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Einstein’s quadrupole formula

Einstein's first paper on gravitational radiation [einstein 1016]

348 DOC. 12 INTEGRATION OF FIELD EQUATIONS

888 Siiung der physkalischmahematishen Klasss vom 22. Jmmi 1918

Nahorungsweise Integration der Feldgleich
der Gravitation.

Von A. Finstein.
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Einstein’s quadrupole formula

Einstein’s second paper on gravitational radiation [instein 1015

1 GRAVITATIONAL WAVES

164 Geswumnitawng vom 19, Februas 1915, — Mitieilung vom 31 Juousy
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Der Vollstindigheit hatber wollen wir aucl kurz berlegen, in-

iefern Energie vou Gravitationswellen auf mechanische Systeme tber
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Einstein’s quadrupole formula

Einstein's quadrupole formula (ginstein 1018]

; = [Courtesy J. Mouette]
b > /7° /- —
7/d/ /’ —/ V(/(// /-_J"/ v \Q\/,/‘/

Quadrupole formula for the energy flux
dENY 6 [dB3Mm; ddmy +O<V)2
dt ©5¢5 |y d7 c
Quadrupole formula for the GW amplitude
26G [ d®M; r A 1
e o U (Frak 4 o
hj C4r{ dt? (t c>+0(c>} +O<r2>

The quadrupole moment reduces to the usual Newtonian quadrupole

1 2
M;(t) = / Bx p(x, t) <x,-xj = x2) +0O (g)

source
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Einstein’s quadrupole formula

Gravitational radiation reaction

m Laplace [1776]: a finite speed of propagation of gravity
would result in a damping of planetary orbits

m Poincaré [1907]: concept of “ondes gravifiques” and
re-analysis of the Laplace effect

m Chandrasekhar & Esposito [1970]: radiation reaction is of order

0(%)5 ~ 25PN

m Burke & Thorne [1970]: simple expression of the radiation reaction

26 d°M; v\’
B — J] y O (7)
) 5c5pX dtd 0
small 2.5PN effect
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Einstein’s quadrupole formula

Why quadrupole ? Einstein's equivalence principle

: a man falling freely from )
m For all test bodies m; = m, 9 y

_the roof of his house would
: : _not feel his own weight
£ la (m; = inertial mass)

Bl g (mg = gravitational mass)

m Conservation of mass (like conservation of charge)
—> no monopole radiation

m Conservation of center-of-mass and angular
momentum = no dipole radiation [Abraham 1914]

CM integral
. =
mass dipole: 1 =>"my,x= > mix
angular momentum

current dipole: D =) myx Xxv= > mxxv

3Checked to level 10~1° by the MICROSCOPE satellite
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Einstein’s quadrupole formula

Landau & Lifshitz pesyy derivation of the quadrupole formula

m The Einstein field equations can be written in terms of the
“gothic”’ metric gt = /—gg"¥

167G
]

Dpo [g“”gp" - g“”g”"] = ERADL )

m The Landau-Lifshitz pseudo-tensor is

4

py
327G

{g“”gpaafg"*axg‘" i }

m The quadrupole formula follows directly from the
conservation law of the pseudo-tensor

o, |lgl (T + )] =0

m The derivation is valid for a self-gravitating source

EDITIONS DE MOSCOU
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Einstein’s quadrupole formula

Flux-balance equations

Balance equations are associated with the ten symmetries of the Poincaré group

Energy

dE G &M, d3Mm; <1)

dt ~  5c5 de3 dt3 c?

Angular momentum [Papapetrou 1971; Thorne 1980]

b —78" —_— —_—
dt 5c5 kT q2 4 o’

dJ 26 d®My &My (1)

Linear momentum [Bonnor & Rotenberg 1961; Peres 1962; Bekenstein 1973; Thorne 1980]

1
Ol

@
Center-of-mass position [Kozameh, Nieva & Quirega 2018; Blanchet & Faye 2019]

dG; 26 &My &My 0(1)

dP; G [2 d*M; &3M;, 16 d3M; d3Sy
s il L S e ——L
dt c” |63 dt* di3 4579 43 de3

A T TR

9
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Einstein’s quadrupole formula

The quadrupole formula works for the binary pulsar

1027 mumy (20G MNP 1+ Be? 4 et
55 M2 P (1 —e2)7/2

eccentricity enhancement factor

[Peters & Mathews 1963]

