
Progress on the definition of asymptotically 
flat and de Sitter spacetimes

Geoffrey Compère 
Université Libre de Bruxelles                  

Institut d’Astrophysique de Paris 
Paris, April 8th, 2024



1. The 5 boundaries of Minkowski: “Penrose” versus “Puzzle piece” diagram 

2. Unified BMS group acting simultaneously on the 5 boundaries. Boundary conditions  
consistent with the logarithmic corrections to the subleading soft graviton theorem. 

3. Complete set of non-radiative charges : Geroch-Hansen multipoles + generalised 
BMS + non-stationary multipole moments 

4. Properties of quadrupolar linear fields on dS4: Memory effects, BMS transitions, 
and breaking of the conformal group which invalidates the dS4/CFT3 conjecture
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1. The 5 boundaries of Minkowski: “Penrose” versus “Puzzle 
piece” diagram



The standard Penrose(-Carter) diagram
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Resolves            and   

No peeling? 

No resolution of timelike and spatial infinity 

No intuition on the detector frame

Issues with the Penrose-Carter diagram
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 as a unit hyperboloid (EAdS3)i+

Consider a particle emanating from   with direction of motion  and constant velocity .  

We choose as coordinates the rapidity  and the proper time .  

Starting from Minkowski spacetime and applying the inverse transformation , we obtain  

  

where  is the unit metric over the sphere.  

t = r = 0 xA = (θ, ϕ) v = r/t

ρ = arctanh(r/t) τ = t2 − r2

t = τ cosh ρ, r = τ sinh ρ

ds2 = − dτ2 + τ2habdxadxb, habdxadxb ≡ dρ2 + sinh2 ρ γABdxAdxB

γAB



 as a unit hyperboloid (EAdS3)i+

Consider a particle emanating from   with direction of motion  and constant velocity .  

We choose as coordinates the rapidity  and the proper time .  

Starting from Minkowski spacetime and applying the inverse transformation , we obtain  

  

where  is the unit metric over the sphere.  

The coordinates  span a unit (one-sheet) hyperboloid also known as Euclidean  spacetime whose points 
represent the velocities of outgoing massive particles.  

A spacetime is asymptotically flat at  if it exists coordinates such that  . 

All finite-size bodies (particles, black holes, …) become effectively point-like at large proper time. The subleading metric field 
has poles at the points where the finite-size bodies hit .  This can be called the skeletonization effect at .

t = r = 0 xA = (θ, ϕ) v = r/t

ρ = arctanh(r/t) τ = t2 − r2

t = τ cosh ρ, r = τ sinh ρ

ds2 = − dτ2 + τ2habdxadxb, habdxadxb ≡ dρ2 + sinh2 ρ γABdxAdxB

γAB

(ρ, θ, ϕ) AdS3

i+ ds2 = − dτ2 + τ2habdxadxb + O(τ−1)dτ2 + O(τ1)dxadxb

i+ i+



 records the end state of massive bodies. 

We imagine massive bodies (particles, black holes, …) entering the distant past and converging towards the origin of 

coordinates. We introduce the (negative) proper time  and the (positive) rapidity . 

Starting from Minkowski spacetime and applying , we obtain again 

   

where  is the unit metric over the sphere. Therefore,  can also be modelled as a unit hyperboloid. 

.

i−

τ = − t2 − r2 ρ = arctanh(−t/r)

t = τ cosh ρ, r = − τ sinh ρ

ds2 = − dτ2 + τ2habdxadxb, habdxadxb ≡ dρ2 + sinh2 ρ γABdxAdxB

γAB i−

 as a unit hyperboloid (EAdS3)i−



 records the end state of massive bodies. 

We imagine massive bodies (particles, black holes, …) entering the distant past and converging towards the origin of 

coordinates. We introduce the (negative) proper time  and the (positive) rapidity . 

Starting from Minkowski spacetime and applying , we obtain again 

   

where  is the unit metric over the sphere. Therefore,  can also be modelled as a unit hyperboloid. 

can be obtained from  by a combination of time-reversal (viewed actively) and a passive coordinate transformation 
that reverses back time towards the future.   

