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How can Positivity Bounds be applied in Cosmology?

What are Positivity Bounds?

How are Positivity Bounds derived?

What do Positivity Bounds mean for Inflation?



One-Slide Summary

𝐴Scattering
Amplitude

𝑐!𝐸" + 𝑐"𝐸# +⋯

Unitary+Causal+Local

=
Unitary+Causal+LocalUV

IR 𝑐" < 0𝑐" ≥ 0

ℒ!"# = �̇�$ − 𝑐%$ 𝜕&𝜋 $ + 𝛼' �̇�( +⋯

Subhorizon
Scattering 

Amplitude  

EFT of Single-Field Inflation

Cannot be
Unitary+Causal+Local

in the UV!
(assuming single-field

on subhorizon scales)

𝛼'

𝑐%

𝐴

1

Time

? ? ?
Fundamental Physics

Low-Energy Expansion

[Grall, SM 2021]

[Planck 2018]
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How can UV consistency
constrain our IR models? 

What can IR observations 
reveal about UV physics? 

Φ) Φ*

Φ)

ℒ()[Φ*, Φ+]
All degrees of freedom

ℒ,-.[Φ*]
Only light degrees of freedom

UV

IR

Energy

Accessible
(experimentally/theoretically)

(experimentally/theoretically)
Inaccessible

What are Positivity Bounds?

Fundamental

Phenomenological
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𝑐'+,-

𝑐$+,-

UV
Theories

EFT
Parameters

𝑐.+,-

Detailed UV
Physics

Φ)

Φ)

Φ)

Φ)

Φ)

Φ)

Φ)

Φ)

UV

IR

Energy
Top-Down Particular

particle content,
symmetry group,

couplings, …

Particular values
for Wilson coefficients

Integrate out 
heavy physics

Φ)
/𝑐!$%& 𝜕$Φ)

/𝑐"$%&+ +⋯

“Wilson Coefficients”

What are Positivity Bounds?
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𝑐'+,-

𝑐$+,-

UV
Theories

EFT
Parameters

Particular
particle content,
symmetry group,

couplings, …

Wilson coefficients
are free parameters

?

(fit to data)𝑐.!"#

Detailed UV
Physics

Φ)

Φ)

Φ)

Φ)

Φ)

Φ)

Φ)

Φ)

UV

IR

Energy

Φ)
/𝑐!$%& 𝜕$Φ)

/𝑐"$%&+ +⋯

Bottom-Up

“Wilson Coefficients”

What are Positivity Bounds?



Integrate out 
heavy physics
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𝑐'+,-

𝑐$+,-

UV
Theories

EFT
Parameters

𝑐.!"#

Detailed UV
Physics

Φ)

Φ)

Φ)

Φ)

Φ)

Φ)

Φ)

Φ)

UV

IR

Energy
Positivity

Φ)
/𝑐!$%& 𝜕$Φ)

/𝑐"$%&+ +⋯

satisfies
Positivity 
Bounds

“Wilson Coefficients”

Unitary,
Causal,
Local

What are Positivity Bounds?



2

𝑐.!"#

Detailed UV
Physics

Φ)

Φ)

Φ)

Φ)

Φ)

Φ)

Φ)

Φ)

UV

IR

Energy

Φ)
/𝑐!$%& 𝜕$Φ)

/𝑐"$%&+ +⋯

“Wilson Coefficients”

What are Positivity Bounds?
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Unitary Causal Local

Positivity is increasingly important in the search for new physics

LHC data

Allowed

Need UV/IR relations to maximize discovery potential in cosmology



Causality

Unitarity

Relates IR to UV

𝑛0𝑝 0𝑝
=

0𝑝 0𝑝

"
!

Im 𝐴( +𝑝)= 𝐴'→. +𝑝 𝐴'→.∗ ( +𝑝)'
$

𝑛

UV is positive

𝑝 𝑝 𝑛0𝑝 0𝑝𝑛
=

𝐴 𝑝 = .
2

3 𝑑 +𝑝$

+𝑝$ − 𝑝$
= #

"

# 𝑑 %𝑝$

%𝑝$%&$
"
!

𝐴'→! %𝑝 $1
4

𝑝$4

𝐴+,- 𝑝 =1
4

𝑝$4 𝑐4 𝑐4 > 0has⇒ 𝐸𝐹𝑇 𝐸𝐹𝑇

(Locality)
+

3

(via optical theorem)

IR coefficients are positive

5𝑆5 5𝑆 = 1

𝒪, , 𝒪- = 0

𝑝 𝑝 0𝑝 0𝑝=

𝐴 𝑝 = .
2

3 𝑑 +𝑝$

+𝑝$ − 𝑝$ Im 𝐴( +𝑝)

(via dispersion relation)

How to derive Positivity Bounds?



