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Instantaneous neutrino decoupling

 Weak interactions : low energy 4-Fermi theory

Ve e
R my, H
=3 Gr
myy
e Vo

|G ~1.17 x 10~° GeV 2

* Decoupling temperature

L G T \°
H Tmp \1MeV




Entropy conservation - Instantaneous decoupling

, AT = g 7T_2 s {7/ 8 (fermions)

* Entropy density 30 1 (bosons)
| P(T) = p(T)/3
D+ P | (1) p(2 )2 ,
S = | T 7/8 (fermions)
T t $(T)=g—T° X
=g 45 {1 (bosons)

d(sa’) = 0 for all species in equilibrium

. Separate entropy conservation d(sa®) = 0: {v, 7} and {7, e~}




Entropy conservation - Instantaneous decoupling

' p(T) = gﬂ—zT4 X {7/8 (fermions)

* Entropy density 30 1 (bosons)
P(T) = p(T)/3
D+ P | (1) p(2 )2 ,
S = | T 7/8 (fermions)
T t $(T)=g—T° X
=g 45 {1 (bosons)

d(sa’) = 0 for all species in equilibrium

. Separate entropy conservation d(sa®) = 0: {v, 7} and {7, e~}




e Electromagnetic plasma

7
g(Ty > my) = 242X 2X o = —

g+ (T, <m,) =2

In the instantaneous decoupling approximation,




Beyond the instantaneous decoupling approximation

. Overlap between decoupling and e™* annihilations
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Beyond the instantaneous decoupling approximation

. Overlap between decoupling and e™* annihilations

—> smaller T}, and increased Ty
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Beyond the instantaneous decoupling approximation

. Overlap between decoupling and e™* annihilations

—> smaller T}, and increased Ty

. Different interactions of v, and Uy
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Beyond the instantaneous decoupling approximation

. Overlap between decoupling and e™* annihilations

—> smaller T}, and increased Ty

. Different interactions of v, and Uy

— later decoupling for v, + higher energy transfer

 More energetic neutrinos remain in thermal contact longer
—> spectral distortions

We need to numerically evolve the distribution functions




Neutrino decoupling - standard calculations

« Homogeneous and isotropic cosmology

ds® = —=dt® 4+ a*(t) |[dr? + r?dQ?] H

il
Q|2

— Distribution function f(7,p,t) = f(p,t)

e Boltzmann equation + energy conservation equation

0 0
- _Hp— | f = )+ 3H P)=20
B pap_f Clf] p+3H(p+ P)

Vo +€6 — UV, + e Va—l—ﬂaﬁe_—l—eJr

Vo T V3 — Vo + V3 Vo + Vo — Vg + U
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Neutrino decoupling - standard calculations

e Used = TISO) o a~! as the integration variable.

e Parametrization fua (p7 ?5) — [1 T 591/@ (P, t)]

6P/Tva —I— 1

7

L, =——T4
pa 830 Vq~

. Initially (T!™ = 20 MeV), all species are coupled

1
) (p, 1) = —
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Neutrino decoupling - standard calculations
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Neutrino decoupling - standard calculations
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Effective number of neutrinos N

Incrgased energy N, > 3 species of neutrinos
density of neutrinos that instantaneously decouple
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Effective number of neutrinos N

Increased energy N, > 3 species of neutrinos

density of neutrinos that instantaneously decouple
7 7 4\*3
(0) — _ X — — 4
Py x 8 . 30 X 3 X (11> TV Instantaneous decoupling

4/3
N 4 o _ T (4)"
py =2 X — X T — Py =317 X 3 X pny
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Effective number of neutrinos N

Incrgased energy N, > 3 species of neutrinos
density of neutrinos that instantaneously decouple

4/3
H(0) m @ !
:@ .X 11> TW Instantaneous decoupling
7 N—

neutrinos +
fermions
antineutrinos T4
cm

d.o.f.s T2 0 7 (4 4/3
pﬁy@x%ij :>p,(/>:§(ﬁ> X 3 X Pry
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Effective number of neutrinos N

