...
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Soft theorems ô Memory effects

soft theorems

elementary particle collisions
[Weinberg’65]

memory effects

black hole/neutron star collisions
[Braginsky, Thorne’87]

Equivalence:

• PA
i Ø pµ

n

• different conventions Newton’s constant G and normalization

• momentum space soft theorem
ş

dteiωt
ÝÑ position-space memory effect
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Gravitational memory in the sky?
• displacement memory: Pulsar Timing Array [van Haasteren+’10; Wang

et al’15], LIGO [Lasky+’16]

gravitational wave Ñ relative angular displacement of detectors

• spin memory: LISA, Einstein Telescope [Nichols’17]

gravitational wave Ñ relative time delays of counterorbiting object

Figure: Angular displacement of evenly spaced array of detectors caused by
gravitational wave (left). h+ polarization for an equal-mass binary black hole
coalescence with and without memory (right) [Favata’10].
(M total mass, η reduced mass, R distance and (Θ,Φ) angles of source to observer)
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II. Celestial sphere:
flat space holography?
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Evidence for flat space holography

Ò Ò

Lorentz symmetry conformal symmetry
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Basic idea of flat space holography

Bulk Mink1,3

4D SL(2,C) Lorentz
4D superrotations
4D supertranslations

Boundary CS2

2D global conformal
2D local conformal
2D Kac-Moody

4D S-matrix
xout|S|iny

ω, p⃗, ℓ

2D conformal correlator
xO1(z1, z̄1) . . .On(zn, z̄n)y

(z, z̄), ∆, J
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Basic elements of flat space holography

standard formulation
energy-momentum basis

plane waves

eip¨X = eiωq¨X

pµ
k = (ωk, p⃗k) , ℓk

zk =
p1

k + ip2
k

p3
k + p0

k

holographic formulation
conformal basis

Mellin transform of plane waves˚

ż 8

0

dωω∆´1eiωq¨X =
N (∆)

(´q ¨ X)∆

zk =
p1

k + ip2
k

p3
k + p0

k
, Jk = ℓk , ∆k

= 1 + iλk with λk P R

principal continuous series
Solution to Maxwell (BµAµ = 0 and XµAµ = 0):

Aµ =
∆ ´ 1

∆

ϵµ
(´q ¨ X)∆

+ Bµα

∆Ñ1
ÝÑ large gauge: ε(z, z̄)

Solution to linearized Einstein (Bµhµν = 0 and Xµhµν = 0):

hµν =
∆ ´ 1

∆ + 1

ϵµν
(´q ¨ X)∆

+ B(µξν)

∆Ñ1
ÝÑ large diffeo: f(z, z̄)

Transform as (∆, J) conformal primaries on 2D celestial sphere!
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energy-momentum basis
plane waves

eip¨X = eiωq¨X

pµ
k = (ωk, p⃗k) , ℓk

zk =
p1

k + ip2
k

p3
k + p0

k

holographic formulation
conformal basis
Mellin transform of plane waves˚

ż 8

0

dωω∆´1eiωq¨X =
N (∆)

(´q ¨ X)∆

zk =
p1

k + ip2
k

p3
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k
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= 1 + iλk with λk P R

principal continuous series
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A holographic formulation of 4D QFT

standard formulation
energy-momentum basis
Ñ plane waves

A(ω1, p⃗1, . . . , ωn, p⃗n)

ż 8

0

dω1ω
iλ1
1 . . .

ż 8

0

dωnω
iλn
n A(p1, . . . pn)

= xO1(z1) . . .On(zn)yCCFT

pµ
k = (ωk, p⃗k) , ℓk

zk =
p1

k + ip2
k

p3
k + p0

k

....