PN A AR A AN R RARR!

m Derivation based on flux-balance equation
[Dyson 1969; Esposito & Harrison 1975; Wagoner 1975]

m Derivation based on EoM including the
radiation reaction term at 2.5PN

General Relativiy Oredicﬂcn/

Cumuative shitt of periastron ime (s)
|
N
(e

T T T T T T T

- [Damour & Deruelle 1981; Damour 1982]

e m Resolution of the radiation reaction

e controversy [Ehlers, Rosenblum, Goldberg & Havas 1976;
e 1‘9‘7‘5‘ ‘1‘9‘5‘0‘ ‘1‘9‘5‘5‘;1‘9‘9‘0‘ ‘1‘9‘9‘5‘ ‘2‘0‘0‘0‘ ‘2‘005 Will & Walker 1980]
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Einstein’s quadrupole formula

The quadrupole formula works for GW150914

Hanford, Washington (H1)

1.0 i
0.5 g X .

, -2, 1 Ar2 4 4 A 2
0.0 Y7 TS = - / g4 ; /
-0.5F 1l kol - vow L 5\ Sen ]
-1.0 F B

m The GW frequency is given in terms of the chirp mass M = ;.3/°M?/° by

. 1[256 GM5 il
= i
™ [ 1 e (t )]

m The chirp mass is directly measured as

o o —11/3'3/5
M_[%Gﬂs/af f

m The GW amplitude is predicted to be

e 1T R 7® (100Mpc (100Hz) /¢ 1.6 x 102
: M@ R fmerger ;

m The distance R = 400 Mpc is measured from the signal itself [Schutz 1986]
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Einstein’s quadrupole formula

The gravitational chirp of compact binaries

m Inspiralling phase
- Post-Newtonian theory
- Point-particle approximation
- Dependence on spin precession
- Universality of the signal in GR
- Effacing of the internal structure
[Brillouin 1922; Damour 1982]

GW amplitude
o A N o N s o

-0.25 -0.20 -0.15 -0.10 -0.05 0.00
Time m Late inspiral
- Post-Newtonian + Effective theory
- Effects due to tidal interactions
- Dependence on the internal structure (EoS)

m Merger and post-merger
- Numerical relativity
- Strong dependence on internal structure
- Phenomenological models (EOB, IMR)
[Buonanno & Damour 1999; Ajith et al. 2008]
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Einstein’s quadrupole formula

Inspiralling binaries require high-order PN modelling
[Caltech “3mn paper” 1992; Blanchet & Schifer 1993]

VOLUME 70, NUMBER 20 PHYSICAL REVIEW LETTERS 17 MAY 1993

The Last Three Minutes: Issues in Gravitational-Wave Measurements
of Coalescing Compact Binaries

Curt Cutler,(™) Theocharis A. Apostolatos,{) Lars Bildsten, M) Lee Samuel Finn,?) Eanna E. Flanagan,(!)
Daniel Kennefick,!") Dragoljub M. Markovic,(!) Amos Ori,(!) Eric Poisson,) Gerald Jay Sussman, (M) (®)
and Kip S. Thorne(!)

(1) Theoretical Astrophysics, California Institute of Technology, Pasadena, California 91125
@ Department of Physics and Astronomy, Northwestern University, Evanston, Illinois 60208
(Received 24 August 1992)

Gravitational-wave interferometers are expected to monitor the last three minutes of inspiral
and final coalescence of neutron star and black hole binaries at distances approaching cosmological,
where the event rate may be many per year. Because the binary’s accumulated orbital phase can
be measured to a fractional accuracy < 10™% and relativistic effects are large, the wave forms will
be far more complex and carry more information than has been expected. Improved wave form
modeling is needed as a foundation for extracting the waves’ information, but is not necessary for
wave detection,

PACS numbers: 04.30.4x, 04.80.4z, 97.60.Jd, 97.60.Lf

M [ GMw\ ~5/3 1PN 15PN 3PN
P(t) = do — — i = 1+—2+—3+"'+—6+"'
" c G G €

vo7 LT3 \—rr-»’v // to be computed with 3PN precision at least
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PN equations of motion

Post-Newtonian equations of motion

1PN [Lorentz & Droste 1917; EIH 1938]

2 PPEN)
dviSt NG +i{[5G MG mz+..l,,u+...}

= ni;
2 2 3 3
dt rfy c I s
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PN equations of motion