Increased energy N, > 3 species of neutrinos

density of neutrinos that instantaneously decouple
4/3
(0) i @ 4
:@ .X 11> TV Instantaneous decoupling
neutrinos + fermions H/—/
antineutrinos Tétm 4/3
d.o.f.s T2 7 (4
4:) — 4 — p0) = _ (= X 3 X
L, =2 X = X — (T4 + T4 + T4 ) Incomplete decoupling
IO 8 30 Ve ) U+ /
4/3
7 (4
— Py = = | — X Negp X
P ] <1l> ff X P
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Effective number of neutrinos N

Increased energy N, > 3 species of neutrinos

density of neutrinos that instantaneously decouple
2 4/3
(0) ~ (3) 4 4
Pv :@XX 30 AV (11) TV Instantaneous decoupling
neutrinos + farmions e, U, T H/—/
antineutrinos Tfm 4/3
d.o.f.s T2 7 [ 4
4 (0) —
— — = — [ — X 3 X
py <D 35 % T, & 8(11) Oy

Incomplete decoupling

N

c

o 3 0434 Planck — R X Neff X IO
ff = - 8 \ 11 7

N = 2.99 +0.17 (68%)
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Towards a precision calculation

Physical phenomena to take into account:
e Boltzmann equation with collisions Vv
* Proper distributions (Fermi-Dirac) v

* Neutrino masses and mixings
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Towards a precision calculation

Physical phenomena to take into account:
« Boltzmann equation with collisions v X
* Proper distributions (Fermi-Dirac) v

 Neutrino masses and mixings X

[G. Mangano et al., Nucl. Phys. B 729, 221 (2005)]
[P.F. de Salas, S. Pastor, JCAP 07, 051 (20106)
[K. Akita, M. Yamaguchi, JCAP 08, 012 (2020)]
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Outline

1. Neutrino evolution with mixing:

Quantum Kinetic Equations

2. Results for neutrino decoupling
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Outline

1. Neutrino evolution with mixing:

Quantum Kinetic Equations
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Massive neutrinos (1)

« Standard model: 3 species of massless neutrinos vy

« Homestake experiment, Solar Neutrino Problem...
— massive neutrinos

Ve 1 Ut Ue2 Ues 1
Flavor states | v | =U | v2 | = | Uur Uu2 Ups v | Mass states
Vr V3 UTl U’T2 UTS V3

/

PMNS mixing matrix

o o
D (0]

o
N
T T T T T T T T T T T T

—> neutrino oscillations

Transition probabilities for initial v,

o
N

T
,mm’""""Q‘O‘OW’“«"Mmmom,\

NN

0

o
o

Flying time
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Massive neutrinos (2)

* Parametrization of the PMNS matrix (no CP violating phase)

1 0 0 COS (913 0 sin (913 COS (912 sin (912 0
U=10 cosbys3 sinbs3 | - 0 1 0 .| —sinf{5 cosf;o O
0 —sinfy3 cosbos —sinf13 0 cosfs 0 0 1
C12C13 512C13 513
— | —S512€23 — C12523S513 C12€23 — 512523513 $23C13
§12523 — €12€23513 —C12523 — 51223513 (C23C13

 Mixing angles
sin? 015 ~ 0.307 , sin?fy3 ~0.545 | sin?6;3 ~ 0.0218

[Particle Data Group (2020)]
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Massive neutrinos (3)

e Neutrino mass hierarchy

normal hierarchy (NH) inverted hierarchy (IH)
m? A2
[ E— V3 v Ve
Afrnzol
V1 I/M
Amezttm
ATn’?xtm
2
ATn’gol v
4 I V3
Ve Yu Vr Credits: JUNO collaboration

— 753 x 107° eV?

2
— myl

2
— mVQ

— 4+ 245 x 1072 eV?
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Massive neutrinos (4)

. Flavor mixing — the distribution functions f,, are not sufficient to
describe the neutrino ensemble

fl/e <&Iie a'I/e> <&ZM &Ve> <&11;7- &Ve>
fu, — [ (al,av,) (@) a,) (a4} au,)
Ju.