A spacetime is asymptotically flat at  if it exists coordinates such that  

 .

i−

τ = − t2 − r2 ρ = arctanh(−t/r)

t = τ cosh ρ, r = − τ sinh ρ

ds2 = − dτ2 + τ2habdxadxb, habdxadxb ≡ dρ2 + sinh2 ρ γABdxAdxB

γAB i−

i− i+

i−

ds2 = − dτ2 + τ2habdxadxb + O(τ−1)dτ2 + O(τ1)dxadxb

 as a unit hyperboloid (EAdS3)i−



 as unit dS3i0

It is causality disconnected from any physical process. But it allows to match physical quantities between the past and future. 

Spatial infinity is the manifold of superluminal asymptotic luminosities. The relevant definitions are  and 

. Starting from Minkowski spacetime and applying inverse transformations are  , we obtain  

 

where now  is the metric on the unit timelike hyperboloid otherwise known as Lorentzian .  

τ = arctanh(t/r)

ρ = r2 − t2 t = ρ sinh τ, r = ρ cosh τ

ds2 = dρ2 + ρ2h0
abdxadxb, h0

abdxadxb = − dτ2 + cosh2 τγABdxAdxB

h0
ab dS3



 as unit dS3i0

It is causality disconnected from any physical process. But it allows to match physical quantities between the past and future. 

Spatial infinity is the manifold of superluminal asymptotic luminosities. The relevant definitions are  and 

. Starting from Minkowski spacetime and applying inverse transformations are  , we obtain  

 

where now  is the metric on the unit timelike hyperboloid otherwise known as Lorentzian .  

A spacetime is asymptotically flat at  if there exists coordinates such that  

. 

It exists an analytic continuation between  and . One first complexify the metric. Then maximally extend it. Then apply a 
complex diffeomorphism and field redefinitions. For Minkowski spacetime it is given by  

 . 

One finally restrict to real metrics and fields. The analytic continuation extends to asymptotically flat spacetimes.

τ = arctanh(t/r)

ρ = r2 − t2 t = ρ sinh τ, r = ρ cosh τ

ds2 = dρ2 + ρ2h0
abdxadxb, h0

abdxadxb = − dτ2 + cosh2 τγABdxAdxB

h0
ab dS3

i0

ds2 = dρ2 + ρ2(−dτ2 + cosh2 τ γABdxAdxB) + O(ρ−1)dρ2 + O(ρ)dxadxb

i+ i0

ρ |i0 = iτ |i+ , τ |i0 = ρ |i+ −
iπ
2

, h0 = − h+



 as a singular limit of a timelike boundaryℐ+

• Starting from Minkowski spacetime and applying , we obtain .  The coordinates  span 
.  

• At fixed large  the metric is timelike (  is the time). When ,  has topology  but has no metric. 

• We can introduce a non-invertible metric  of signature  and the vector  such that 
. The couple  forms a Carrollian structure. 

• A spacetime is asymptotically flat at  if there exists coordinates such that         

                                                                                       

 

• The field  is the Bondi shear and its time derivative  is the Bondi news.

t = u + r ds2 = − du2 − 2dudr + r2γABdxAdxB (u, θ, ϕ)
ℐ+

r u r → ∞ ℐ+ ℝ × S2

γabdxadxb = 0 du2 + γABdxAdxB (0, + , + ) na∂a = ∂u

naγab = 0 (γab, na)

ℐ+

ds2 = − du2 − 2dudr + r2γABdxAdxB + (
2m
r

+ O(r−2))du2 + (rCAB + O(r0))dxAdxB

+(∇BCAB +
4
3r

(NA + u∂Am −
3
32

∂A(CBCCBC)))dudxA + O(r−2)dudr

CAB(u, xC) NAB ≡ ∂uCAB



The “Puzzle piece” diagram for asymptotically flat spacetimes

Resolves all 5 boundaries and the 4 corners. 

 asymptotic solutions to Einstein equations 

Intuition at all boundaries 

Consistent with known infrared structure 

Single coordinate frame for all boundaries

∃
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Puzzle piece versus conformal diagram

(a) | t2 − r2 | < 0.25, r < 1

(b) | t2 − r2 | < 2.5, r < 10

(c) | t2 − r2 | < 25, r < 100



2.      

Unified BMS group acting simultaneously on the 5 boundaries.  

Boundary conditions  consistent with the logarithmic 
corrections to the subleading soft graviton theorem. 