Unitarity

Causality

(Locality)
+
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How to derive Positivity Bounds?

0𝑝#0𝑝!

𝑛 𝑛 0𝑝'0𝑝"
= "

!0𝑝!

0𝑝" 0𝑝'

0𝑝#
(
!

Im 𝐴!"→'# 𝐴!"→* 𝐴'#→*∗=

+
,𝑝"+

,𝑝#

,𝑝"

,𝑝# ,𝑝$

,𝑝%

,𝑝" + ,𝑝%
,𝑝$,𝑝#

,𝑝%,𝑝"
=𝑝"

𝑝# 𝑝$
𝑝%

Also translational invariance
(energy/momentum conservation)

𝑝'
𝑝!

𝑝"
𝑝#

Lorentz
Invariance function of only two variables

𝑡 = 𝑝! + 𝑝" #

𝑢 = 4𝑚# − 𝑠 − 𝑡

𝑠 = 𝑝! + 𝑝# #𝐴 𝑝', 𝑝$, 𝑝(, 𝑝/ = 𝐴 𝑠, 𝑡

𝐴 𝑠, 𝑡 = #
"

# 𝑑�̃�
�̃� − 𝑠

Im 𝐴 �̃�, 𝑡 + #
"

# 𝑑 %𝑢
%𝑢 − 𝑢

Im 𝐴 %𝑢, 𝑡

,𝑢 >
0�̃� > 0

Non-
perturbative

[Bohr++,1939]

Non-
perturbative

[Bremermann, Bros, 
Epstein,Froissart,
Glaser, Gribov,Hepp, 
Jin, Kallen, Lehmann, 
Mandelstam,
Martin,Taylor,1960s]

𝐴+,- 𝑠, 𝑡 =1
6,8

𝑠6𝑡8 𝑐68 has bounded 𝑐68

[…]



Unitarity

Causality

(Locality)
+
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How to derive Positivity Bounds?

0𝑝#0𝑝!

𝑛 𝑛 0𝑝'0𝑝"
= "

!0𝑝!

0𝑝" 0𝑝'

0𝑝#
(
!

Im 𝐴!"→'# 𝐴!"→* 𝐴'#→*∗=

+
,𝑝"+

,𝑝#

,𝑝"

,𝑝# ,𝑝$

,𝑝%

,𝑝" + ,𝑝%
,𝑝$,𝑝#

,𝑝%,𝑝"
=𝑝"

𝑝# 𝑝$
𝑝%

Also translational invariance
(energy/momentum conservation)

𝑝'
𝑝!

𝑝"
𝑝#

Lorentz
Invariance function of only two variables

𝑡 = 𝑝! + 𝑝" #

𝑢 = 4𝑚# − 𝑠 − 𝑡

𝑠 = 𝑝! + 𝑝# #𝐴 𝑝', 𝑝$, 𝑝(, 𝑝/ = 𝐴 𝑠, 𝑡

𝐴 𝑠, 𝑡 = #
"

# 𝑑�̃�
�̃� − 𝑠

Im 𝐴 �̃�, 𝑡 + #
"

# 𝑑 %𝑢
%𝑢 − 𝑢

Im 𝐴 %𝑢, 𝑡

,𝑢 >
0�̃� > 0

Non-
perturbative

[Bohr++,1939]

Non-
perturbative

[Bremermann, Bros, 
Epstein,Froissart,
Glaser, Gribov,Hepp, 
Jin, Kallen, Lehmann, 
Mandelstam,
Martin,Taylor,1960s]

𝐴+,- 𝑠, 𝑡 =1
6,8

𝑠6𝑡8 𝑐68 has bounded 𝑐68 𝜕%$𝐴!"#(𝑠, 0) > 0
[Adams++, 2006]

Im 𝐴9: 𝑠, 0 > 0=

𝜕.$𝐴/01 ∝ #
"

# 𝑑�̃�
�̃�2

Im 𝐴34

(with 𝑡 = 0 held fixed)

=

= "
2

e.g. in Forward Limit

[…]

𝑝"

𝑝# 𝑝"
𝑝#
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cB

�1

0

1

c T

�1 0 1 2
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𝜙
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#𝑑6𝑥 −𝑔 𝐺$ 𝑋 + 𝐺6 𝑋 𝑅 + 𝐺67 𝑋 ☐𝜙 $ − ∇∇𝜙 $

𝑃 𝑋 Scalar-Tensor

Covariant Theory

Lorentz-invariant Vev Cosmological Vev

𝐺/=
$ ≤ 𝐺/𝐺/==𝐺/= ≥ 0

𝛼& = 4𝑋𝐺#5 𝛼6 = 8𝑋(𝐺#5 + 2𝑋𝐺#55)

𝛼> ≤ $?*
'@?*𝛼- ≥ 0

𝛼 -
/Ω

A
!