(@), av,) (al,a,) (af a,)
—> Density matrix description

Which evolution equation? — generalization of Boltzmann equation
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Extended BBGKY formalism

e (Central object: s-body reduced density matrix
f = ], )
In particular, one-body density matrix Q;" = <&;&z’>

(Qij((gj%j)) — <&Zsj (ﬁja hj) Qg (D5 hi)>> species, momentum, helicity
 Hamiltonian (second quantization)

. ) | T
H=Hy+ Hj,y = Zt; a,;-raj + 1 Z vj’f a;-ra};alaj

i?j I i7j7k7l 1

Kinetic term Two-body interactions

[C. Volpe et al., Phys. Rev. D 87, 113010 (2013)]
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Extended BBGKY formalism

+ BBGKY hierarchy “theorem |
| idd_gf = (thof — aity) + % (T — Q¥ )
< idilf = (tf;ggl’“ +tr0) + %@’i‘;@;f — ont] — &yt — %@3@@% )
| + % (o0 o5t + ool — olkmay, — olkmaln )

1-body density matrix 2-body density matrix 3-body density matrix

Need to truncate this hierarchy = Hartree-Fock (mean-tield),...
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Extended BBGKY formalism

Ehrenfest ,

« BBGKY hierarchy theorem d't |
20— (ot - k) + Gt - i)
i (sl + S — bt — it — e )
| + % (5ot + Bl — ik, — okt )

1-body density matrix 2-body density matrix 3-body density matrix

Need to truncate this hierarchy = Hartree-Fock (mean-tield),...
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Extended BBGKY formalism

 Correlated and uncorrelated contributions

051 = 20105 +Cj = 050 — 007 + )

24



Extended BBGKY formalism

 Correlated and uncorrelated contributions

o'k =200 0f + Clf = olof — 0}k + Cf
- k k ~1k [ k ~ml
i dtj = (tp0] — ot;) + 5 (Om1 05k — OmiUj )
.dQ§' i i1 ki 4k k L ik
— Zdt :([tk+rk] Q5 — Ok [tj+rj})+§(vml

Mean-field potential ,:




Extended BBGKY formalism

e Correlated and uncorrelated contributions
0ji = 20[;01 + Cj = 0o — 010} +x

- k k ~1k [ k ~ml
@d—tj = (thej — oitj) + 5 (Um0 — emiVi )

doj i T i 1
— i = ([th +T0] of — i [t + T7]) + 5 (

Mean-field potential ,:

e Simplest closure: Hartree-Fock (or mean-field) approximation

but need to account for correlations due to two-body collisions...

24



Extended BBGKY formalism

e Molecular chaos assumption = correlations are built from collisions
between uncorrelated particles

dC?k | |
. jl 1 1k 7 1k 4D
i— iOTE ko - t.—C.t}
- (1 —0)i(1— o)k 0P 0508 — 0lof 0P (1 — 0)5(1 — )]

N

Pauli-blocking factors
t —+ o0 . .
. 1 D
ik uration of Time scale of
cte = [ (g [ ) <

one collision evolution of @

0 —00 -
* Evolution equation \

.dQZ’ i i 1 ~1 m LK~
() dtj — ([t -+ I’ } — ‘Qk [tk —+ Fk}) -+ 5 (v’rrl:lcjkl — C klfl}jkl)

{t—FF,Q} +ZCZ
25



Quantum Kinetic Equation for neutrinos

zdﬁ— [f+f’ AT%—@CAZ'
dt T 7@3 7

: 1 S : . A . A : AN N . . : :
1 T [ 512 13 14 5J3]4 L J1 L J2  ~t1t2 . 13 . 14 ~J3J4 J1 ]2
Ciy = 4 (Ui3734 Q53954 Y51 52 (1 Q)z’l (1 Q)ig Vigis (1 Q)jg (1 Q)j47}j1j2 9 93,

(5]
1 N1 (1 . A\i2s;J1d2 J3 Ja~i3ta 41 02 ~J192(7 . \JI3 (9 _ A\J4;i3%4
_|_(1 Q)jl(l ‘Q)j2vj3j4 Qi Qi4vz”1i2 on Qj20j3j4(1 Q)i?, (1 Q)i4vi’1i2)