Boundary conditions. Matching of the four overlap regions

A spacetime is asymptotically flat in the global sense if it is asymptotically flat in the 5 asymptotic regions and 
if for each of the 4 overlap regions 

  

there exists a coordinate transformation that relate the two asymptotic expansions that are both valid 
around the overlap region. 

Asymptotically flat spacetimes are therefore defined as a result of 4 asymptotically matched expansions. 

We prove that this is possible given the 4 (in fact 3) sets of boundary conditions at  and  as  :

i+
∂ = ℐ+

+, ℐ+
− = i0

+, i0
− = ℐ−

+, i−
∂ = ℐ−

−

ℐ+ ℐ− u → ± ∞

m(u, xA) = m(0)(xA) + m(1)(xA)u−1 + o(u−1)

CAB(u, xA) = C(0)
AB(xA) + C(1)

AB(xA)u−1 + o(u−1)

NA(u, xA) = Nlog
A (xA) log u + N(0)

A (xA) + o(u0)

Consistent with the logarithmic correction to the subleading classical soft graviton theorem [Laddha-Sen, 2018].

with  electric (parity even)C(0)
AB



Remarks on logarithmic divergences

The Laddha-Sen behaviour  is consistent with and slightly more restrictive than Christodoulou-

Klainerman falloff .  

 and Einstein’s equations imply  . 

The logarithmic divergence prevents to define the super-Lorentz charges at spatial infinity as  . 

The conjectured map  [Hawking, Perry, Strominger, 2016] cannot be demonstrated.  

However, we proved that  as  and . This implies that the 

total Lorentz charges are finite and obey a conservation law. 

NAB ∼ u−2

NAB = O(1 + |u | )−3/2

NAB ∼ u−2 NA ∼ log u

∫ d2x YANA

Υ*NA |ℐ+
−

= NA |ℐ−
+

N(ℓ=1)
A ∼ u0 u → ± ∞ Υ*N(ℓ=1)

A |ℐ+
−

= − N(ℓ=1)
A |ℐ−

+

For the experts !



Frames in Special and General Relativity
In Special Relativity, a Poincaré frame needs to be specified to set up an experiment.  

In General Relativity and in the presence of radiation, a BMS frame needs to be specified which include in 
addition to the Poincaré frame a pure supertranslation frame. Pure supertranslations are 4-dimensional 
spacelike transformations. 

At , the shear has two degrees of freedom and can be decomposed into electric (parity-even) and 
magnetic (parity-odd) parts as . Only the  spherical 
harmonics of  are defined. Pure supertranslations act as  where  have  
harmonics. For . 

In General Relativity, in an asymptotic region where the Bondi news  asymptotically vanishes, one 
could require as a boundary condition that the electric part of the shear asymptotically vanishes, which 
selects a particular Poincaré subgroup of BMS. However, after the passage of radiation, the final and initial 
frames will differ by a supertranslation, encoding the displacement memory.

ℐ+

CAB = (−2∇A ∇B + γAB∇2)C + ϵC(A ∇B) ∇CΨ ℓ ≥ 2
C(u, θ, ϕ) C ↦ C + T(θ, ϕ) T(θ, ϕ) ℓ ≥ 2

u → ± ∞, C = C(0)(θ, ϕ) + O(u−1)

NAB = ∂uCAB



The BMS4 algebra
Take the sphere with metric , measure  and covariant derivative .  

We consider the arbitrary function  and the 2 functions  such that  obeys the conformal Killing equation over 
the sphere: . There are 6 solutions to that equation. 

The BMS algebra can be presented using such covariant 2-dimensional generators:    

    

The  harmonics of  are called translations, the  harmonics are called the pure supertranslations. The generators 
 are called the Lorentz transformations. 

For each of the 5 boundaries, there is a map  that allows to reconstruct the 4 dimensional asymptotic BMS 
symmetries. The matching at the 4 junctions is performed as a match of 2-dimensional quantities. 

γAB ϵAB ∇A

T(θ, ϕ) YA(θ, ϕ) YA

∇AYB + ∇BYA = γAB ∇CYC

ℓ = 0,1 T ℓ > 1
YA

2d ↦ 3d ↦ 4d

 

 

 

[T1, T2] = 0

[Y, T ] = Y(T ) where Y(T ) ≡ YA∂AT −
1
2

∇AYAT

[Y1, Y2] = YA
1 ∂AY2 − YA

2 ∂AY1



BMS covariant framework

At , we have  with 

  

(only  harmonics).  

