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Overview

Shifting the Perspective: From The Bulk to the Boundary

State-of-the-art Cosmological Bootstrap

The Cosmological Optical Theorem (COT) and Cutting Rules

The Manifest Locality Test (MLT)

Bootstraping sample correlators in the EFT of single field inflation

* Concluding Remarks



Shifting The Perspective: From the Bulk to the Boundary

* In the past couple of decades, we have seen huge progress in the development of on-shell
methods in the Scattering Amplitude Program. Cheung 2017, Benincasa 2013

* The idea is to reconstruct the actual observable, namely the S-matrix, from the principles
of Lorentz invariance, Locality and Unitarity.

* These methods are especially useful in dealing with massless spinning particles, as the
redundancies of gauge symmetries and diffeomorphisms can be abandoned altogether.
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- YM=unique (low energy) interacting theory of massless spin-1 particles

e some amazing upshots Benincasa-Cachazo 2007:

- GR= unique (low energy) interacting theory of a massless spin-2 particles

- SUGRA= Unique (low every) interacting theory of a massless spin-3/2 and a massless spin-
2 particle McGady-Rodina 2014



* The Chief observable in Cosmology: late time correlation functions (equivalently the
Wave Function of The Universe)

Classical Evolution

VL] & (CF,) LX) - c@n»I

| /

vacy aln) ~ = q

¥[p(k)] = exp (_%/ (ggl;3¢2(k)¢(k)¢( —k) — E n! H d3k1 n(k1,..., k )¢(k1)---¢(kn))

Leading Gaussian Piece Perturbative Contributions from Interactions .



* Correlators (for physical momenta) can be obtained by integration over the fields
space weighted by the probability |¥[®(x]
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Bulk Formalism Disadvantages:

* Redundancies.: Field Redef, Gauge Symmetries
* Nested time integrals(Complicated even at
tree level in contrast with flat space)

¢ (k,n)
¢+ (ka 770)
Gk,n,n) = Bulk-to-Bulk

K(k,n) = Bulk-to-Boundary

i (9(77 — 1) (k0 )¢~ (k,n) +0(n —n)e" (k,n)¢~ (k,7')

¢_(k> 770) /
e gt o ) ).

Yn(ki, ks, ... Ky ) D

k1 = |k

ko

kn

U

S/

vertex = (0 ¢)™

A%

Unobservable Time Evolution




Boundary
Principles?
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Has that ever been useful?
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Simplicity vs Complexity

, non-perturbative derivation of tensor non-gaussianity
from dS conformal symmetries Maldacena-Pimentel 2011

I

Conformal symmetry of dS on the boundary Infinitely many operators contribute to the
restricts the 3pt into only two possible graviton cubic couplings
shapes,

R, W2 — (yy7v) R? R2,,ROR,...

Sadra Jazayeri (IAP) 11



non-perturbative derivation of soft theorems in
single field inflation (Model Independent)

Maldacena 2002, Creminelli-Zaldarriaga 2004, Creminelli-Norena-Simonovic
2012, Hinterbichler-Hui-Khoury 2013

e e

For each single field model one has to repeat

Symmetries generated by adiabatic modes
Maldacena’s computation for the Bispectra

non-linearly realized by C

(= ((x)+ A+ Ax.V(

() C(Rs) C(Rg)) = P(km%% (K P(ks))

ks

+

ks 12



, Tree level four-point function of gravitons

R N

? No Explicit computation
to this date
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The Cosmological Bootstrap

* The back bones of the bootstrap approach:
* Analytical Properties of the Correlators (after analytical continuations)

* Polology of the analytically continued 7point functions

Vo (lk1l, ke, - s Pl - - Ka Kb, - .- )
k; ko k-1 k,
/ pn:kn+kn—1 V
py = kit ks Un(k1, ko, ... 501,02, .. 1 Ko Kp)

External and Internal Energies J
Im(k,) < 0,Im(p,) <O



Special cases of three and four point functions

(for the most part, | will focus on tree level diagrams of (massless or cc) scalars on a
fixed dS background with Bunch-Davis vacuum)

