Quantum singularity avoidance and Bianchi J clocks
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Motivations: (quantum) cosmology

Homogeneous & isotropic metric (FLRW): ds® = —dt* + a”(t)

a
Hubble rate H = .

1 — Kr?

Matter component: perfect fluid 1}, = pg,., + (p + D) u, U,

2
dr .

-7 (0192 + sin® 9d¢2)

~

spatial curvature

w =0 dust
equation of state D= wWp =——> 1 o
W = 3 radiation
+ cosmological constant = Einstein equations
1
2 _
H | a2 — g (87TGN,0—|—A)
a 1

a

% = S[A—4nGy (p+ 3p)




Particular solution: dust and radiation

integrate conservation equation

Phenomenologically valid description for 14 Gyrs!!!!




Planck 2015
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Numerical simulation for large
scale structure formation...

Current power spectrum P(k) [(h~! Mpc)?]
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A central problem (though not often formulated thus...): the singularity
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Singularity problem... a quantum effect?
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Quantum cosmology

Hamiltonian GR (3+1)
ds® = g, dztdz” = —N?dt* + hy; (dz* + N'dt) (dz? + N’ dt)

b AN \

| frcts intrinsic metric = shift vector
- dpse turiction first fundamental form

|—> intrinsic curvature tensor

310
Ry (h)
[ extrinsic curvature =
"I e .
X" = const. second fundamental form:

1 Ohy;
Kij==Vy'ni = o (ngNi + V"N, (%9)




Action (Einstein-Hilbert, compact space):

1 i - )
S = / V=g (R—2MN)d*x+2 | VAE d’z| + Smatter | P ()]
167Gy [ m OM _

1 i . -
—_— S = / Ldt = / dt / B3z NVh (Kij K9 — K* +3R — 2A) + Liatter
T i )

Canonical momenta

- T, - -
iz 0L VR i g
Ohi; 167G
e 51.; — vh d — N(?(I).
0P N Ox®
) = 51.; ~ ()
ol | i
rimary constraints
L p y
T = ~ ()




Hamiltonian H = /de (WON -+ WiNZ- -+ Wijhij -+ ijci)) — L

_ / A3z (WON + 7' N; + NH + NH)

1 1 g
H = NG (hikhjl — §hz’jhkl> riak — VhR

Hi = —2VhV, (T/%)

variation wrt lapse: H = 0 — Hamiltonian constraint
| — classical description complete
variation wrt shift: H"* = 0 — momentum constraint



Superspace & canonical quantization

relevant configuration space Riem (X) = {h;; ("), ® (/) |z € X}

parameters
GR = invariance/diffeomorphisms=—- Conf = Igiifn (g) . superspace
Wave functional W [h;; (z),® (x)] = (hij, P|V)
+ Dirac canonical quantization procedure
7Tf';j>i5 7TCI)>2'(S 7T0>i5 7Ti>i5

Shi; 5O SN 5N,



= —1 — 0

T (0 SN

primary constraints . ow
Al = —i— =0

o N;

oW
5hij

same U for configurations related by a coordinate transformation

momentum H'U =0 — iV§-h) ( ) — SWGNTM\I/

Hamiltonian
: ' 52 Vh 0N
V= |-167G G;; : (—*R+ 24 + 167G T%) | ¥ =0
& " Ngﬂkl(mij(mkl 167G, AT 0T
1 4/' Wheeler - De Witt equation
Gijki = N0 (hihjir + hithje — hijhg)

De Witt metric



= —1 — 0

T (0 SN

primary constraints . ow
T = —1 — 0

0N;

oW
5hij

same U for configurations related by a coordinate transformation

momentum H'U =0 — iV§-h) ( ) — SWGNTM\I/

Hamiltonian
HY = ()

time-independent Schrodinger equation



= —1 — 0

T (0 SN

primary constraints . ow
T = —1 — 0

0N;

oW
5hij

same U for configurations related by a coordinate transformation

momentum H'U =0 — iV§-h) ( ) — SWGNTM\I/

Hamiltonian

TIMELESS Schrodinger equation



mini-superspace

restrict attention from an infinite dimensional configuration space to a 2 dimensional space
= mini-superspace

- r? (d6? + sin® 0d¢?)

dr?
11— Kr?

hiide'dz? —  a®(t)

WDW equation becomes Schrédinger like for W [a(t), ¢(t)]

Conceptual & technical issues

infinite # d.o.f. to a few: mathematical consistency?

freeze momenta... Heisenberg uncertainties?