The antipodal map  at spatial infinity is a consequence of an 
evolution equation on  obtained from Einstein’s equations. [Strominger, 2013] 

We specify a unique BMS frame by specifying matching conditions at the four 
matching corners. 

ℐ+ C(0)
AB = (−2∇A ∇B + γAB∇2)C(0)

C(0) |ℐ+
+
(θ, ϕ), C(0) |ℐ+

−
(θ, ϕ) = − Υ*C(0) |ℐ−

+
(θ, ϕ), C(0) |ℐ−

−
(θ, ϕ)

ℓ ≥ 2

Υ : (θ, ϕ) ↦ (π − θ; ϕ + π)
dS3



First subleading structure at i+

The asymptotic metric reads as

Einstein’s equations imply

We impose the boundary condition: 

ds2 = (−1 −
2σ
τ

+ O(τ−2))dτ2 + O(τ−1)dτdxa + τ2(hab +
kab − 2σhab

τ
+ O(τ−2))dxadxb

We assume that  is traceless and determined from a scalar  askab Φ

Matching with  gives .  

This matches the supertranslation frame between  and . 

ℐ+ kAB =
1
2

eρC(0)
AB + o(e0ρ)

i+ ℐ+

Finite bodies are reduced to 
 function sources δ−

(this fixes logarithmic translations)

Matching with  gives . This matches the mass aspect between  and . ℐ+ σ = − 2m(0)e−3ρ + o(e−4ρ) i+ ℐ+

σ

kab

For the experts !



Second subleading structure at i+

The asymptotic metric reads as

Matching with  gives .  
This matches the logarithmic corrections between  and . 

ℐ+ iρA = − 4e−2ρN(log)
A + o(e−3ρ)

i+ ℐ+
iab

jab

Matching with  gives .  
This matches the Lorentz charge aspect between  and . 

Lorentz charges are defined locally around each body as  

(the charge is finite only after a renormalization procedure) 

ℐ+ jρA = − ∇BC(1)
AB + (−4N(0)

A + …)e−2ρ + o(e−3ρ)
i+ ℐ+

Qi
Y = −

1
8π ∮Ci

qd2x ( jab + …)raξb
Y

For the experts !



Why is a BMS covariant framework useful?

A.  Formulate conservation laws 

B. Clarify the choice of BMS frame 

C. Define intrinsic spin of each massive body



A. Formulate conservation laws
The BMS group is the asymptotic symmetry group of all 5 infinities simultaneously.  

There are therefore globally conserved BMS charges.  

Let be  incoming bodies and  outgoing bodies. The conservation laws are  

  

for any charge associated with  This is a theorem under our assumptions.

N− N+

N+

∑
n=1

Qi+

n + ΔQ𝒯+ = Qi0 =
N−

∑
n=1

Qi−

n + ΔQℐ−

T and YA .



B. Clarify the choice of BMS frame

In special relativity:

Even in a covariant theory, results are sometimes best derived in specific frames.

                    “initial center of momentum frame” (fixes boosts)Pi |i−
∂

= 0

     “initial center of energy frame” (fixes boosts and spatial translations)Ni |i−
∂

= Pi |i−
∂

= 0

One could further fix time translations and rotations.

In general relativity:
      “good cut” (fixes pure supertranslations) 

In the absence of incoming radiation, it is equivalent to  and  
C |ℐ−

−
= 0

C |ℐ−
+

= 0 C |ℐ+
−

= 0

[Alternative (used in PM/NR):       “nice cut”.  

This is equivalent to cancelling the Moreschi supermomenta at . 
However,  while .  

Therefore the relationship  would not be simultaneously true.]