Exchange Diagram Contact Diagram
\
s =k; +ko

7ﬁbll(kl?1627]{37]{478) ¢3(k17k27k3>

+t and u channels
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* Example: phi4 theory of a conformally coupled field in dS

Sz/@(—%(@uw)Q—HQ 2—A¢4)

g
Ve =

Time A




* Example: phi4 theory of a conformally coupled field in dS

s= [ v=9 (-5 - 2 - aet)

¢6 — 6 92 S A — 92
06 (Mazr ka)(ky + k2 + ks + ) (ka + ks + ke + 5) O (ky + ko + k3)2 — 82
e
Time A kT — 0
ki ks
k2 k5
kl k2 k3 k4 k5 k6 k3 > k6
np — —0 2 = =00



* Example: phi4 theory of a conformally coupled field in dS

= [vEa (-0 - 12 - 36

g2

k5 k6 - k5 k6

4

k1+7€2+7€3+8 k1+k2—|—k3—s

171-)—00



Behavior around the Pole

Type of the Diagram
Pole/Singularity Type
Total energy Pole Contact
Exchange

(interaction
inserted at infinite
past)

]{ZT:kl—l-kQ—l-—l-kn—)O

Partial Energy Poles
Ep=k+k+s =30
ER:k3+k4+8 %O

Exchange

(one interaction
inserted at infinite

past)
(s-channel)

Collinear Singularity
]Cl -+ k2 —s—0 k2 x

ks +kas—s—0 f Non-Bunch
Davis Vacuum

An(1,...,n)

k:lq}rilown(kla oy Kp) = (k1...kn) k%

p:1+Z(Da_4)

Maldacena-Pimentel 2011, Raju 2012,
Pajer 2020, Goodhew-SJ-Pajer 2020

lim  wha(ky, .., k4, s) =

EL,R_>O

1 N
7P A3 (K1, k2, 8) X 3(k3, ka, 5)
L.R

Baumann-Duaso Pueyo,-Joyce-Lee-Pimentel 2020,
Pajer 2020, Goodhew-5J-Pajer 2020

X




There are almost always subleading
total and partial energy poles

We need more inputs!



AdS to dS/Mellin Space

Sleight, Taronna 2021, 2020, 2019, 2018

Benincasa, L. McLeod, Vergu 2020

Arkani-Hamed, Benincasa 2017, 2018

de Sitter Symmetries SO(4,1) Pi7 Ji7 l)7 Kz

Arkani-Hamed, Maldacena 2014
Arkani-Hamed, Baumann, Lee, Pimentel 2018
Baumann, Duaso Puyeo, Joyce, Lee, Pimentel 2019
Baumann-Duaso Pueyo,-Joyce-Lee-Pimentel 2020

£y, Ji, D, ﬁ{z

Other Boundary Inputs? Boostless Bootstrap

Pajer, 2020
SJ, Pajer, Stefanyszyn 2021

Cosmological Polytopes dS Correlators from

Flat Space Correlators

Benincasa 2019 Baumann, Chen, Joyce, Lee,

Pimentel 2021
21




Recursive Bootstrap

More complicated exchange

Diagrams
Unitarity
+Manifest
Single Exchange Diagrams Locality

Up to Contact Terms

Y /\V

Massless external Fields:
Rational Ansatz for contact terms

Pol ki, ko, k
Y3 (k1, ko, k3) = ygﬂ?](cpl 2 ks)
T

Manifest
Locality

All Contact Terms
For Manifestly Local Theories



* Qur Setup: probe scalar field in de Sitter space. The setup is
similar to the one in the EFT of single field inflation in the

decoupling limit Cheung et al 2008 (except that here we do not impose

non-linearly realized boost symmetries while we assume exact scale
invariance).