...
translational symmetry manifest
conformal properties obscured

holographic formulation
conformal basis
Ñ Mellin transform of plane waves˚

rA(λ1, z1, z̄1, . . . λn, zn, z̄n)

”

ż 8

0

dω1ω
iλ1
1 . . . dωnω

iλn
n A(ω1, p⃗1, . . . ωn, p⃗n)

= xO1(z1, z̄1) . . .On(zn, z̄n)yCCFT

zk =
p1

k + ip2
k

p3
k + p0

k
, Jk = ℓk , ∆k = 1 + iλk

[de Boer,Solodukhin’03] [Pasterski,Shao,Strominger’17]
[Cheung,de la Fuente,Sundrum’17]...

conformal properties manifest
translational symmetry obscured

“soft” particle: ω Ñ 0 “conformal soft” particle: λ Ñ 0˚˚
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Large gauge symmetry & EM memory
Goldstone mode of spontaneously broken large gauge symmetry

AG
µ;a ” lim

∆Ñ1
A∆,˘

µ;a = Bµα
∆=1
a Ñ A1

z = Dzε(z, z̄)

Its canonical partner in energy-momentum basis is soft photon = EM memory.
Not captured by Mellin transforms of plane waves Ñ need new solution!

Conformal soft photon [Donnay,AP,Strominger’18]

ACS
µ;a = [log[X2](q ¨ X)δ(q ¨ X) + Θ

(
X2

)
]AG

µ;a

is a new ∆ = 1 conformal primary with (h, h̄) = (1, 0) (for a = w).

Pair of zero-modes tAG,ACSu completes the conformal primary basis

i(ACS
w (w),AG

w1(w1))I+ = 8π2δ(2)(w ´ w1) ✓

Jw = i(pA,AG
w ) is the (h, h̄) = (1, 0) conformal soft photon current.

[Donnay,AP,Strominger’18]

It generates on the celestial sphere a U(1) Kac-Moody symmetry.
[Strominger’13][He,Mitra,Porfyriadis,Strominger’14][Nande,Pate,Strominger’15]
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Conformal soft photon

On I+:
FCS

uz;w =
δ(u)

(z´w)2
, FCS

uz̄;w = ´2πδ(u)δ(2)(z ´ w)

r2FCS
ur;w = 4πγzz̄Bzδ(2)(z ´ w)Θ(´u) , FCS

zz̄;w = 0

On I´:
FCS

vz;w =
δ(v)

(z´w)2
, FCS

vz̄;w = ´2πδ(v)δ(2)(z ´ w)

r2FCS
vr;w = 4πγzz̄Bzδ(2)(z ´ w)Θ(v) , FCS

zz̄;w = 0

Radiative shockwave: initial data at v = 0 emerges from I´,
impinges on origin, reemerges at u = 0 at I+

Coulombic fields: produced by and confined to future of incoming
shock, annihilated by and confined to past of outgoing shock

25 / 32



Large gauge symmetry & EM memory
Goldstone mode of spontaneously broken large gauge symmetry

AG
µ;a ” lim

∆Ñ1
A∆,˘

µ;a = Bµα
∆=1
a Ñ A1

z = Dzε(z, z̄)

Its canonical partner in energy-momentum basis is soft photon = EM memory.
Not captured by Mellin transforms of plane waves Ñ need new solution!

Conformal soft photon [Donnay,AP,Strominger’18]

ACS
µ;a = [log[X2](q ¨ X)δ(q ¨ X) + Θ

(
X2

)
]AG

µ;a

is a new ∆ = 1 conformal primary with (h, h̄) = (1, 0) (for a = w).

Pair of zero-modes tAG,ACSu completes the conformal primary basis

i(ACS
w (w),AG

w1(w1))I+ = 8π2δ(2)(w ´ w1) ✓

Jw = i(pA,AG
w ) is the (h, h̄) = (1, 0) conformal soft photon current.

[Donnay,AP,Strominger’18]

It generates on the celestial sphere a U(1) Kac-Moody symmetry.
[Strominger’13][He,Mitra,Porfyriadis,Strominger’14][Nande,Pate,Strominger’15]

26 / 32



Large gauge symmetry & EM memory
Goldstone mode of spontaneously broken large gauge symmetry

AG
µ;a ” lim

∆Ñ1
A∆,˘

µ;a = Bµα
∆=1
a Ñ A1

z = Dzε(z, z̄)

Its canonical partner in energy-momentum basis is soft photon = EM memory.
Not captured by Mellin transforms of plane waves Ñ need new solution!