Methods to compute PN equations of motion

Traditional methods in classical GR
m ADM Hamiltonian canonical formalism in GR
m Fokker EH action in harmonic coordinates
m Surface-integral approach a /a EIH
m Extended fluids in the compact body limit

QFT inspired methods

m Effective-field theory
m Scattering amplitude approach

Dimensional regularization is the common tool
['t Hooft & Veltman 1972; Bollini & Giambiagi 1972]
m UV divergences: point particles modelling compact objects
m IR divergences: integration over all space of formal PN expansion
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PN equations of motion

: state-of-the-art on equations of motion

[Jaranowski & Schafer 1999; Damour, Jaranowski & Schafer 2001ab]

[Blanchet-Faye-de Andrade 2000, 2001; Blanchet & lyer 2002]
3PN [Blanchet, Damour & Esposito-Farese 2004]

[Iltoh & Futamase 2003; Itoh 2004]
[Foffa & Sturani 2011]

ADM Hamiltonian
Harmonic EoM
Surface integral method

Effective field theory

[Jaranowski & Schafer 2013; Damour, Jaranowski & Schafer 2014, 2016] ADM Hamiltonian
[Bernard, Blanchet, Bohé, Faye, Marchand & Marsat 2015, 2016, 2017ab]  Fokker Lagrangian
[Foffa & Sturani 2013, 2019; Foffa, Porto, Rothstein & Sturani 2019] Effective field theory
[Bliimlein, Maier, Marquard & Schafer 2020] EFT Hamiltonian

4PN

m ADM Hamiltonian: One regularization ambiguity left at 4PN order and fixed
by comparison with GSF calculations

m Fokker Lagrangian: First complete derivation of the EoM at 4PN order
without regularization ambiguities
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PN equations of motion

Fokker action of N particles [rokker 1029]

Einstein-Hilbert action for a system of point particles
s <l \/—[R L rﬂr"}
= 25 il TN
g.f. 167G g 2gm/
—_——
Gauge-fixing term

- mee [ty guwnvivi/e
A

N point particles

The Fokker action is obtained by inserting an explicit PN solution of the
Einstein field equations

gl“’(x7 t) WA E,uu(X; .yB(t)a VB(t)7 e )
The PN equations of motion of the N particles (self-gravitating system) are

S5 DI <6LF> AT

6ys ~ dya  dt \Ova
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PN equations of motion

Effective field theory approach

[Bertotti & Plebarski 1960; Hari Dass & Soni 1982; Goldberger & Rothstein 2006]

m Two particles’ world lines form a quadrupolar GW source

m The source emits radiation, i.e. a graviton (shown as a wiggly
propagator line) propagates to infinity

7= g [ 2975 (&)

m The GW emission reacts back to the source, i.e. a graviton is
emitted and then re-absorbed by the source

ol
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PN equations of motion

Diagrammatic expansion in EFT vs Post-Newtonian

Effective Field Theory Post-Newtonian

i m emission from a quadrupole source
M

i m tail effect in radiation field (1.5PN)
PV e M

% i m non-linear memory effect (2.5PN)

M M
w m radiation reaction (2.5PN)
My My

m tail in radiation reaction (4PN)

The EFT is equivalent to the traditional PN at the level of tree diagrams
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PN radiation field

Thorne's nosoy multipolar linearized vacuum solution

Kip 8. Thorne: Multipole expansions of gravitational radiation

Newtonian potential, by reading the source’s multi-
polo moments off that potential, and by then insorting
R
of Part IV,

Goon thoreattr, whil wrting th fit draf o Chnp.
36 of MTW, I found what I thought was  simplo
bR e
Liminary versions of MIW [Misnor et al. (1970, 1971)]
and 1s reforred o in my review article with Bill Pross
on gravitational-wave astronomy [Press and Thorne
(1972)]. However, much to my horror, in March 1973
while checking page proofs of the final version of MTW,
T found a subtlo but fatal flaw in my proof of Ipser’s
conjecture. After much agony I managed to rowrito tho
rolovant matorial [Secs. 36.7 and 36,10 of Misner

etal , (1973)] with a restriction to sources that have
‘weak internal gravity—and without changing by even
one the total number of lines of text.

