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This presentation is based on three papers:

o "Tidal effects in the equations of motion of compact binary
systems to next-to-next-to-leading post-Newtonian order"
Phys. Rev. D 101, 064047 [HFB20a)

o "Tidal effects in the gravitational-wave phase evolution of compact
binary systems to next-to-next-to-leading post-Newtonian order"
Phys. Rev. D 102, 044033 [HFB20b]

e "Hamiltonian for tidal interactions in compact binary systems to
next-to-next-to-leading post-Newtonian order"
Phys. Rev. D 102, 124074 [HFB20c|
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BNS mergers: what can we learn 7

o Discarded alternative theories of gravity through the constrain on ¢

e Bounding the mass of the graviton mgy 107 22eV

o Allows an independant measurement of the Hubble-Lemaitre

constant.

o Constrain the EOS of neutron stars.
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Link between tidal effects and internal structure

| source

We parametrize the deformability of an body in a static tidal field
through a set of parameters called Love numbers.
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The constrain on EOS from GW170817
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The post-Newtonian formalism

v v v
Inspiralling phase Merger Vibration
Post-Newtonian approximation Numerical relativity Perturbed black hole

— Tidal effects negligible in the inspiralling phase but measurable in the pre-merger.

PN formalism :
o Perturbative expansion of the equations of GR.
o Weak field, small velocities : (v/c)? ~ Gm/rc® < 1.
o 224 relative PN order — O(1/c?).

o Decompose the problem in conservative and radiative sectors
dE
At
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Motivations on the 2PN tidal computation

o All GW detections from LIGO/Virgo came from compact binaries.

GW150914 | GW170817
Chirp mass (M) | 30.477§ | 1.1887000;
Cycles 8 ~ 3000

[LIGO, Virgo PRL 116, 061102 (2016);
PRL 119, 161101 (2017)]

NR inadequate for high number of cycles.

o Necessity to use analytical models for data analysis.
e Build more precise templates.

e Extend overlap between PN and NR.

e Compare with different analytical methods.

e Allows to constrain the equation of state of neutron stars through
Love numbers {k(®), j(0},
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Tidal effects in Newtonian gravity

My,

Extended body in a non homogeneous gravitational field
— Taylor expansion around .

ext =m O;Uexs + Z M1Gip, « L=y
0>2 ¢
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Tidal effects in Newtonian gravity

My,

Extended body in a non homogeneous gravitational field

— Taylor expansion around .

ext =m O;Uexs + Z M1Gip, « L=y

In the adiabatic approximation :

Quentin Henry GReCO
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GR effective action for static finite-size effects without
spins
Most general non minimal worldline action satisfying:

@ depending only on the metric and 4-velocity

e invariance under reparametrisation

@ parity invariance

nm ZZ[ |/L%)/dTA Gﬁl---ae(TA) Gilmae(TA)

A 1>2

Z 4 a1...¢¢
ST 2‘71(4)/dTAH&41 o (Ta) HY' % (7a)

1 . o
+amats? [ ATl o, (ra) 65 ()

14 (¢ TQy ...
(f+1)e'c4”f‘§)/dT“‘H§1 e (TA) HA 0 (Ta) -

— G and H are the electric and magnetic parts of the Weyl tensor.
— Contains also cubic terms (higher order).
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Effective action at 2PN

@) (2) (3)
— PA" ~A qaB | OA 7A ppaB | PA” ~A oy
Sr= Y /dTA —EGLGY + g HasHY + =Gl G
A=12
o Gog = —Ryupoutu” : tidal quadrupole moment (mass type)

o Hop =2R 5 ulu” : tidal quadrupole moment (current type)

e (i3, : tidal octupole moment (mass type)

— We regularise the tensors on the location of body A.
[Bini, Damour, Faye 2012]
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Effective action at 2PN

o g+ ity
leY afBy
asG + Sy HilsHY + 55-Glly G

Sr= > /dm

A=1,2

(5) - k:( )R%H.

o 19 and o) linked to Love numbers : "

G
0 %= -m 1 for compact objects.
Rc?