𝛼>/ΩA!

[de Rham, SM, Noller 2021] [SM, Noller 2019]

CMB (Planck)
BAO (SDSS/BOSS)
Matter (SDSS)
RSD (BOSS/6dF)

Tensor Speed Braiding (DE Clustering)

𝜙 = 0 𝜙 = 𝜙(𝑡)
𝑔78 = Minkowski 𝑔78 = FLRW

[Horndeski
1974]

[SM, Noller 2019]

e.g. Dark Energy

Strategy 1:

𝜙 = 𝜙(𝑡)𝜙 = 0 Import

Positivity
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𝑑𝑠# = −𝑑𝑡# + 𝑎# 𝑡 𝑑𝒙#

ℒ!"# = �̇�" − 𝑐?" 𝜕@𝜋 " + 𝛼! �̇�' + 𝛼"�̇� 𝜕𝜋 " + 𝛽! �̇�# + 𝛽"�̇�" 𝜕𝜋 " + 𝛽' 𝜕𝜋 #

[Cheung++
2008]

Covariant Theory

Lorentz-invariant Vev Cosmological Vev

Strategy 2:

? + 𝜋

𝜋

Scalar Fluctuations

𝜋
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𝛼! =
"#$!"

$!"
,  𝛽! =

%&#
!$!"

+ "#$!"
"

!$!$
, 𝛽% =

"#$!"

'$!$

𝑑𝑠# = −𝑑𝑡# + 𝑎# 𝑡 𝑑𝒙#

ℒ!"# = �̇�" − 𝑐?" 𝜕@𝜋 " + 𝛼! �̇�' + 𝛼"�̇� 𝜕𝜋 " + 𝛽! �̇�# + 𝛽"�̇�" 𝜕𝜋 " + 𝛽' 𝜕𝜋 #

[Cheung++
2008]

Subhorizon
Scattering  

(𝛼, 𝛽 ≈ constant on subhorizon scales)time translations⇒
Work in limit 𝑀A → ∞ ,	 �̇� → 0 ⇒ gravity decouples (no tensor modes)

Only  𝑐. , 𝛼' , 𝛽'
are independent

𝐴 𝑠, 𝑡 → 𝐴 𝑠, 𝑡, 𝜔!, 𝜔", 𝜔'

𝜕?" NB
𝐴 𝑠, 𝑡 → 𝜕?" NB,?,?,?

𝐴 𝑠, 𝑡, 𝜔!, 𝜔", 𝜔'

(with 𝑓<6 = 𝑀=
$�̇� fixed)

However… boosts are broken

ℒ!"# ⊃ 𝛽'�̇�/ ⇒
𝜋

𝜋 𝜋

𝜋

𝐴 = 𝜔'𝜔$𝜔(𝜔/

⇒ Need new positivity bounds

(Explicit energy
dependence)

Covariant Theory

Lorentz-invariant Vev Cosmological Vev

Strategy 2:

? + 𝜋

𝜋



(
!

Im 𝐴!"→'# 𝐴!"→* 𝐴'#→*∗=

Also translational invariance
(energy/momentum conservation)

0𝑝#0𝑝!

𝑛 𝑛 0𝑝'0𝑝"
= "

!

Unitarity

Causality

(Locality)
+

0𝑝!

0𝑝" 0𝑝'

0𝑝#

𝜕.$𝐴/01 ∝ #
"

# 𝑑�̃�
�̃�2

Im 𝐴34

(with 𝑡 = 0 held fixed)

=

???

???

???

7
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Im 𝐴9: 𝑠, 0 > 0

= "
2

???

???

+
,𝑝"+

,𝑝#

,𝑝"

,𝑝# ,𝑝$

,𝑝%

,𝑝" + ,𝑝%
,𝑝$,𝑝#

,𝑝%,𝑝"
=𝑝"

𝑝# 𝑝$
𝑝%

𝐴 𝑠, 𝑡 = #
"

# 𝑑�̃�
�̃� − 𝑠

Im 𝐴 �̃�, 𝑡 + #
"

# 𝑑 %𝑢
%𝑢 − 𝑢

Im 𝐴 %𝑢, 𝑡

,𝑢 >
0�̃� > 0 ???