1 1 1 1
/dn d’x a*(n) [§gb’2 — %(&-gb)z + 391 P + 592 ¢ (0;0)° + §gggb’((92q§)2 + ...

d(n,x) — ¢(An, Ax)



The Cosmological Optical Theorem (COT)

* In flat space, perturbative unitarity is encoded in the S-matrix optical theorem which formally

Im(*— 8§ »7)=- 518 —)— s L™ | — §(p* — m?).
TR g( /H_)(%\ ) Im 2 mZ 1 ic (p* —m*)

* In Cosmology, a similar optical theorem follows from,

o Reality of the couplings
g =y
o The Hermitian Analyticity of the Bulk-to-Boundary Propagator

K;(z,m) = Ko(=2%,m),  Im(z) <0. [ Kolko) = S22 —(Hkn)expwkn%

o The Factorization Property of the Bulk-to-Bulk Propagator

ImG(s,n) =2P(s,m0) ImK(s,n) x ImK(s,n).



* For contact diagrams COT takes the following form,

A

[ wvlz(kav ]%a | ]%b) + {waz(_k:;: kq - fcb)} ' =0, ko € c". }

For scale invariant correlators of massless fields this is trivially satisfied

(when there are IR-infinities e.g. with log branch cuts, it relates the coefficient of
the logarithm to the imaginary part of the wfc)

Vn(ke) ~ig [ dnF(kake,n) K(k1,n) ... K(kn,n).

Vo (—ky) ~ —ig/an(ka-kb,n) K*(—ki,n)...K(=k;,n).

25



* For single exchange diagrams COT appears as cutting rules for wfc's,

/

-

VYa(ki, ko, ks, ka,s) + ¥y (—ky, —k5, —k3, —ky,s) =

P(S) (¢3(k17k275)+¢3(_ >1k7_ 575)) (¢3(k37k478)+¢3(_ ;7_k31<75))

Wy(ka,s) = g° /dndn’K(k1,n)K(kz,n)

\_/—

G(87 7, UI)K(/‘C:% n/)K(kéla 77’)

See H Goodhew-SJ-G Lee-E Pajer 2021 for various

extensions to (i) other accelerating backgrounds
(ii) Higher order diagrams
(iii)external spinning fields




* Similar results hold for arbitrary tree diagrams (dubbed “cutting rules”)

| k5 | k5
| |
| |
| |
I I

: WW T

* The COT extends to loop diagrams and it involves diagrams with multiple cuts
E Pajer, S Melville 2021

|t applies to arbitrary accelerating backgrounds as long as there is a Bunch-
Davis initial condition Goohew-Lee-SJ-Pajer 2021



Leading and Subleading Partial Energy Poles from the COT

* Around E; = 0, the singular behaviour of Y, is dictated by the RHS of the COT as the second
terms is analytic there,

R, (ER, k1 ko, ks ky, s)
0<n<m

* The analytic part above is not totally arbitrary: it should cancel the collinear singularities in R,
* The Laurent expansion around E; = 0 should be consistent with the one around Er = 0

* Terms that are regular in partial energies cannot be constrained by COT

¢4(ka,8) ¢4(—ka,5) ¢3(k17k273) 7703(]6171627_3)
(partial energy pole) B, =0 v X v X
(collinear pole) K, = 2s X v X v
(total energy pole) Ef, + Er = 2s v v X X



The Manzufest Locality Test (MLT)

We have already implemented a weak version of Locality within our polology: a diagram should

have no pole other than the total energy and subdiagram poles. e.g. negative powers of external
energies cannot appear in i,

But this is not enough. Consider the following non-local interaction,

1
2
cb’ﬁ

/

Nevertheless, the resulting cubic contact term will still be regular at k, = 0,

. 2 (k2 k2 + k2K2 + k2K2) W
B ki + ko + ks




* Such secretly non-local contact terms can be excluded by looking at the singularities
of the exchange diagram formed by gluing two copies of them,

¢4(ka78) + ¢4(_ka78) — P<S) <¢3(k17 k2, S) - 2p3(k17 k2, _S)) X ((172) NS (374))