1
o 1? ~ 0 (cﬁ) ~ 0(?) — Newtonian (leading) order (5PN)

‘ 1
o ¥~ 0O <cﬁ) — 2PN relative (7TPN)
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The Fokker Lagrangian, reduced Lagrangian

Slq, guw) = Sen + Spp + St with St < Sgm + Spp

08 Lo (n
s =0= oSVg (g ={Ga,Ta,d@n,..., 35}
v

Fokker action : Spoxker[q] = S|g, g,(fl? ! [q]]

— Same EoM
— No need of tidal effects in g,(f;?l)
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The Fokker Lagrangian, reduced Lagrangian

Slq, guw) = Sen + Spp + St with St < Sgm + Spp

08 oL _(n
s =0= oSVg (g ={Ga,Tarda, ..., 35"}
v

Fokker action : Spoxker[q] = S|g, g,(fyo ! [q]]

— Same EoM
— No need of tidal effects in g,(f;?l)

Reduced Lagrangian :
® Skokker = LFokker (Z}’A, TA, A, .- 76%))
@ Lpokker — Reduction method — L(74, U4, d4)
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The Fokker Lagrangian, reduced Lagrangian

Slq, guw) = Sen + Spp + St with St < Sgm + Spp

68 I (n
s =0= 05V (q={FaTasin,...,a0"})
v

Fokker action : Spoxker[q] = S|g, g,(fyo ! [q]]

— Same EoM
— No need of tidal effects in g,(f;?l)
Reduced Lagrangian :
° SFokker — LFokker (ZJ'A, ﬁA; C_iA’ cee 7652))
@ Lpokker — Reduction method — L(74, U4, d4)

10 conserved quantities : {P*, J",G", E'}
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Computations in the considered problem

The matter Lagrangian:

(2) (2) (3)
_ 2 Pa” ~A ~aB | TA A gpaB | PA ~A ~oB
Lm—z<—1ﬂAC + GG + Ly HHET + TGl G W)
A

The 2PN metric: parametrized by a set of potentials
2 2V? N 3 1
pom 1+ 228 (e Y o (1),
C C C

6 8
v,  8R; 1
goi = — — +O( ) ,

c3 cd c’

2V 2V AWy 1
gij:(sij<1+072+7c4>+ o +O(c*6).

—Insert the metric in the 3+1 decomposition of L = L[V, V}, Wij, R, X]

—Insert the values of the regularised point-particle potentials.
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Regularisation
We use the pure Hadamard regularisation:

— Laurent expansion of a function

F@E) = Y rife(ii) +o(r)

M2
ko <k<0

< The value of a function at 1

(F) = [ S )

r2

— Equivalent to dimensional regularisation up to 2PN order.

1
V:GTIJFG?QJFO(—) = (V)1=Gm2+0<l>
1 2

12
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Reduction method for the Lagrangian

At this stage, we have Lpokker (¥4, VA, GA, - - - ,d’ff))

— Replace ail) A(k)+ 6"(k) where /Yff) is the onshell value, 6@, =0
— Three types of terms:
e No 5655) = depends only on (¢4, 74)

e Linear in 5&'1(5)

o At least quadratic in &_igc) = 0 after variation of the Lagrangian

— Replace back 5a(k) = &’Ef) — /i:(f)

Cija,7a).a7 — —C(ifa, Ta).a7 "

< Reiteration of the procedure until the obtention of L(¥4, ¥, d4)

Straightforward to obtain the conserved quantities { P!, J!, G*, E}.
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2PN CoM energy for circular orbits

Gmw 2/3 mims mi — mo
T = , V= , A= ——=
3 m2 m
2 2
_ pctx _3_ v\ _27 19 v 2
E= {1+<4 12)I+< RV
_ 121 N
—18uf)m5 + [(_T +33u) uf) — S;A i — 1765 (2)]
20865 5434 91 ,\ 11583 715 \ 12
_APP9, uReR 2 Al 22292 122
[( 56 21 7 4”>“+ ( 56 +12”>“—
2444 1 4
(2T 50 BAGE) y50p®] 47
3 3 3
[HFB20a]
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Hamiltonian for tidal effects

— Hamiltonian computed by other groups with different methods
(EFT, scattering amplitudes) in isotropic coordinates in the CoM.

o Transform L(ia,%a,d4) into L'(if,,) using a coordinate shift.
e Get a Hamiltonian in the CoM.

e Canonical transformation to get a Hamiltonian in isotropic
coordinates.