In Part Two of this article I shall try to redeem my-
self by presenting & corroct formulation and proof of
Ipser's conjecture. This formulation will avoid the
concept of the asymptotic Newtonian potential of a
sourc; in its place will appear a prescription for
reading the multipole moments of & source off its near-
zone genoral relatiyistic metric. However, in al
other respects the formalism will conform to Ipsor’s
original ideas.

Paxt Two of this paper consists of five sections. The
first four (Secs. VIII-XI) develop foundations for the
strong-field, slow-motion wave-goneration formalism,
Tho last (§oc. XII) presents the formalism itself and
doscribes a fow applications.

Each of the four foundations 1s a derivation of the
vacuum extorior gravitational field of a goneral iso.
Iated system. Section VIII derives that field for timo-
dependent systoms in linearized theory
doxives it in the near zone of slo
depondent systems in full general relativity us
Donder coordinates, and also matches that near-zono.
solution onto outgoing waves in the radiation zone.
Section X specializes (o time-independent general
relativistic systems in do Donder coordinates; and
Sec. XI extonds the time-independent goneral rolativ-
ltic caso to any “asymplotically Cartesian and mass-
R Gowo erilaiivaten

For a more detailed overview seo , Box2,
it 1 of cotanty e Pk O ol
articlo.

VIl LINEARIZED THEORY

Hore e expross, in terms of time-dependent multi-
pole moments, the linearized external gravitational
field of an arbitrary isolated system. Similar expros-
sons, but in different notation, have been given by

anann (1958) Sachs (1961), Pirant

326

Bas = Nas ¥ Blap - (8.1)
We shall denote by 74, the trace-reversed perturbation
Vao 28 = Maa1ME (8.2)

(The reason for our “superscript 1” notation will be-
come clear in Sec. IX. The nature of our coordinate
systom and basis vectors, and the rules for raising and
Iovering indices, are discussed in Sec, 1.C.)

‘Wo introduce Lorentz gauge y:% ,=0 for our grav=
tational field, Then, expressed in texms of covariant

‘components, the gauge conditions and linearized vac-
uum fleld equations (Eqs. 18.8 of MTW) read
Tho,0® Vhs, 10 (8.3a)
Ok & =74 ot Vha =0 (8.3b)

Wo seek the most goneral symmetric gravitational field
=7}, which satisfles these equations, and which
ik a1 ovtgolog wave (a6 Liscuslng vAvas) 8 Liine
ty; and wo write that fleld as & sum over its multi-
pole components.

ho general outgoing-wave solution to the field equa-
tion 17k, = 0 in multipole notation has the following
form [so0 Eq. (2.51), whore we must set €= +1 (out-
scing waves) aod wo mual e th

m Most general solution of the
Einstein vacuum linearized field

equations in harmonic coordinates

v

TR
i GH (M), 5]
S0y (0) S

multipole moments

18, (=114

(T

[see also Sachs & Bergmann 1958; Pirani 1964]

(6=, a5}

iy (8.40)

Paigt

Here €, 15 the complotoly antisymmetric Levi-Civita

tensor; the capital script quantitios are the multipole:
moments, which are arbitrary functions of retarded
timo {7 and are symmetric and trace-free (STF) on
all their tensor indices; and all other details of nota-
tion are explained in et The gauge conditions

yond the quadrupole formula



PN radiation field

Sad situation of the field in the 1980's

.70)

.1b)

84)

Kip 5. Thorne: Multpole expansions of gaviationa radiation 321
Hore '=1''(w7) and 7, =7,(t',x). These are the ST We now perform the integrals over w and ¢’ using the
6.7). The analogs of Eq. (5.8, Invol-  relations
ving Legendro fonctions rather than sphrical Bossel
functions, can be derived by performing the Intogral J it te e ar' o2 .13
over win B4, (5.9).
“Tho source Intograls (5.7)~(6.9) and we expreas 7344(3) in STF form using Eas.
e Rk poH xSl whe i 2.40), The result1a
sthong gravity and fast motiona. This 1s becauso the 2 TS
tograls Involve 7, which in tarn dopends on & Ot e (U= DI 00
gravitational field g (B, 5.9 1t may be probibl-
Hively alflcult to compute iy oF tnsertion nto the o8 a0 B
sourco Integrals. W [ K0P, G
8. Slow-motion sources ‘““'""mlnn ‘(zu .,l'lr‘u.zﬁ)
Wa now specialize to slow-motion sources—L, to
sourcesunchsreconfned 0 e de e of e AR A i o
Hear tone. For auch sources ey Tl D (614D
By virtue of the “diferential conservation laws” 1% 4= 0
@1 for 7 such that 7eq 15 non-negligible Wbl S L
(.10) ©.15)
for  such that non-negligtble radiaion
emerges at this frequency.
Hence, we can expand the spherical Bessel functions
#"(@n) in powers of wr [real part of Eqs. (2.47c)] and. (5.100)
Keep only the leading term 3
Fan (el oW, G
The dominant contribution to the mass moment 0il='
m by (@), G160