Conformal soft photon [Donnay,AP,Strominger’18]

ACS
µ;a = [log[X2](q ¨ X)δ(q ¨ X) + Θ

(
X2

)
]AG

µ;a

is a new ∆ = 1 conformal primary with (h, h̄) = (1, 0) (for a = w).

Pair of zero-modes tAG,ACSu completes the conformal primary basis

i(ACS
w (w),AG

w1(w1))I+ = 8π2δ(2)(w ´ w1) ✓

Jw = i(pA,AG
w ) is the (h, h̄) = (1, 0) conformal soft photon current.

[Donnay,AP,Strominger’18]

It generates on the celestial sphere a U(1) Kac-Moody symmetry.
[Strominger’13][He,Mitra,Porfyriadis,Strominger’14][Nande,Pate,Strominger’15]

26 / 32



Large gauge symmetry & EM memory
Goldstone mode of spontaneously broken large gauge symmetry

AG
µ;a ” lim

∆Ñ1
A∆,˘

µ;a = Bµα
∆=1
a Ñ A1

z = Dzε(z, z̄)

Its canonical partner in energy-momentum basis is soft photon = EM memory.
Not captured by Mellin transforms of plane waves Ñ need new solution!

Conformal soft photon [Donnay,AP,Strominger’18]

ACS
µ;a = [log[X2](q ¨ X)δ(q ¨ X) + Θ

(
X2

)
]AG

µ;a

is a new ∆ = 1 conformal primary with (h, h̄) = (1, 0) (for a = w).

Pair of zero-modes tAG,ACSu completes the conformal primary basis

i(ACS
w (w),AG

w1(w1))I+ = 8π2δ(2)(w ´ w1) ✓

Jw = i(pA,AG
w ) is the (h, h̄) = (1, 0) conformal soft photon current.

[Donnay,AP,Strominger’18]

It generates on the celestial sphere a U(1) Kac-Moody symmetry.
[Strominger’13][He,Mitra,Porfyriadis,Strominger’14][Nande,Pate,Strominger’15]

26 / 32



Conformally soft theorem in gauge theory
Insertions of the (∆, J) = (1,˘1) soft photon/gluon current:

Soft gluon theorem
[Yennie,Frautschi,Suura’61]

[]
[]

lim
ωnÑ0

ωnAn(ωi, zi, z̄i) = S(0)An´1(ωi, zi, z̄i)

with
S(0) = ´

1

2

zn´1 n+1

zn´1 n zn n+1

where zij = zi ´ zj

Conformal soft gluon theorem
[Fan,Fotopoulos,Taylor’19]

[Pate,Raclariu,Strominger’19]
[Nandan,Schreiber,Volovich,Zlotnikov’19]

lim
λnÑ0

iλn rAn(λi, zi, z̄i) = S(0)
rAn´1(λi, zi, z̄i)

with
S(0) = ´

1

2

zn´1 n+1

zn´1 n zn n+1

where zij = zi ´ zj

Both expected and surprising: amplitude factorization for zero energy
in energy basis but Mellin transform = superposition of all energies.
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Supertranslations & displacement memory
Goldstone mode of spontaneously broken supertranslation symmetry

hG
µν;a ” lim

∆Ñ1
h∆,˘
µν;a = B(µξ

∆=1
ν);a Ñ C1

zz = ´2D2
z f(z, z̄)

Its canonical partner in energy-momentum basis is soft graviton = displacement
memory. Not captured by Mellin transforms of plane waves Ñ need new solution!

Conformal soft graviton [Donnay,AP,Strominger’18]

hST
µν;a = [log[X2](q ¨ X)δ(q ¨ X) + Θ

(
X2

)
]hG

µν;a

is a new ∆ = 1 conformal primary with (h, h̄) = ( 32 ,´ 1
2 ) for a = ww.

Pair of zero-modes thG, hSTu completes the conformal primary basis

(hST
ww(w), hG

ww(w1))I+ =
iπ2

2
γww̄δ

(2)(w ´ w1) ✓

Pw = 4iDw(ĥ, hG
ww) is the (h, h̄) = ( 32 ,

1
2 ) supertranslation current.