( 1
4

∇2(∇2 + 2)C + mℓ≥2) |ℐ+
−

= 0

ℐ+
−

C |ℐ+
−
(θ, ϕ) = − Υ*C |ℐ−

+
(θ, ϕ) m |ℐ+

−
(θ, ϕ) = + Υ*m |ℐ−

+
(θ, ϕ)

( 1
4

∇2(∇2 + 2)C + mℓ≥2) |ℐ−
+

= 0



Physical effects coded in shifts of BMS frames

     “initial center of energy frame” (fixes boosts and spatial translations)Ni |i−
∂

= Pi |i−
∂

= 0

      “good cut” (fixes supertranslations) 
In the absence of incoming radiation, it is equivalent to  and  
C |ℐ−

−
= 0

C |ℐ−
+

= 0 C |ℐ+
−

= 0

Let us impose the BMS frame fixing conditions at  :i−

The final BMS frame at  will differ :i+

- When there is change in momentum, we say there was “recoil” equal to Pi+
∂

i

- When there is mass moment, we say there was “scoot” equal to Ni+
∂

i

- When there is change in shear, we say there was “displacement memory” equal to C |i+
∂

= ΔCtotal(θ, ϕ)

[There is no name for the other 2 effects of change of BMS frame (time translations and rotations).]



C. Define intrinsic spin of each massive body at i+

In scattering problems, one needs to define the mass and (intrinsic) spin of individual bodies.  

The mass of a body is defined as  which is fully BMS-invariant. 

In special relativity, a body located at position  has (total) angular momentum  and mass 
moment  where  is the spin. The formula for the spin in terms of the charges is thus  

. 

In general relativity, we also define the spin as . It is invariant under translations and it 

transforms in the expected way under rotations and boosts. 

Using the representation of the BMS algebra on the conserved charges, we can prove that under a 
supertranslation , the spin is invariant: . This defines the supertranslation invariant spin in 

general relativity. The spin magnitude  is BMS invariant.

M = E2 − PiPi

xi Li = Si + ϵi
jkxjPk

Ni = E xi − Pit Si

Si = Li −
1
E

ϵi
jkNjPk

Si = Li −
1
E

ϵi
jkNjPk

T δTSi = 0

S = SiSi



3.   Complete set of non-radiative charges : Geroch-Hansen 
multipoles + generalised BMS + non-stationary multipole moments



Multipolar post-Minkowskian formalism
Introduce a background Minkowski metric and define the non-linear field

Fix de Donder gauge, also known as harmonic gauge,

Simple algebra leads to 

<latexit sha1_base64="W2ksRCoIy3eimFhnfwhsZ6ZP8VY=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXEhJiqgboeDGZQX7gCaGm+mkHTp5ODMRS+zCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r3HTziTyrK+jcLC4tLySnG1tLa+sbllbu80ZZwKQhsk5rFo+yApZxFtKKY4bSeCQuhz2vIHl2O/dU+FZHF0o4YJdUPoRSxgBJSWPHPPkXcpCOr18MOtAzzpA77AlmeWrYo1AZ4ndk7KKEfdM7+cbkzSkEaKcJCyY1uJcjMQihFORyUnlTQBMoAe7WgaQUilm03uH+FDrXRxEAtdkcIT9fdEBqGUw9DXnSGovpz1xuJ/XidVwbmbsShJFY3IdFGQcqxiPA4Dd5mgRPGhJkAE07di0gcBROnISjoEe/bledKsVuzTSvX6pFw7zuMoon10gI6Qjc5QDV2hOmoggh7RM3pFb8aT8WK8Gx/T1oKRz+yiPzA+fwC6bJUw</latexit>⇤gx
↵ = 0



The Einstein field equations then take the form

<latexit sha1_base64="7VkpqRrONwLQL0DiNjXRISfb3OE="></latexit>

⇤⌘h
µ⌫ =

16⇡G

c4
|g|Tµ⌫ + ⇤µ⌫(h, @h, @2h)

These equations are amenable to the post-Minkowskian (PM) expansion

In addition, a spherical harmonic decomposition or, equivalently, a 
decomposition in multipole moments is performed. This is motivated by the 
fact that GW emitted from compact sources mainly depend upon the lowest 
multipoles.