comes from 1" =1~2; 1/ ls down fror
and 1= +2 I down by (@), The domnang contribation
t0 the current moment "' comes from /=1 ~1; 1
~1+1 is down by (ar)", Hence, aside from fractional
exrors n the integrands of order (u7)',

denrn ey )

(a6 Dty

fw

Opimgy -

La)es e, G120
ging) -8
st = e (a7
« [ e
Xyl d G120)

Rev. Mo Phys. Vo, 52,No. 2, Part 1, Aol 1980

uc Blanchet

B inering thov enies ino Eqs. 519 and te-
grating out the divergences to zero, we oblain

" 1) W . s
l ) I E
G
(EEERNE
a7 -0+ 1)
XYL, [ ne X, (5.170)

By then comparing with Eqs. (2.11), 2.24a), and (2.230)

e
e e
(LA [ e, 160

m Multipole moments given by
divergent integrals
[Epstein & Wagoner 1975; Thorne 1980]

~ /d3x rfat (8, o) T (x, u)
.7

pseudo-tensor

m PN iteration yields divergent
Poisson-like integrals from 3PN
[Anderson & DeCanio 1975; Kerlick 1980]

m Treatment of point-particles in
non-linear GR poorly understood
[Infeld & Plebariski 1960]

m Tails, memory, tails-of-tails, ...
completely ignored

nd the quadrupole formula



PN radiation field

Multipolar-post-Minkowskian expansion (BDI)

[Blanchet & Damour 1986, 1988, 1989, 1992; Damour & lyer 1991; Blanchet 1987, 1995, 1996, 1998abc]

Start from Thorne's linearized solution A" [M;, 5]

Look for the general multipolar expansion outside the
source in the form of a post-Minkowskian expansion

R [My,S1] = G W + G* hy” + - -

Iterate that multipole expansion using a regularization scheme
based on analytic continuation in B € C

Fini“geig)art e ) ° 7]

treats UV divergence when r — 0

One obtains the most general solution of the field equations outside the
source and the expansion at future null infinity (J ) is in agreement
with the Bondi-Sachs [1962] formalism [Blanchet 1987]
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PN radiation field

A powerful integration formula

m To each post-Minkowskian order one has to solve

ov, = ﬁ[_S(I’,t—I’/C)
o b Tk O

m To cure UV divergences one

source with given multipolarity ¢

defines the regularized source

SE(rliia) = (;)BS(r, t—r/c)

m The solution is obtained by analytic continuation in B as

where  RE(p,u) = pe/o

s=tfe | [ (t—u )
= EPO/ du oy, -

W ()

RB(t u+tr U)

7
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PN radiation field

The MPM-PN formalism

[Blanchet 1998; Poujade & Blanchet 2002; Blanchet, Faye & Nissanke 2005]

The MPM outer metric is matched to the PN inner field of the source

h
multipole expansion
] |
: near zone

actual solution

matching equation = M(h) = M(h)

r
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PN radiation field

The gravitational wave tail effect (sianchet & pamour 1988, 1992]

m In the far zone a 1.5PN effect beyond the quadrupole formula

i
htaﬂﬁZG G MO t—r/c—u
a0 LGNS

Mij M

m In the near zone a 4PN effect made of a radiation reaction
part and a conservative part modifying the particle action
[Foffa & Sturani 2012]

/
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PN radiation field

The non-linear memory effect

m Coupling between two quadrupole moments Mj; x M;;
[Blanchet, habilitation thesis 1991; Blanchet & Damour 1992]

DGkt R
_ﬁ/ du M) (u) ME)(u)