[Donnay,AP,Strominger’18]

It generates on the celestial sphere a BMS supertranslation symmetry.
[Strominger’13] [Barnich,Troessaert’09’11]
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ww) is the (h, h̄) = ( 32 ,

1
2 ) supertranslation current.

[Donnay,AP,Strominger’18]

It generates on the celestial sphere a BMS supertranslation symmetry.
[Strominger’13] [Barnich,Troessaert’09’11]

28 / 32



Supertranslations & displacement memory
Goldstone mode of spontaneously broken supertranslation symmetry

hG
µν;a ” lim

∆Ñ1
h∆,˘
µν;a = B(µξ

∆=1
ν);a Ñ C1

zz = ´2D2
z f(z, z̄)

Its canonical partner in energy-momentum basis is soft graviton = displacement
memory. Not captured by Mellin transforms of plane waves Ñ need new solution!

Conformal soft graviton [Donnay,AP,Strominger’18]

hST
µν;a = [log[X2](q ¨ X)δ(q ¨ X) + Θ

(
X2

)
]hG

µν;a

is a new ∆ = 1 conformal primary with (h, h̄) = ( 32 ,´ 1
2 ) for a = ww.

Pair of zero-modes thG, hSTu completes the conformal primary basis

(hST
ww(w), hG

ww(w1))I+ =
iπ2

2
γww̄δ

(2)(w ´ w1) ✓

Pw = 4iDw(ĥ, hG
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Conformally soft theorem in gravity
Insertions of the (∆, J) = (1,˘2) BMS supertranslation current:

[Donnay,AP,Strominger’18]

PwOω(z) „
ω

w ´ zOω(z) Ñ PwO(∆,J)(z) „
1

w ´ zO(∆+1,J)(z)

Weinberg’s soft graviton theorem
[Weinberg’65]

lim
ωnÑ0

ωnHn(ω1, . . . , ωk, . . . , ωn)

= S(0)Hn´1(ω1, . . . , ωk, . . . , ωn´1)

with

S(0) =
n´1
ÿ

k=1

ωk
ϵk
ϵn

z̄nk
znk

zxkzyk
zxnzyn

where x, y is a choice of reference spinors

Conformal soft graviton theorem
[AP’19][Adamo,Mason,Sharma’19][Guevara’19]

lim
λnÑ0

iλn rHn(λ1, . . . , λk, . . . , λn)

=
n´1
ÿ

k=1

rS(0)
k

rHn´1(λ1, . . . , λk´i, . . . , λn´1)

with
rS(0)

k =
ϵk
ϵn

z̄nk
znk

zxkzyk
zxnzyn

where x, y is a choice of reference spinors

29 / 32



Conformally soft theorem in gravity
Insertions of the (∆, J) = (1,˘2) BMS supertranslation current:

[Donnay,AP,Strominger’18]
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Celestial conformal symmetry

Goldstone mode of spontaneously broken Diff(S2) symmetry

lim
∆Ñ0

h∆,˘
µν;a = B(µζ

∆=0
ν);a Ñ C 0

zz = ´uD3
zY(z, z̄)

[Pasterski,Shao’17] [Donnay,Pasterski,AP - to appear]

Goldstone mode of spontaneously broken superrotation symmetry

lim
∆Ñ2

h̃∆,˘
µν;a = B(µζ

∆=2
ν);a Ñ C̃ 2

zz = ´uD3
zỸ(z, z̄)

[Pasterski,Shao’17] [Donnay,AP,Strominger’18] [Donnay,Pasterski,AP - to appear]

Tww „ i(ĥ, h̃2
ww) is the (h, h̄) = (2, 0) 2D stress tensor for 4D gravity.

ò [Donnay,AP,Strominger’18]

up to subtleties

It generates on the celestial sphere a celestial conformal symmetry.
[Kapec,Mitra,Raclariu,Strominger’16]
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Summary

4D scattering amplitudes ÝÑ 2D celestial correlators
energy, momentum, helicity point on sphere, conformal dimension, spin

4D spacetime symmetries ÝÑ 2D conserved currents
large gauge symmetry conformal soft photon/gluon current

supertranslations supertranslation current
superrotations stress tensor

4D “soft” theorems ÝÑ 2D “conformally soft” theorems
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