N/ r .

o) + .. Naive scaling : O(s)

* The absence of spurious pole in s = 0 for the 4pt function demands the following,

MLT for 3pt . %¢3(k1, ]CQ, S) =0

s=0

* This is not satisfied by the previous example

30



» A few remarks about the MLT:
1) It can be straightforwardly generalized to any diagram,

(kla'- kna{p} {k}

Ok,
k1 k2 k3
=~ VYa(ka, ks, ke, S;p2)
TS

2) Same result can be obtained Without looking at COT by directly looking at the bulk
expression for 1,, and that,

1 ;
5(%577)2 + §(0¢>577)3 + O(5°)

so when the vertices are manifestly local, the MLT will follow.

lim K S)=1
Sl—% ¢(777 ) +

3) It was crucial to keep the external and internal energies fixed when sending k, = 0,
therefore MLT is defined only for the analytically continued v,

31



Bootstraping Contact Diagrams using the ML T

e Unitarity (COT) is trivially satisfied thanks to scale invariance.

 Step |: 3pt should be a rational function of three external energies and be symmetric under the
permutation of the external legs (aka Bose symmetry). There should be no pole other than the
total energy (Bunch Davis vacuum). p is an integer that characterizes the highest degree of the

pole.

Lp-l-BJ I_p—|—3 SnJ

(p) 3+ 2m—3n m n _
37 (kv ka, ks) = kp Z Z Crmkip P~ el e p=D-3
k’?) =e1 = k1 + ko + k3, eo = k1ko + k1ks + koks, es = k1koks.



+ Step II. Apply the MLT: i%(kl,kg,kg)

=0
0k k1=0
* For p=3 (Ntotal=7-4=3) ¢¢/2, gb(@qu)Q
»— ¢+ €b2 :lgoca,l — kz% — 3kres + 3es
3 BEFT1 _ €3
b A
1
5 (V)? BFT2 _ @(k{} — 3ktes + 11kes — dkges — dkreges + 12¢3)

* One can prove that to arbitrary order in derivatives (arbitrary p) the solutions to MLT
can be attributed to a cubic contact term (proof for arbitrary contact terms?)



Bootstraping Exchange Diagrams
via Partial Energy Recursion Relations

Exchange Diagram

Here is the corresponding well posed mathematical question:
For a given cubic vertex what four-point functions satisfy both the

COT+MLT, and the same time have the right pole structure?

77D41(klak27k?>7k478) + ¢Z<_k1<7 _k>2k> _k§7 —k'Z,S) —
P<S) (?#3(/617 k2: S) T ¢3(_k1<7 _k>2k? S)) (¢3(k37 k47 S) T w?)(_k;? _kL S))

8¢4(ka, S)

= 0.
ok, Ea

the best one can do is to solve COT+MLT up to an arbitrary quartic
contact term (very sensible from an EFT standpoint)



* One-Variable Shift of energies

We choose the energy shift such that the residues of those poles are dictated by unitarity.

One convenient choice is the partial energy shift

~

Va(Er, ER, k1ka, ksks, s) — ¥4(2) = Y4(EL + 2, Er — 2, k1ko, ksky, s)

singularities of 1)4(z) : z=—-FEp and z=Fp.

kr(z) = (Ep —2)+ (Er+2) —2s = kr.

35



* (partial energy recursion relations).

We use the Cauchy theorem to relate Y,(z) at origin (=y4(E}, ...)) to the residues of
its associated poles and a boundary term at infinity

1 halz ) b
Va(ErL, ER, k1ka, kaks, s) = 577 dz Yalz) = —Res ¢4(Z)} — Res ¢4(2)} + B
1 Z z 2
C Co ZZ—EL ZZER
~ — ¢Res +B ’
J/ q\i

Co Cr Entirely fixed by MLT+COT

CL
@ C) @ ° TheCOT Up to a quartic contact term




Concluding Remarks and Future Directions

* We introduced a set of tools for bootstrapping the correlators of massless
fields in Cosmology, namely the CO7, the MLT.