2G

e 2
J ctr

—E9

m Exact derivation based on the asymptotic behaviour of the
field at future null and time like infinity [Christodoulou 1992]

m Physical interpretation: GW re-emission of gravitons Mij Mij
[Thorne 1992; Will & Wiseman 1992; Favata 2009, 2011; Nichols 2017]

gilp T
4G /a1 dEGW
h?em:_i l/dﬂ/nn ETeT (n’,t—r/c)}

1—n-n
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PN radiation field

3.5PN: previously the state-of-the-art on GW field

5 X + A 4 A, 2 [
, — /72 /- . Y A —1 Ay )
4T”o’/ / S = !(]‘/7 /\_J p/’.:./ 3 \\4, C/’u“/ /

[Epstein & Wagoner 1975; Wagoner & Will 1976] EW moments
1.5PN [Blanchet & Damour 1989; Blanchet & Schafer 1989, 1993] BD moments
[Poisson 1993; Wiseman 1993]

[Blanchet, Damour & lyer 1995] MPM-PN formalism
2.5PN ¢ [will & Wiseman 1996] DIRE formalism
[BDIWW 1995; BIWW 1996]

[Blanchet 1998] MPM-PN formalism
[BIJ 2002; BFIJ 2002; BDEI 2005]

3.5PN {

m The Direct Integration of the Relaxed Equations (DIRE) method
[Will & Wiseman 1996] is equivalent to the MPM-PN formalism for
general matter systems [Blanchet 2004]
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4.5PN phase of compact binaries

The 4.5PN phasing of compact binaries

Based on recent collaborations with

“h

Guillaume Faye, Quentin Henry, Francois Larrouturou,
Tanguy Marchand & David Trestini
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4.5PN phase of compact binaries

Field equations and Green's function in d dimensions

m Einstein’'s field equations in harmonic (de Donder) coordinates

Ol =@ (harmonic gauge condition)
o GG L, ! . ;
et T (wave equation in D = d + 1 dimensions)

€
4
7 = |5 16C7TGNW (matter + gravitation pseudo tensor)

m The Green's function is implemented in the real space-time domain

k 6(t—r t
Gt ) =~ g 1 (7)
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4.5PN phase of compact binaries

The multipole expansion outside the matter source

m The multipole expansion M(h*") is a retarded solution the vacuum field
equations DM (h#*) = M(A*") valid formally everywhere except at r =0

regularization when r — 0

M) = FP od](£)F M) -

retarded homogeneous solution

OF!™(r,t) =0 in d dimensions

m The multipole moment functions ]-"“’(t) are symmetric-trace-free (STF) with
respect to their £ indices L=/ --- iy

Ry /'; 400 3
SR, t):rTi/l dzv%(z)]—'ﬁ (t—zr)
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4.5PN phase of compact binaries

The multipole expansion matched to the PN source

m Explicit matching to a general extended PN isolated source gives

IR regularization

1
F)=FP [ &% ()% % [ dzol®(z) 7(x,t + zr
L B—=0 r 1 14
= _ —_———
PN expansion of the pseudo-tensor

r(g+¢)
VT (5240

d d—3
5 (2) =

m The Be regularization

m first apply the limit B — 0 in generic dimensions d =3 + ¢
m then the usual dimensional regularization when ¢ — 0
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4.5PN phase of compact binaries

Mass and current irreducible multipole moments
[Henry, Faye and Blanchet 2020]

m The irreducible decomposition of F|* reads (with (---) the STF projection)

gl
o7 SHED) (0) =)
Jr= T +T|<,[L 1>+6 (ie L 1)

i ple +STFSTF[ '|—'HL A+ 85, UD +5"2Um o

+ 81,0y US3) + Wiiie_y12| + 85V

m The “mass-type” contributions R/, T,EL, T,E 4 U,(_ii), U(0 Uz:?, V) are
STF in the ordinary sense
m The “current-type” contributions T(\<? L1y i have more

I"I’[.lL' I"I’;;‘,lLf2
complicated symmetries
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4.5PN phase of compact binaries

Mass and current irreducible multipole moments
[Henry, Faye and Blanchet 2020]

m The mass moment M, is given by the usual STF moment, but the
generalization of the current moment involves two tensors S;; and Kjj,
having the symmetries of mixed Young tableaux

m, =]

Siu=lelillal g, =]l

]
i 4|

m The tensor Kjj, is absent in 3 dimensions

(AT S (o~ ()
20+ 1)(¢ = 2)!

f(components) =

and plays no role with dimensional regularization
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4.5PN phase of compact binaries