Lorentz
Rotations

𝐴 𝑠, 𝑡 only 𝐴 𝑠, 𝑡, 𝜔', 𝜔$, 𝜔(
Amplitude depends explicitly on three energies

𝑡 = 𝑝! + 𝑝" #

𝑢 = 4𝑚# − 𝑠 − 𝑡

𝑠 = 𝑝! + 𝑝# #



Also translational invariance
(energy/momentum conservation)

Unitarity

Causality

(Locality)
+

7
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Lorentz
Rotations

𝐴 𝑠, 𝑡 only 𝐴 𝑠, 𝑡, 𝜔', 𝜔$, 𝜔(
Amplitude depends explicitly on three energies

𝑡 = 𝑝! + 𝑝" #

𝑢 = 4𝑚# − 𝑠 − 𝑡

𝑠 = 𝑝! + 𝑝# #

Non-
perturbative

[SM+Grall, 2020]

Im 𝐴>?@(𝑠, 𝜔', 𝜔$) > 0

In forward limit 
(𝑡 = 0, 𝜔$ = −𝜔")

𝜕&#𝐴'() ∝ J
*

+𝑑�̃�
�̃�$

Im 𝐴,-

{ 𝑡 = 0 , 𝜔$ = −𝜔" ,  &./0(
}

with

held fixed
[SM+Grall, 2021]

𝜕%$𝐴!"# > 0 with 𝑡 = 0 ,		𝜔! = −𝜔'
and ?OP

QA
held fixed

𝐴RST = (𝜔" + 𝜔#)U𝑡V𝐶UV"
B,D

has bounded 𝐶UV[SM+Grall, 2021]



Also translational invariance
(energy/momentum conservation)

Unitarity

Causality

(Locality)
+

7

How to apply Positivity Bounds in Cosmology?

Lorentz
Rotations

𝐴 𝑠, 𝑡 only 𝐴 𝑠, 𝑡, 𝜔', 𝜔$, 𝜔(
Amplitude depends explicitly on three energies

𝑡 = 𝑝! + 𝑝" #

𝑢 = 4𝑚# − 𝑠 − 𝑡

𝑠 = 𝑝! + 𝑝# #

Non-
perturbative

Im 𝐴>?@(𝑠, 𝜔', 𝜔$) > 0
[SM+Grall, 2020]

[SM+Grall, 2021]

𝜕&#𝐴'() ∝ J
*

+𝑑�̃�
�̃�$

Im 𝐴,-

{ 𝑡 = 0 , 𝜔$ = −𝜔" ,  &./0(
}

with

held fixed

𝜕%$𝐴!"# > 0 with 𝑡 = 0 ,		𝜔! = −𝜔'
and ?OP

QA
held fixed

𝐴RST = (𝜔" + 𝜔#)U𝑡V𝐶UV"
B,D

has bounded 𝐶UV[SM+Grall, 2021]

𝒑' + 𝒑$ = 0

𝐴 𝑠, 𝜃 = 𝑃ℓ(𝜃)𝑎ℓ(𝑠)
𝐴 𝑠, 𝒑23 , 𝜃", 𝜑", 𝜃$, 𝜑$
= 𝑌ℓ)

%) 𝜃!, 𝜑! 𝑌ℓ*
%*∗ 𝜃", 𝜑" 𝑎ℓ)ℓ*

%)%*(𝑠, 𝒑'( )

In forward limit 
(𝑡 = 0, 𝜔$ = −𝜔")

Im 𝑎ℓ 𝑠 > 0

𝒑' + 𝒑$ = 𝒑EF

Im 𝑎ℓ)ℓ*
4)4* 𝑠, 𝒑23 positive matrix

→)
ℓ )

ℓ!&!

𝜔# =
𝑠 − 𝑢
𝑀

𝜔" = 𝛾𝑀

𝜔$ = −𝛾𝑀

𝜔% =
𝑢 − 𝑠
𝑀

𝜔# =
𝑠 − 𝑢
8𝑚

𝜔! = 𝑚

𝜔" = −𝑚

𝜔* =
𝑢 − 𝑠
8𝑚

𝒑' + 𝒑2 = 0

→

[Bremermann++, 1958]

𝒑' + 𝒑2 = 𝒑GHIJK

𝐴>?@(𝑠, 𝛾,𝑀)



Big impact on 
simple models

Unitary  +  Causal  +  Local
Large-scale (IR)Small-scale (UV)

ℒBCD = 𝛽'�̇�/ 𝜕%$𝐴 = (
$ 𝛽'