* The MLT decides whether a correlators can originate from a manifestly local
operator in the Lagrangian, while the COT is satisfied by correlators that arise
from unitary theories.

* Using the MLT contact diagrams can be bootstrapped, while the combination
of the COT and the MLT gives us the power to bootstrap more complicated
Tree-diagrams.



* Some fruitful generalizations ahead of us,

o For spinning fields, it is essential to replace the MLT with a more relaxed version
of locality that can accommodate obviously legitimate theories such as gauge
theories and GR in dS. Also our partial energy shifts should be modified beyond

its current single channel format. By doing so, hopefully we can answer questions
like what are the consistent 4pt of gravitons in dS.

o It would be nice to extend our methods to situations where branch cuts are

present. In particular correlators with massive fields or Logarithmic IR-
singularities.

o COT remains a perturbative statement unlike the optical theorem in flat space.
What is the non-perturbative version of it probably stated for the full

wavefunction of the universe? \P{¢(X)}
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Backup



* As aresult,

* For IR-finite contact terms among massless particles, COT 1mplies

kn

v = ky f(g, koky) = Im(¢/%) =0 (massless field)

* Very non-trivial implications for IR-divergent contact terms (with

branch cuts). E.g. ¢ theory in dS

9 - '
:’;b = 771 [(—2 + 27 +im)e; + (4 — 6y — 3iT)eae;
2 21
+(2+ 67 + 3im)es + 2 (] — 3ezen + 3ez) log (—exm) + — (] — 2e2) + =
Mo m

In(—kp — ie) = —iw + In(k7)

er = k1 + ko + k3, eo = k1ko + k1ks + koks e3 = k1koks .




* Application: Factorization on the pole from COT
EL:]C1—|—]€2—|—S—>O

Analytic around E, = 0

W5 (K1, ko, ka3, ka, 8) + [ (KT, —ka, —kay —ka, 8)]* =
Fo(s) [ é¢¢a(k1’k2’3)_wéqb(ba(klakza—s)} { :ls(b(ba(k:%,kzbs)— é¢¢a(k3,k4,—s)}

Three particle Amplitude V

1 3
As(k1, ko, s) X 3(ks, ka, s)

ELl,lén—mwll(kl’"’k%S) N Ei =

42



No matter how much effort we put in, the best we can do is to solve these equations
up to,

Oty

Ok, |k,=0

w4(ka73)+¢4(_ka73) :()7 =0
The first equation tells us that
>, can only have a total energy pole (no partial energy is allowed)
> it can depend only on even powers of s, therefore, 1, = (k4 5%) = Va(ka, k1 ko)

As such, the corresponding MLT turns out to be the MLT for contact terms (not
exchange diagrams),

0
Ok ¢4(ka, ka-kb) Lo = 0 = 14 = quartic contact term

In other words, the best one can do is to solve COT+MLT up to an arbitrary quartic
contact term (very sensible from an EFT standpoint).




* The residue sector YPp, is entirely fixed by the RHS of the COT,

7 AnERaELakkakabS
o) = 3 SRR 0+ B

0<n<m

1 m—n m —
A, = (m — n)‘ [(92 (Z + EL) H(EL + 2z, Ep — 2z, k1ko, k3ky, S)}z:—EL .

* Yres constituents the partial energy singularities of ¥, , while the boundary term can
only have total energy poles simply because

B:% Va(ErL + 2, ERp — 2) j B(Fgr,Er) = B(Er + ¢, Er, — ¢)
(Y’ Coo Z
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For this example, COT demands the following piece in the boundary term,

20 4

Bcor = ?S

Also Y, does not satisfy the MLT, and we need a second contribution to B,

1292 (k?k3 + k2k3)s®  4g¢3s
BEFT2 — _ g5 (k1 2;‘ ski)s 4 92 —592]€TS
K3 kr
The remaining boundary term is equivalent to the following contact term (by direct
bulk computation)

SALE™ = — 26/ 4+ 20%(V6)? +9a(m)os” — 17a2(1)0%" +
2
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e Step 0: Change of Kinematics

(Ve (K1, ko, k3, ka,5) = (EL, ER, k1ka, k3ks, s),
1@?5 : (k17k278) — (EL7k1k278)7
Pt (ks, ka,s) = (ER, kska,s) .