Gain Loss
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Quantum Kinetic Equation for neutrinos

dQZ A A [/ A .
. J A 1
Zdt { + Qj—|—Z i

A AN

~1112 13 14 ~J3]4 J1 J2 ~1112 13

(31

T N (] A\t2mJ1d2 03 Ja~i3ta 11 02 ~J1J207  \I3 (7 __ \J4:i3l4
+(1—0);, (1 = 0) 505,55 03 03, 075y — 05, 05505,5: (1 — 0)is (1 — 0)3,0;7,

14 ~J374 J1 J2

| ) A
Ciy = 4 (U’igu 05305, Y5152 (1 - Q)z’l (1 N Q)”&é ~ Vigig (1 o Q)js(l B Q)j4vj1j2 Qii Qi

)

Gain Loss

* Neutrinos in the early universe (homogeneous, isotropic)

(@, (7" 1), (B, 1)) = (2m)° 2B, 6 (5 — §")0nnr 0§ (p, 1) O
7 (2m)% 2E, 6 (5 — §")0nn 05 (D, t) Ony

S
SH
T —+
Q

N\
>~
>
N—"
SH>
R

™

N\
e
SN
N—"
~_—
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Quantum Kinetic Equation for neutrinos

do’ NN N
o J PN /I/
— = [t + 1, } +1C:
’ dt [ o ] g

A A AN

~1112 13 14 ~J3]4 J1 J2 ~1119 ~

(31

T N (] A\t2mJ1d2 03 Ja~i3ta 11 02 ~J1J207  \I3 (7 __ \J4:i3l4
+(1—0);, (1 = 0) 505,55 03 03, 075y — 05, 05505,5: (1 — 0)is (1 — 0)3,0;7,

: 1 o S
Ci = Z (Ui3734 Qj:s Qj4vj1j2 (1 o Q>Z’1 (1 - Q)i2 ~ Yigiy (1 - 9)32(1 - Q);jvgfgj in QZj

)

Gain Loss

* Neutrinos in the early universe (homogeneous, isotropic)

(@l (7' 1), (B, h)) = (2m)° 2B, 6 (5 — ") 0nns 0§ (p, 1) O

(bF (7, )by (7 1)) = (2m)% 2, 6P (5 — §")Snnr 03 (p, 1) Ons
of 0% o0¢\  [fu. of of
0c 0, O | =10 Jfu. OF
0c 0, OF 0c 0, Ju
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Quantum Kinetic Equation for neutrinos

o Example of interaction matrix element (v — e scattering)

~Vy(l)e(2 - = R R
Yug ((3))6((4)) = 2V2Gr (277)35(3) (P1 + P2 — P3 — Pa)

X [ap (py )y Prugs ()] [ul? (52)vu(GT" P + G Pr)ul* (py)]

1

. gr,+1 0 O - gr O 0 gL:_§‘|‘Sin29W
G~ = 0 gr, 0 G = 0 Jgr 0 . o
0 0 qr, 0 0 R gr — Sl HW

Q3

Z

P,
gL, gr 4
6_ QQ Vq

Neutral current Charged current
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Quantum Kinetic Equations

5, 5, M2 E,+ P
il L mp L oot :{U—UT, }—2\/5(; [ c T e }Hc o
L% pap} o(p, 1) oy U0 Fp -y 0 0, 0]
Vacuum Mean-field Collisions
/m2 1
2 2 A~ Vi
\/p T =P T pe+P. 0 0
E.+P., = 0 0O O
0 0O O
Reminder:
O, 0, 0 fv. 0 0f
o= |0t o, | =10 S, OF
0c 0, OF 0c 0, Ju

[G. Sigl, G. Raffelt, Nucl. Phys. B 406, 423 (1993)]

[C. Volpe et al., Phys. Rev. D 87, 113010 (2013)]

[D. Blaschke, V. Cirigliano, Phys. Rev. D 94, 033009 (2016)]
[JF, C. Pitrou, M.C. Volpe, 2008.01074]

28



Quantum Kinetic Equations

9, %, M2 E +P
o . _ oy o e e : _
Vacuum Mean-field Collisions

i—c _ C[z/e_—n/e_] 4 C[V€+—>V6+]

124 o oA L

C[VD—>€_€+]