Comparison: overlap in full agreement with the literature [Solon et
al. 2020, Porto et al. 2020].

[HFB20c]|
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(Very) brief overview of the PN-MPM formalism

p(w)




(Very) brief overview of the PN-MPM formalism

p(w)
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(Very) brief overview of the PN-MPM formalism

o(w)
dE
7 == dt
Gllompm 1 (1 @ 16 () ()
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(Very) brief overview of the PN-MPM formalism

p(w)
_dE
T
Gllowero (1 @, 16040
7= 5 50508+ & (moUiui+ vEVY) -

U, = Ig) + (non linear terms)
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(Very) brief overview of the PN-MPM formalism

p(w)
_dE
TS
Gllompm 1 (1 @ 16 My
U, = Ig) + (non linear terms)
L; = gzo/dg’:v rB3i [0 e sOVOLV + .. }
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(Very) brief overview of the PN-MPM formalism

p(w)

_dE
dt

189

Loy, 11 2.2 , 16
Ul 4+ o (—Ugj;UEJ;Jr AL )) +]

U, = Ig) + (non linear terms)

i =F /d3mrBa:” [a— e sOVOLV + .. }

G
=p+..., V = —47G0" o = m1+
1
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Form of the stress energy tensor composed of multipoles

2 65
Vo) 5g/w

™

oL
1722 (p,,v) v
Tyoe = npfu”,  pt = Jur
v 1 ( v)\po 2 v)o vpo oL
Tywa =13 R e T =V, [ngjp(“ ) ] JL e — ~6 .

< Similar expression for the octupolar part.
— JMYP? contains the quadrupolar tidal information.
[Bailey, Israel 1975 ; Marsat 2015]
— This method and direct derivations have been done.
— Expand the covariant into partial derivatives + Christoffels.
— Decompose the expressions in 3+1 (spatial and temporal indices).

13d covariant Dirac: n =63 (z — y(r))/(u’/—g)
March 20t 2021 2640



3+1 decomposition of the stress-energy tensor

PG4 (v18,V) = n® (Grapvt 8V) — 24 (GrapdV®) Lo | nP(GY,) P (Gravin}) +2uP(GE,)V
o |6 + |0z )

1
= o o
L oo ls, (- uAGk g — (a5 )vf M”GM (v1av)vf + 4P GE Vo — @ (Grapviod)vf —4M7)(G‘§‘a)Vu{">
\/j 52 A
F O [51( (HOGHIV — uD(GLIMV) — (OG5, ) — 35 (G F0u o + 4 GtV ok + 4 GrapdV Yok
PGk 0V — P (G )0V — 4P GE 0V + 2P (GS)OVE - 8u DGR iV + 2P (G )08V = 3P GE, (010000 V

+8u PG VOV — 2D GO, — ,§a< ek o H Yy vf 0"V + So@%ubﬂf’m OV + 4D GV, — %w Ry Hy 0PV — §a< Deai HEOMV"

—2p @G0V + P (G, (01a0]) 0"V = 3 (Grapfo})OMV — 6P (G, VOV — 22 (G ot aw,, + 2M”Gmmakvb + u‘”cabakm))]
\/—ﬂlak [51( nAGH (*N(Q)G’fl(vlavil) - 246GV + ZU(‘))ElathbUa + 0(2) FaH P — pP G ol — nIGE vt + M(Z)(Ga Jofof)
7:14(2#(2>G‘“(u1av1)v 4p(2)leV2 + 17(2) L HE VoS + 30(2) ek H Vi — 20D G Vool + 30( )by Hy Joiobol — 2D Gk Vool
2 3
+§a(2>e’“,,LH1,,‘vf1 bt — jt(z)(Glubv‘f'vl)vlvl +2u@(G,) Volol + 0(2) L HPPVE 4 0(2)5‘ WwHIVE — 2,DGE Whve
20D G W Ve = 25 G g VE — 20D Gk iV 4 2P G, 4 2M”G{f“v’vlﬂ))}
1 1 2 1
+01 [*‘(*’#(2)(01@@‘1‘6) - 50(2)(G1abG'fb)) + L.T(*ZM(Z) (G1aGT) (v1avf) = 50(2) (GraGT") (viav) + §H(2)(G1bacual'gvi)
+50 (@ Griarheh) + 1 (G Hy i) + 40 (G Hy ) — 2 (G,) (40001 ) + 20 Gran V) — n ) (G,) OV V)
—2u‘ ) (0100) (GE0,0.V) — 2 (G, ) (05020,0,V) + A (G 0,0,5) + 3D (Crapd VOV ) + DG bt 0,0,V) — 45 (G0 0:0,Vz)