At linear order, 

We impose the boundary condition no incoming radiation from 
<latexit sha1_base64="m0ricmAPR/av9NSeE5viZr7X4kw=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgQktSRF0W3Oiugn1AG8tkOmmHTiZxZlIood/hxoUibv0Yd/6NkzYLbT0wcDjnXu6Z48ecKe0431ZhZXVtfaO4Wdra3tnds/cPmipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryRzeZ3xpTqVgkHvQkpl6IB4IFjGBtJK8bYj0MJB6hu8fznl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2KpGeF0WuomisaYjPCAdgwVOKTKS2ehp+jEKH0URNI8odFM/b2R4lCpSeibySykWvQy8T+vk+jg2kuZiBNNBZkfChKOdISyBlCfSUo0nxiCiWQmKyJDLDHRpqeSKcFd/PIyaVYr7mWlen9Rrp3ldRThCI7hFFy4ghrcQh0aQOAJnuEV3qyx9WK9Wx/z0YKV7xzCH1ifPwWskYs=</latexit>

I�

The most general solution (up to residual gauge transformations) is 

de Donder coordinates:We defined:

<latexit sha1_base64="8nR0hly7zR0PgkTM9JAv8LIgdJ8=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1iECqUkRVRwU3DjQqGivUAbwmQ6aYdOLsxMCiX0Tdy4UMStb+LOt3GaZqGtPwx8/OcczpnfizmTyrK+jZXVtfWNzcJWcXtnd2/fPDhsySgRhDZJxCPR8bCknIW0qZjitBMLigOP07Y3upnV22MqJIvCJzWJqRPgQch8RrDSlmua9+5dOTmr9K7RY0auWbKqVia0DHYOJcjVcM2vXj8iSUBDRTiWsmtbsXJSLBQjnE6LvUTSGJMRHtCuxhAHVDppdvkUnWqnj/xI6BcqlLm/J1IcSDkJPN0ZYDWUi7WZ+V+tmyj/yklZGCeKhmS+yE84UhGaxYD6TFCi+EQDJoLpWxEZYoGJ0mEVdQj24peXoVWr2hfV2sN5qV7J4yjAMZxAGWy4hDrcQgOaQGAMz/AKb0ZqvBjvxse8dcXIZ47gj4zPH5lBkaE=</latexit>

ML(u), SL(u) are the mass and current canonical multipole moments, respectively
They are STF (symmetric trace-free) tensors.

[Thorne, 1980][Blanchet, Liv.Rev.Rel.]

<latexit sha1_base64="xz00NRCPKIdJZr+Sagw8WrBeAQg=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBAsJOwGURshYGMZwTwgG5fZyU0yZHZ2nYcQlhQ2/oqNhSK2foSdf+PkUWjigQuHc+7l3nuilDOlPe/bWVpeWV1bz23kN7e2d3bdvf26SoykUKMJT2QzIgo4E1DTTHNophJIHHFoRIOrsd94AKlYIm71MIV2THqCdRkl2kqhWwjUvSESwgA0wf3Qv8uC2ATCjC690C16JW8CvEj8GSmiGaqh+xV0EmpiEJpyolTL91LdzojUjHIY5QOjICV0QHrQslSQGFQ7mzwxwkdW6eBuIm0JjSfq74mMxEoN48h2xkT31bw3Fv/zWkZ3L9oZE6nRIOh0UddwrBM8TgR3mASq+dASQiWzt2LaJ5JQbXPL2xD8+ZcXSb1c8s9K5ZvTYuVkFkcOFdAhOkY+OkcVdI2qqIYoekTP6BW9OU/Oi/PufExbl5zZzAH6A+fzB3Col+Q=</latexit>

⇤⌘h
µ⌫
1 = 0



We can perform a coordinate transformation to Bondi gauge and 
read off the Bondi data in terms of canonical multipole moments

We read :

    derivatives of the canonical multipoles
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`
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[Blanchet, G.C., Faye, Oliveri, Seraj, 2013]



Additional data: the “  Bondi aspects”n ≥ 2
<latexit sha1_base64="U8TmMyZHXw+qsfQQ1CF8GiHyNFk="></latexit>

gab = r
2
�ab + rCab + r

�1
1X

n=2

r
2�n

Eab +O(G2)
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[BMS, 1962][Tambourino, Winicour, 1966][…] [Barnich-Troessaert, 2011]

We read :

Less than     derivatives of the canonical multipoles
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(n)

(n)

[Blanchet, G.C., Faye, Oliveri, Seraj, 2013]



Non-radiative spacetimes (linear level)
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Nab = @uCab = 0

Equivalently, in terms of canonical multipole moments :

General solution in terms of conserved charges :

What are those conserved charges?