+ C[VV]

e e _12°G% / P P &
2 2F, | (27)32E, (27)32E5 (27)32E,
X (27T)45(4> (p1 + p2 — p3 — pa)
« [4@1 o) (ps - p) FEE (WD) 4 6@ 5 3 | ()
+4(p1 - pa)(p2 - p3) PR + ) — ) 4 W)

—2(py - p3)m? ( FLRGW @ 4 )3 4 @) 1 pRL(,(D) 4 @) () 4 6<4>)) }
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Quantum Kinetic Equations

9, %, M2 E +P
o . _ oy o e e : _
Vacuum Mean-field Collisions

i—c _ C[z/e_—n/e_] 4 C[V€+—>V6+]

124 o oA L

C[VD—>€_€+]

+ C[VV]

plve—ve ] _1 2°G% / d”p d’pi3 d’py
2 2F, | (27)32E, (27)32E5 (27)32E,
X (27T)45(4> (p1 + p2 — p3 — pa)
« [4@1 o) (ps - p) FEE (WD) 4 6@ 5 3 | ()
+4(p1 - pa)(p2 - p3) PR + ) — ) 4 W)

—2(py - p3)m? ( FLRGW @ 4 )3 4 @) 1 pRL(,(D) 4 @) () 4 6<4>)) }

Statistical factor

Pauli-blocking
FAP W 4 e = v® 4 o) = fu(1 = f2) [G0:GP (1= 00)] = (1 = fa)f2 [G* (1 — 0)G" 1] + e

Hgain” “lOSSH 29



Quantum Kinetic Equations

(Anti)neutrino self-interactions

el _12°GE / Cpy &y AP
2 2E, | (2m)32E, (2m)32F5 (27m)32F,

x (2m)26W (py 4 pa — p3 — pa) X [(pl - 2)(ps - pa) Fae (V) 4+ 12 — 13) 4 ()

+ (1 pa)(p2 - ps) (Fre (™) + 5@ = v 4 50) 4 By (v 453 v 4 p0)) |

FSC(V(l) + 03 508 4 V(4)) = |o4(1 — 02) + Tr(---)] 03(1 —01) — [(1 — 04)02 + Tr(---)] (1 — 03)01 + h.c.
Foo(vW + 0 = 0™ 4 50y = [(1 - 22)0a + Tr(- - )] 03(1 — 1) — [@2(1 — 84) + Tr(---)] (1 — g3)01 + hc.

Fann (v + 7 = 03 4 50y = 9354 + Tr(- )] (1 — 22)(1 — 1) — [(1 — 03)(1 — @4) + Tr(---)] G201 + h.c.
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Quantum Kinetic Equations

(Anti)neutrino self-interactions

+ (1 pa)(p2 - ps) (Fre (™) + 5@ = v 4 50) 4 By (v 453 v 4 p0)) |

FSC(V(1> + 03 508 4 V(4)) = |o4(1 — 02) + Tr(---)] 03(1 —01) — [(1 — 04)02 + Tr(---)] (1 — 03)01 + h.c.
FaewV + 5 -5 5® 1+ 50) = [(1 - 32)gs + Te(- )] 05(1 — 01) — [3(1 — 85) + Tr(-+)] (1 — g3)er + hic.

Fonn (v + 73 — 03 4 5W) = 0305 + Tr(-- )] (1 = 22)(1 — 01) — [(1 — 03)(1 — 84) + Tr(---)] 201 + h.c.

O dimensions —— 5 dimensions —— 2 dimensions
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Approximation scheme for neutrino oscillations

0.25 —
- Tve ________________
- Tvu i
— T,
0.207 /
T sl “No visible oscillations”
| | -—- No mixin : .
oy ) —> averaged oscillations?
N
Xowl i/ | == approximate scheme?
=
0.05¢
0.00=751 100 101 102
Tern (MeV)
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Approximation scheme for neutrino oscillations