ℒBCD = 𝛼'�̇�( 𝜕%$𝐴 = −E
/ 𝛼'

$

⇒

⇒

⇒

⇒

=

8

Trispectrum is bounded 
by the bispectrum 𝛽' ≥ (

$ 𝛼'
$ − 2𝛼' − '

(
'FG56
G57

𝜕%$𝐴 =

𝛽HBC(𝑐%, 𝛼')𝜕?"𝐴RST = P
Q
Im 𝐴RST + P

Q

^
Im 𝐴_`

𝛽! − 𝛽abc ? > 0
(Not known)(Known)

𝐼(𝜔) > 0

Can strengthen 
bound by

subtracting IR
information

ℒ!"#[𝜋] ⇒ ⇒

What do Positivity Bounds mean for Inflation?

𝑓(𝑐8, 𝛼9, 𝛽9)

≥

𝛽' ≥

𝛽' > 0

𝛼' = 0 [Grall, SM 2021]

𝜕%$𝐴+,- = P
d

^
e?̃
?̃L Im 𝐴fg ≥ 0



IR + +⋯

New physics (Unitary+Causal)

𝜕?"𝐴RST = P
Q
Im 𝐴RST + P

Q

^
Im 𝐴_`

𝛽! − 𝛽abc ? > 0
(Not known)(Known)

𝐼(𝜔) > 0

𝛽! − 𝛽abc > 𝐼(8𝐻)

𝑐% = 0.1𝛼'

10𝐻
12𝐻

14𝐻

8𝐻

𝛽! − 𝛽abc > 𝐼(10𝐻)

𝛽! − 𝛽abc > 𝐼(12𝐻)

𝛽! − 𝛽abc > 𝐼(14𝐻)

𝜔IJ

8𝐻

12𝐻
10𝐻

14𝐻

EFT breaks
downUV

EFT is
valid

𝜔

Ruled out

Allowed

What do Positivity Bounds mean for Inflation?
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IR

UV

+ +⋯

𝑐% = 0.1𝛼'

10𝐻
12𝐻

14𝐻

8𝐻

8𝐻

12𝐻
10𝐻

14𝐻

EFT is
valid

𝛼' < −2600

𝛼' < −1300
𝛼' < −730

⇒

⇒
⇒

𝜔IJ < 10𝐻
𝜔IJ < 12𝐻
𝜔IJ < 14𝐻

𝜔IJ < 8𝐻

New physics (Unitary+Causal)

EFT breaks
down

𝜔

Ruled out

Allowed

−
730

−
1300

−
2600

What do Positivity Bounds mean for Inflation?
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𝜔mn#

𝑓o#
≤

30𝜋"𝑐?#

1 − 𝑐?" + '
" 𝛼!𝑐?

"

New physics (beyond single-field weakly-coupled inflation)
must complete EFT before:

(𝑓K ≈ 60𝐻)

… independently of trispectrum (𝛽')!



IR + +⋯

New physics (Unitary+Causal)

EFT breaks
down

10𝐻

20𝐻

60𝐻

𝜔IJ < 10𝐻

𝜔IJ < 20𝐻

𝜔IJ < 60𝐻

𝜕%$𝐴!"# < 𝐼(10𝐻) ⇒

𝜕%$𝐴!"# < 𝐼(20𝐻)

⇒

⇒

𝜕%$𝐴!"# < 𝐼(60𝐻)

EFT is
valid

𝜔IJ ≤ 10𝐻 20𝐻 60𝐻

[SM+Grall 2021]
[Planck 2018]
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What do Positivity Bounds mean for Inflation?
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New physics (beyond single-field weakly-coupled inflation)
must complete EFT before:

(𝑓K ≈ 60𝐻)

… independently of trispectrum (𝛽')!



Positive Outlook

Beyond subhorizon scattering? (time translations)

Beyond decoupling limit? (include gravity/tensor modes)

Other systems? (dark energy, condensed matter)

𝜔56 ≤ 10𝐻 20𝐻 60𝐻

Unitary  + Causal + Local

Large-scale (IR)
Small-scale (UV)

𝜕%$𝐴!"# > 0

EFT of Inflation

𝜔# =
𝑠 − 𝑢
𝑀

𝜔" = 𝛾𝑀

𝜔$ = −𝛾𝑀

𝜔% =
𝑢 − 𝑠
𝑀

Next Steps

Stronger bounds? (crossing, arcs, EFThedron)

without boosts
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[SM, Noller 2019]
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Covariant 
Theory

𝜙 = 𝜙(𝑡)𝜙 = 0
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[SM, Grall 2021]