8 i 8
—50(2) (i H{"0070,V) — 50(2)(6;,;]H1 YoV + u(z (Grap GV + 40D (G GV + 4u® (GL0,0,V)V)

1 (4 . 1
+ Om(?z@k( - gu“)ﬁlG’ym) +14240 (;)

L
V=g
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3+1 decomposition of the stress-energy tensor
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Computation of the potentials
Sources: 00 y 0i

T A T .
— L ai=— oij =1%

o
c? c

In the effective approach, o o< 9...96G)(Z — §4).

Potentials:
We require {V, V;, W;;} for the computation of the multipoles.

ov = —4nGo
ov;, = —4nGo;
DWij = —47TG(O’1']' - 6ij0-kk) - 81V8]V
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Computation of the potentials

Sources: N ,
TOO 4 T TOZ B
=5 0; = —, oy =1T"

o
c? c

In the effective approach, o o< 9...96G)(Z — §4).

Potentials:
We require {V, V;, W;;} for the computation of the multipoles.

ov = —4nGo
av; = —4nGo;
DWi' = —AnG(oi; — 6ij0'kk) - 0;Vo;V

Defining 01; = 3/5%7

1 r2
3¢V8jv = G2m1 mo 81i82j— +... r
rir2

— A_lhlrz =In(ry + ro + r12) X

Quentin Henry GReCO March 290 2021 29 /40



Source multipole moments

B 1
I = FPO/d3x <7‘L> / dz {5@3@2 + $1L2 + Be quZzg] (X,U-i— Z—Z)
= 0 B

=00 =11 =01
T+ T T s
E = Zl = — ZZ = 7‘2'7
2 J
C C

¥, ¥; and ¥;; contain the o, 0;, 0;; and the potentials {V,V;, Wij}2
Regularisation: Hadamard Partie finie

F@) = > rifu(ii1) +o(r)

ko<k<0

— Choose B such that the integral converges.
< Only keep the coefficient B°.

4
2 = |gI T 4l A (h, O, °R)
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Computation of the multipoles

3 types of terms:
e compact support: (0 o< 6CNZ — ifa))

FP /d3:v rBiliav
B=0
@ non-compact support:

FP / Bz B9 WadmV

e surface:

P / APz rPoy, [r?2 0 (V?))
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Computation of the multipoles

3 types of terms:
e compact support: (0 o< 6CNZ — ifa))

FP /d3:v rBiliav
B=0
@ non-compact support:

FP / Bz B9 WadmV

o surface:
P / APz rPoy, [r?2 0 (V?))

— Had to take into account distributional parts.
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Radiative multipole moments and flux

Flux :

Link between source and radiative moments:

UL(t) — I(Z 2GM €+2 )ln ( ) L0 < 15>
Ty C

— Similar expression for V7.
< M is the ADM mass = take into account PN corrections.
— We perform the quasi-circular orbits approximation.
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Tails

At
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pemsd

B Direct propagation
B GW scatters on the background
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2.5PN CoM flux for circular orbits

192¢°y 210 - - 22 1217 155 -
Fidal = ey (1 +4I/)/Lf) + Au(_z) + K —_——V— —Vz) Mf)