e For simplicity, discard (for now) the mean-field term + two-neutrino mixing

do, M2
—:—Z[U—UT,Q}—FC — dt 2p
dt 2p

Om = UTQU

32



Approximation scheme for neutrino oscillations

e For simplicity, discard (for now) the mean-field term + two-neutrino mixing

don, M? ;
P QmEUTQU \

Schematically,

A,

Localized neutrino injection
(UTCU ~ K x 6(0)) 32



Approximation scheme for neutrino oscillations

e For simplicity, discard (for now) the mean-field term + two-neutrino mixing

d M2 —:_Z{—ygm}_FU CU
o _i[v®ui)+e — Tat Lo
dt 2p

Om = UTQU \

Schematically,

e NI
N~ ——

Random neutrino injection

Om —

32



Approximation scheme for neutrino oscillations

e For simplicity, discard (for now) the mean-field term + two-neutrino mixing

d M2 —:_Z{—ygm}_FU CU
o _i[v®ui)+e — Tat Lo
dt 2p

Om = UTQU \

Schematically,

C o e
O - -y

Random neutrino injection

Om —
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Approximation scheme for neutrino oscillations

* (Generalization of the previous argument
+ EXxpansion
+ 3-neutrino mixing
+ Mean-field term
0 0 E. + P,

M2
|19 v _ el .'. B . _
; L‘?t Hpap} o(p, 1) [U 5 U ,g} Q\szFp[ 3 ,g} +iClo, gl
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Approximation scheme for neutrino oscillations

* (Generalization of the previous argument
+ Expansion New variables x = (m,/T..) «xa,y =p/T.,

+ 3-neutrino mixing 3 oscillation frequencies

+ Mean-field term Mass basis — matter basis

i 22y @ {UWUT,Q} — 2V2G ry (me)5 {]EejL _679} +iC[o, 0]

Ox me L 2y T ms;
I Z[H, Q] + K P Z[Hma Qm] [Um I Qm] + UmICUm

om = U oUp,
33



Approximation scheme for neutrino oscillations

* (Generalization of the previous argument

+

Expansion

New variables x = (m,/T.,) xa,y =pl/T,

+ 3-neutrino mixing 3 oscillation frequencies

+ Mean-field term

Mass basis — matter basis

- 8Q($,y) L L M2 T Me 0 ]Ee + _e . _

1o H 83}‘ — . [U@U ,‘Q} — 2\/§GFy ( . ) { m%/v 7@} + ZC[Q) ‘Q]
% — _Z[Ha LO] - K (9:5 — Z[%Ama Qm] [Um aw ;Qm] + UmICUm
Om = U%QUm

diagonal 33




Approximation scheme for neutrino oscillations

* (Generalization of the previous argument
+ Expansion New variables x = (m,/T..) «xa,y =p/T.,

+ 3-neutrino mixing 3 oscillation frequencies

+ Mean-field term Mass basis — matter basis

i 22y @ {UWUT,Q} — 2V2G ry (me)5 {Eﬁ _679} +iC[o, 0]

ox me L 2y . m2,
o 2 = X
or o9r msy &ml y m (]Jr ]CUm
5 i H, 0] + K o Z[%A , 0m| — U om] +UT
Om = U);lQUm adiabatic

. approximation
diagonal PP 33



Checking the adiabatic approximation

Effective
oscillation
frequencies
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Checking that oscillations are averaged
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Adiabatic Transfer of Averaged Oscillations

 Non-diagonal components of the density matrix in matter basis

are averaged out

e Effective "ATAO” equation

00m
ox

keep only the diagonal
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Adiabatic Transfer of Averaged Oscillations

Instead of solving the full QKE, we can

1. Go to matter basis, where the effective Hamiltonian (vacuum
+ mean-field) is diagonal.

This matter basis evolves adiabatically.

2. Evolve the diagonal components of g, (off-diagonal
components are averaged out).

3. Read the results in flavor basis.
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Outline

2. Results for neutrino decoupling
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Neutrino decoupling without flavor oscillations
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Neutrino decoupling with flavor oscillations
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Decoupling with flavor oscillations - Comments

e Excellent accuracy of ATAO approximation (<10-6).

o Slight increase of N (3.0434 — 3.0440)

flavor conversion of v, == more phase space for e~ annihilations

e Higher precision?
 Full QED corrections AN, ¢ > 107

* Inhomogeneous cosmology
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Conclusion

Neutrino decoupling

« Neutrinos capture part of the entropy released by et
annihilations

* |ncreased effective temperatures + spectral distortions
e Exact or approximate treatment of neutrino mixing

e N~ 3.044

Consequences on BBN, CMB...
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