'quantization, minisuperspace| # 0



mini-superspace

restrict attention from an infinite dimensional configuration space to a 2 dimensional space
= mini-superspace

- r? (d6? + sin® 0d¢?)

dr?
1 — Kr?

hiide'dz? —  a®(t)

WDW equation becomes Schrédinger like for W [a(t), ¢(t)]

Conceptual & technical issues



The clock issue in gquantum cosmology

—> (R = constrained system: lack of external time

— arbitrary degree of freedom: internal clock




Classical system ¢; & p;

d
Constraint C(qgi,p;) =0 & EO(qi,p@-) ={0,C}pp
evolution \observable
parameter
(time)

Time parametrization invariance 7 — 7 —— N(q;, p;, T)
arbitrary non vanishing lapse function

d
4iy P

dr’

’ l
( ‘ hamiltonian /7 = NC

t = const

C=0









Constrained system C' ({¢"},{pr}) = Hiot ({¢"} . {px}) =0
Canonical transformation ({¢"}, {py}) — ({Q“},{P.})

JQ)%such that {Q%, Hioif,, =1 = an ?
Quantum system H. U =CU (QY) =0 \
C linear in P, = —i 820‘ defines clock
will be'co/me time
C=Py,+H(P, -, Po1,Pat1, -, Pp, {Q"})

A

CU(Q") = 0= time-dependent
Schrodinger equation



A simple example

Classical EOMs

@
3

— 2 1independent harmonic oscillators
Htot — H —|— H J

dr



Canonical transformation 7' = arctan (%)
T, Prtp, =1

l T
{T7 Htot}P,B, =1 — — = ] ——

dr

Hi,t = Pr+ H onshell Hi,t ~ 0

Quantization: « only! Hioth(z,T) =0 =

& /Iw(x,T)Izdaz =1

y remains classical (clock)

da _

7 — Pa

dp,

ar -~ ¢
o
= H T
i = (@, T)



3
Bianchi I case ds* = —N?dr° + » a] (dzi)Q
1—=1

al — eBO_l'ﬁ—k"'\/gﬁ—
Scale factors ao = ePotB+—V3p- Volume V = a;aoas — o300

]

dﬁ() — ge_gﬁo dV

Action S:/dT(pOBO +p,6, +p_f_ —NC’)

i N

7 | -
dr canonical
one-form
. 6_350
constraint (' — (_p(z) 4 pi 4 pz_ )

24



6_360

ensure canonical one-form remains canonical pv = 5 Po
|
df = pydV +pidBy + p_dS_
constraint C = % (—p%/ I pig;;f 2‘)
cyclic variable p4 = 0 set p,. = kcosaandp_ = ksina

— df = pydV + prdk + poda + d (kcosafy + ksinaf_)
ﬁf—/
— exact... 1gnore!

— (cosafy +sinaf_)

Pk 9
(ksinafy —kcosaf-) neither anor P,in H = NC

Pa



the system reduces to

Hamilton equations

k=0
Pe = _N1§v
QR YA %
3 k>
v =-N1g (—p%/ e

—— closed for V and pyv

)

)

+ constraint

d9 = pydV + pudk
3V %
C = —|(-pi-
3 ( PV T gy
3V
3
g2
1212

(—p% I



Choosing a time — (9_> _ oA monotonically increasing function

4V

I 4

valid time choice 7 = e

|
—
.
ﬂ
N
=
<
<.
<
V)
=
<l\3
~

Solving directly 1n the action S = / dé

classical unconstrained one dimensional system

d
o (Vpyv) =0 — Vpyv = Vopvo

V = VyelVPv)T and py = pyoe” (VPV)T



symmetric ordering choice

. 1 1
H=V?p, = H=VV-0yVV - VV-0yVV
1
coordinate transformation V +— Z =1InV

—+ UHU '=-9%2, and Z€R

0.6 T T I T T T T T T [ T I I T I 5[




. V2ps 9 V—InV
slow-gauge time dd = (Vpy)dV — ( va) d( Pk - )

ko Vpy
Wk 2 2 | 1 Lo
LA “VinVor — —V
+d ( 5. ¢ PV T 5 Pv =5 Pv)

) V2 2
Action S = /dé’ — /dn (VpVV pV)

2\
Op,  V —1InV V =dv/dny

new time variable 7 = . | Voy canonical if
Ty =pyV
Vo

1
H = §V2p%/ — 57'("2/

freely moving particle...