The irreducible mass quadrupole moment

m Posing o 5 (d—2)#)0+?"" ,Eio Zij_?,]
d—1 c? c
Tia(x,t) = /_ 11 dz8(2) E(x, t + zr)
=g, [ (R o0,
34 d(d24£dl;5)+ ok T
M )

m The Be regularization is systematically applied (the limit B — 0 is finite)
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4.5PN phase of compact binaries

Techniques to compute the 4PN mass quadrupole

m Method of super-potentials
linear potentlal
/d3x S s (vt ap+ o |awip - wioP|)

difficult potential

yields a surface term

where \Uf is obtained from the super-potentials ¢ox of ¢ = ¢ as

Y - )’%l Aokt = dok
V=A% ¢) = Z =R X(L—Kk Oy P2k+2

m Method of surface integrals

gfo/d&r%AG = —(2¢ + 1)/dQ i Xe(m)

e

where Xj is the coefficient of r in the expansion of G when r — 400

m Schwartz distributional derivatives in d dimensions systematically applied

Luc Blanchet (GReCO) GW phase beyond the quadrupole formula



4.5PN phase of compact binaries

Completion of the 4PN mass quadrupole moment
[Larrouturou, Blanchet, Henry & Faye 2021ab]

m All UV divergences treated by dimensional regularization and all UV poles
shown to be renormalized by appropriate shifts of the particles’ worldlines

m Presence at 4PN order of a non-local-in-time term associated with tail
radiation mode and containing a crucial IR pole

= IR divergences (poles o ') appear already at 3PN order but are cancelled
(as well as the finite part beyond) by poles coming from ‘“tails-of-tails”
propagating in the wave zone

m At 4PN order the IR poles are cancelled by more complicated
“tails-of-memory" but there remains a crucial finite contribution specifically
due to dimensional regularization

m Finally we have obtained the finite renormalized 4PN quadrupole moment of
compact binaries ready to be used for 4PN/4.5PN templates
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4.5PN phase of compact binaries

Non-linear interactions at 4.5PN order

e A AN
Uij(u) = M7 (u) + ) A M (U —7) {2| <2b0)+

1.5PN tail

SR ) o)
+§{7/o drMZiMiS (0 —7) + -

2.5PN memory

SRUREE. () SR - e 124627
drM (u — 7) [21In? ) as
e /0 Bl G 7){ ’ (2r0> T (2r0) J 22050}

3PN tails-of-tail [Blanchet 1998]

G2
&+ 8{ 4PN tails-of-memory M x M x M;; }
G

Gt e Lo 129268 1
Gl S R = s}
M /O T [3 ¢ <2r0>+ 4 33075] +O<c1°)

4.5PN tail-of-tail-of-tail [Marchand, Blanchet & Faye 2017; Messina & Nagar 2017]
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4.5PN phase of compact binaries

Gravitational-wave tails of memory
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4.5PN phase of compact binaries

Gravitational-wave tails of MEMOIY [Trestini & Blanchet 2023]

m Computation performed using the MPM construction in radiative coordinates
which avoids far zone logarithms which plague harmonic coordinates

MxmMyxMy . 2G2M | [+°° 4 % 4 G
UM - {/O dpM§<?(u—p)/0 dr M (u—p—7)In ( 5

“genuine” tail-of-memory

+oo
MEOMDy - 7) |15 ( —— ) — 10In | —
+/0 dr (M, ; My )(u — 7) 5In TS Oln o

tail-like term

i 27521
— M@ / dr MO (u—7) [In | — | + o=
Sl — o e R

tail-like term

m The 4PN “genuine” tail-of-memory (containing the memory effect) can be
retrived from general expressions for the memory effect
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4.5PN phase of compact binaries

Gravitational-wave tails of memory [rrestini & Bianchet 2023

The quadrupole memory in the waveform of any source can be expressed as

26 - free

U{Ilem pasrmd | g,
ij 7¢5

1 1
dr U,((g(u —7) UJ(>£(u —7)

Computing the dominant M x Mj; interaction followed by the subdominant
one M x My x Mj; we need the radiative quadrupole at 1.5PN order

DGl [fe= cT 11 1
by / RS, Ay | L el B
Ui p /) dr p (u=7)|In 2by 1 @) =

Injecting it into U;“™ we obtain at 4PN order

S N R 3)
uje e i dTMa<’.(U—T)Mj>a(U—T)
SGZM FreS (3) e car (5)
- [Tan-n [arn () M- p-1)