V4(Er, ER, k1ka, kska, s) + Ya(—FEr + 2s,—Er + 28, k1ka, kskq, s) = =

where o P(S) <¢3<EL7 k1k27 S) — ¢3<EL — 23, k1k27 _S>)
X (U3(ER, k3ks, s) — ¥3(ER — 28, kzka, —s)).



 Step 1: One-Variable Shift of energies (inspired from BCFW but with crucial differences).

We choose the energy shift such that the residues of those poles are dictated by unitarity.

One convenient choice is the partial energy shift

Va(Er, Er, kiks, kska, s) — a(2) = Yu(Er + z, Er — z, k1ko, kska, 5)

singularities of 14(z) : z=—Fy and 2z = FER.

Notica that the total energy pole is not shifted (which is not fixed by the RHS of the COT)

]CT(Z) = (EL — Z) -+ (ER + Z) — 25 = k.



* Step 2 (partial energy recursion relations).

We use the Cauchy theorem to relate Y,(z) at origin (=y4(E}, ...)) to the residues of
its associated poles and a boundary term at infinity

1 halz ) b
Va(ErL, ER, k1ka, kaks, s) = 577 dz Yalz) = —Res ¢4(Z)} — Res ¢4(2)} + B
1 Z z 2
C Co ZZ—EL ZZER
~ — ¢Res +B ’
J/ q\i

Co Cr Entirely fixed by MLT+COT

CL
@ C) @ ° TheCOT Up to a quartic contact term




Let us consider a simple example to illustrate Step |I.
491 (k1k2k3k48)

Az = — 3(Er 4+ Eg)?> — 6(EL + ER)s + 457],
3 L+E5)> 1+ ER) (EL + ER) ]
4891(161]62]63]648) 3 2 2 3
Ay = — E; + F —3(Er, + Er)°s+4(E + ERr)s” — 2s°|,
2 BB + En)? [(EL + ER) (EL + ER) (EL + ER) ]
249%(161]{72]{33]{748)2

A = — [5(Er, + Er)* — 20(EL, + Eg)*s

k>(EL + Egr)®
+40(Ey, + Eg)%s®* — 40(Ey, + Eg)s® + 1657,

The apparently spurious singularities in the Laurent expansion miraculously cancel in the actual residue,

A (Er, Eg, kiko, kaka. A (Er, Er, ksky, k1ko,
wRes:Z (LR12 345)+Z (RL34 123).

E? E%
0<n<m L 0<n<m R

6 3 11 1 1 12
— —4g3(k1kokskys)? En
g1 (k1kokskys) K ELEnR + kY ELEg (EL i ER> " k3 EpERr (EL i ER>

1 1 1 1
+ + -
k2.E2 F2 (EL ER> 2 E3E3]
Compared to the Bulk result, T—L™R THL 2R

g2
ALRT = =7



 Step 3 (back to the COT). Y. is not gauranteed to satisfy the COT by itself.
Therefore, COT might already necessitates a boundary term. However, because the
RHS of the COT is of O(s?) or higher and that B cannot have partial energy poles,
the only possibily for it is, 1

Bcot(ka, s) = 5008

where « is supposedly fixed by the RHS of the COT.

3

* Step 4 (boundary term from MLT) . + Bcor is not gauranteed to satisfy the MLT
either. In such cases a second conribution in the boundary term must be present such
that,

0

9,
—DB — T a7 es
gr. BuL aka¢R' )

ka,:()

Notice that on the right hand side above, a lot of cancellation should happen such that
the result is free of any partial energy pole.