(V, 7TV) - R_|_ X R
on the half line



Quantization: a gaussian wave packet

e k" /4 (V —ik/2)°
Niwwr exp
4,

U(V, 77) —

implement boundary conditions to ensure self-adjointness

V +Vo,n) —u(=V + V|
w(V, ?7) _ U_( - O)U) U( T _017/7;)

/2 (1 —e Vo —k*/2)

e,
za—w:—ADzﬁ
h
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Operator ordering ambiguity 77‘2/ — VvV %5, VS

- — 7T‘2/ Hﬁ'v—l—sv_z

|

self-adjoint hamiltonian on the half-line s > 3/4
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Closed algebra of operators

V2,H] = 4iD,
D,H] = 2iH,
V2,D] = 2iV?




—> Heisenberg equations of motion

d - R R R
—V? = —i[V? H]| =4D
dn Z[ ) ]

d - CA -
—D =—i[D,H|=2H
dn

— solution as time-dependent operators

A

D(n) = Zﬁn + ﬁ(()) - |2 — 4772 + 415(0)77 4 VQ(O)

expectation values tollows similar equations...

—» semi-classical variables

V() =/ (72(t))

00 T — phase space solution
=

(1
(1)

Ty (t) =



VA + V2,

A

2(H )t
\/4<I§l>t2 + V2

<<
A~
N~
N—
|

¢
<
=

|

NO SINGOLARITY
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Changing the time variable 7" =7'(1,V,7v)

redefining the dynamical variables in the process

T, = Ty & V=V +7my(n' —n)  nochange of range...

change the canonical one-form

7.‘.2 7.‘_/2 o
40 = v dV 2Vd77 = 7(,dV’ den’ +d |(n—1n") %

same system/!

delay function A(V, 7 ) = 17" —7n  nodependency on time



1.6

0.8

Delay function

A = Ve 2mvl/3 sin(3Vmy ) /(10my,)
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Delay function

V(my — 1()_0‘277%/ + 7'("5//10)

N\ =



Delay function

A =10"""Vsin(2my) /Ty



Delay function

A = 10_0'5(V -+ 1) COS(37Tv)/7TV




Delay function (slow to fast)

[regular to singular]

V —1InV
Vpy

ASl()W—)fast —
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| 1.8
Comparison between

different delay functions
1.2

0.6
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Another way to obtain trajectories

Trajectory formulation to QM

Schrédinger equation

polar form of the wave function ¥ (x, )

modified Hamilton-Jacobi equation

() _

ot

conservation equation

V2

2m

V(z)

| ¢ (2,0

8|¢|2
Ot

0S

(vs

ot

)+ Q(x,t) =

7

p2

2m

Quantum I 1 VZA

potential

2m A

v (P ) =
|

(¥



Trajectory formulation to QM

. . de Sm (V*VU)
x(t) trajiectorv satisfvin — 1 — — — VS
(t) tray Y yils p mdt W(x,t)]?




The trajectory formulation to QM

x (1) trajectory satisfying D=m

1 VZA

2m A



Trajectory formulation to QM

x (1) trajectory satisfying p = V.S

properties

equivalent formulation for QM

Z
probability distribution3t; p (x,t) = [ (2, t) |

(attractor)

classical limit well defined () — O

state dependent

no need for external classical domain/observer!



S. Vitenti, PP & A. Valentini, Phys. Rev. D 100, 043506 (2019) [astro-ph 1901.08885]

, P. Malkiewicz, PP & S. Vitenti Phys. Rev. D101, 046012 (2020) [gr-qc 1911.09892]
Conclusions

* Internal clock formulation of QM & QC
* Clock 1ssue in QC can be approached by WDW and set constraints on time

* Asymptotics may solve the problem...

* Other trajectory approach = same asymptotics

* Qut-of-Quantum-Equilibrium

modified

power
spectrum

—> Planck best-fit...
Urew =~ 2000Mpc
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