This is perfectly consistent with our direct 4PN calculation
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4.5PN phase of compact binaries

Tail modulation of the GW phase at the 4PN order

[Wiseman 1993; Blanchet & Schafer 1993; Blanchet, lyer, Will & Wiseman 1996]

Because of GW tails the GW phase 1 differs from the orbital phase ¢ by a
logarithmic, tail-induced phase modulation

¢:¢_2G/\/len(w>

C3 wo

The GW frequency Q = 1) is shifted with respect to the orbital one w = ¢
Q=w-— ZGA;IW |n<—cf—> —|-1:|
C L wo
4PN effect
1904 (GRS 1
Q:w{l—Tl/< = ) _In<w~0>+1} +O<m>

Expressing the flux and modes in terms of the directly observable GW phase 1)
and frequency Q we find that all arbitrary constants cancel out at 4PN order
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4.5PN phase of compact binaries

Post-adiabatic calculation of the tail integral

The tail integral arises at the 1.5PN order

oscillating phase
+oo or % ‘ T
x / dr [w(u —7)] o 3RS aRn (>
0 To
At 4PN order we must include a 2.5PN post-adiabatic correction

1
i o)
Changing variable 7 — v = {[¢(u) — ¢(u — 7)]

e«E(j;) /;OO dv fw(u—7(v))]" " o In (Ti:)>

fast oscillating integrand in the limit £(u) — 0

The integral can be computed by replacing the integrand by its expansion
when v — 0 which yields the asymptotic post-adiabatic expansion
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4.5PN phase of compact binaries

The 4.5PN GW energy flux for circular orbits

[Blanchet, Faye, Henry, Larrouturou & Trestini 2023ab]

5
32¢ 1247 35
T i) X 3 ( om —u)x+47rx3/2
56 336 12
“m o 6 8191 583
+(- 7u2)x2+( — - )
oz " s0s 18 672 24
6643739519 16 , 1712 856 134543 41 , 9403 5 715 3]
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= ( > > )m
1728 3024
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In the test-mass limit v — 0, we exactly retrieve the result of linear black-hole
perturbation theory [Tagoshi & Sasaki 1994; Tanaka, Tagoshi & Sasaki 1996]
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4.5PN phase of compact binaries

Comparison with second-order GSF results
[Warburton, Pound, Wardell, Miller & Durkan 2021]

The 4.5PN flux agrees well with recent numerical second-order self-force results

10-4;\ :

Coefficient of v° inF

8 10 12 15 18 20

Invariant separation R

[Courtesy to Adam Pound]
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4.5PN phase of compact binaries

The 4.5PN phase evolution of compact binaries

[Blanchet, Faye, Henry, Larrouturou & Trestini 2023ab]

et =
Apply the energy flux-balance equation 7 = —F

=5/
x 3715 55
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nd the quadrupole formula
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4.5PN phase of compact binaries

Number of cycles contributed by each PN order

[Blanchet, Faye, Henry, Larrouturou & Trestini 2023ab]

Contribution of each PN order to the total number of accumulated cycles

Detector LIGO/Virgo Bl LISA

Masses (Mo) || 1.4x1.4 | 10x10 [| 1.4x1.4 [ 500 x 500 |[ 10° x 10° [ 107 x 10’
PN order cumulative number of cycles

Newtonian 2562.509 | 95.502 || 744401.36 37.90 28095.39 9.534
1PN 143.453 | 17.879 4433.85 9.60 618.31 3.386
L.5PN —94.817 | —20.797 || —1005.78 | —12.63 —265.70 | —5.181
2PN 5.811 2.124 23.94 .44 11.35 0.677
25PN —8.105 | —4.604 —17.01 —3.42 —12.47 =1871
3PN 1.858 L.731 2.69 1.43 259 0.876
35PN —0.627 | —0.689 —0.93 —0.59 —0.91 —0.383
4PN —0.107 | —0.064 —0.12 —0.04 e —0.013
45PN 0.098 0.118 0.14 0.10 0.14 0.065

m The PN approximation seems to converge well for comparable masses

m This suggests that systematic errors due to the PN modeling may be
dominated by statistical errors and negligible for LISA

m However, this should be confirmed by detailed investigations along the lines
[Owen, Haster, Perkins, Cornish & Yunes 2023]
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