5G 21 168 6
22 23 —(2) 1 76 ~2 1,2
+A( 51 24>u —i—( 9+3u>a+ ng, x

+4m [(1 + 4I/)ﬁ+ + Aﬁ_z)} 232
167 7224291/ n 15923 2 %Vg, 22 A 167 N 667191/
54 18144 336 12 K 54 2016

2779 ,\ (o) 173 145 ) 50 173
_2 22— 208 A
144”)“—+( 756 3 VT A" 756

1022 1\ _ 80 _ 22 5053 2029 ~
+—V) O'SQ) + guuf)} + 47 [( — —1/2) 2

27 21 1314”48 +

22 351 ~(2) 1 226 ~(2) A ~(2) 5/2
A =22 222 —— = - = x
( 21 64”)“— +< 8" 9 ”)”+ 187 |"

[HFB20b|
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Balance equation

dE dE/dx
= —— = —
F = 5 = ® /w(aj) 7 (@) dz.

What is new in the phase?

‘ Ytidal H Mass quadrupole ‘ Current quadrupole ‘ Mass octupole ‘
5PN (L) v X X
6PN (NL) v v X
7PN (NNL) new new v
6.5PN (tail) v X X
7.5PN (tail) disagreement new X
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2.5PN SPA phase for circular orbits
1/3
= (@) where f is the orbital frequency.

3715 55 2 3 15293365 27145 3085 o 4
<7+—V>'u — 167v +<7+ V+7V)'U
508032 504 72

" > {
PP T 128005

756 9
(38645 65 ) 5 ( v )}
—+ — —v |7 In | —
252 3 vo
_ ) _(2) [<195 1595 325 2) _(2) (195 4415 > _(2)
i =— 14220 + A + —_—+ —v Al —+ —v
Pridal 6 {( AL e 112 ' 28 8a )M 12 " a6 )M
5 170 N 5 ~<2>] 2 pie
[ - —A ) 1422 AL
+< 126 21 V) 7+ 26— )" [( AL ]
136190135 975167945 281935 5 5 3\ () 136190135 211985
v — — By + A — v
27433728 4572288 6048 3" 27433728 2592
1585 5\ _(2) ( 745 1933490 3770 2) _(2) ( 745 19355 ) _(2)
— +|(-—+ —v - — +A(———+
1206 ) - 4536 5108~ 81 0 )7+ 4536 243 7)) 7~
1000 ~(3)} [( 397 5343 1315 2) NEN ( 397 6721 >~(2>
20 2ot 0 _ 290 Bred
Y 112 56 42 Hy 112 336 -
2 8312 . 2 .
+ (— - —u> CARNE —Aa@] "
21 63 21
[HFB20b]
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SPA phase for identical objects
EOB tidal phase of the GW without spin (in the SPA) :

1248" 3302208 ' 3512
4283 5]

117 3115 28024205 20
T,EOB(U) _ _T'u@) WP [1 T S ( 22> VA

——Tv

1092

[Damour, Nagar, Villain 2012]
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SPA phase for identical objects
EOB tidal phase of the GW without spin (in the SPA) :

1248" 3302208 ' 3512
4283 5]

117 3115 28024205 20
TEOB(Q) _ _T,u(z) 5 [1 T S < 22> VA

——Tv

1092

[Damour, Nagar, Villain 2012]

" U7 5 BUI5 5 5 379931975 , 2137

tidal = =771 1248 44579808 © " 546
49

< Our work fixes 33 16016008634 ~ (0.632

< Slight disagreement on the tail term (o v®) under investigation.
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4) Radiative sector

5) Conclusion and perspectives
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Conclusion
Summary:
e Computation of the Lagrangian, EOM and conserved quantities.
— Equations of motion
— Energy in agreement with literature
— Isotropic Hamiltonian in agreement with literature
e Computation of the flux and phase up to relative 2.5PN.
— Flux
— Phase in time domain
— SPA phase
Perspectives:
e Coupling of tidal effects to spins
— Already known up to 1.5PN
o Relax the adiabatic approximation
— Shown that dynamical tides are not negligible at leading order
o Relax the quasi-ciruclar orbits approximation
— Include eccentricities in order to derive the phase

Thank you for your attention !
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