Conserved charges are built from “dressed Bondi data”

n = 0

n = 1

n = 2

n = 3

The dressed quantities are conserved in the absence of news. 
Uniqueness? 

[Godazgar, Godazgar, Pope, 2018]

[Grant, Nichols, 2022]

[Hawking, Perry, Strominger, 2016] 
[Compère, Oliveri, Seraj, 2019]

n ≥ 4

[Blanchet, Compère, Faye,  
Oliveri, Seraj, 2022]

[Freidel, Pranzetti, 2021]

…



All local flux-balance laws at  ℐ+

[Grant, Nichols, 2021][Freidel, Pranzetti, Raclariu, 2021]
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Charges of non-radiative spacetimes
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Stationary  
Geroch-Hansen  

moments
<latexit sha1_base64="cUp+rX145aO+s7ConiONH9RVTm8="></latexit>

ML = mL,`u
` +mL,`�1u

`�1 + · · ·+mL,1u
1 +mL,0u

0

BMS Supermomenta and  
BMS dual supermomenta

Generalized 
BMS 

Super-Lorentz 
charges

  
Bondi charges

n ≥ 2

Non-stationary  
moments

They occur in the metric components

[Freidel, Raclariu, Pranzetti, 2021]Can be converted to  basisLw1+∞



4.    Properties of quadrupolar linear fields on dS4: Memory 
effects, BMS transitions, and breaking of the conformal group 
which invalidates the dS4/CFT3 conjecture

Λ−



The asymptotic structure of  for  in a nutshellℐ+ Λ > 0
ℐ+

τ

τ = 0

H =
Λ
3

ds2 = − dτ2 + τ2(g(0)
ab (xc) + … + τ−3Tab(xc) + …)dxadxb

Starobinsky / Fefferman-Graham gauge :

Ta
a = 0, Da

(0)Tab = 0

We can further gauge fix the boundary metric : 

g(0)
ab dxadxb = H2du + qAB(u, xC)dxAdxB

The residual gauge transformations consist in 4 functions of  (“integration constants” after gauge fixing) xa

det(qAB) = det(q̊AB)

The residual gauge transformations are spanned by 3 functions of . 

They form the -BMS algebroid whose structure constants depend upon the phase space field 

xA = (θ, ϕ)
Λ qAB .

In the presence of radiation, an observer located close to  cannot gauge fix the diffeomorphism group 
any further. The -BMS symmetries reflect the freedom at setting up a detector at  in asymptotically de 
Sitter. (Same results in Bondi gauge)

ℐ+

Λ ℐ+

[GC, Fiorucci, Ruzziconi, 2019]




ξu = U(u, xA)
ξA = YA(u, xA) + O(r−1)

“2d” presentation of the -BMS generators :Λ

Algebroid :

[(U, YA), (U′ , Y′ A)] = (U′ ′ , Y′ ′ A)
U′ ′ = YA∂AU′ +

1
2

UDAY′ A − (() ↔ ()′ )

Y′ ′ A = YB∂BY′ A − H2UqAB∂BU′ − (() ↔ ()′ )

[GC, Fiorucci, Ruzziconi, 2019]


∂uU = −
1
2

DAYA

∂uYA = − H2qAB∂BU

In the flat limit, the algebra reduces to the generalized BMS algebra diff(S2) + vect(S2)

When , the -BMS algebroid becomes the -BMS algebra that contains the  
algebra of exact symmetries of de Sitter.

qAB(u, xA) = q̊AB(xA) Λ Λ SO(4,1)

[Barnich, Troessaert, 2010]

[Campiglia, Laddha, 2015]

The asymptotic structure of  for  in a nutshellℐ+ Λ > 0



What is the structure at  generated by a localized event?ℐ+

No radiation at  ℐ+
−No radiation at  ℐ+

+

Note: The topology at  is  minus 2 points : .ℐ+ S3 ℝ × S2

What is the metric  resulting of a localized event below the Hubble scale?

Is there a -BMS group transition after the passage of the gravitational wave strain?

qAB(u, xA)
Λ



Starting point: de Sitter in the Poincaré patch





Perturbations  are described using good variables: ,        ,    ,   


and a good gauge “Generalized harmonic gauge” : .

ḡαβdxαdxβ = a2(−dη2 + d ⃗x2), a(η) = −
1

Hη

hαβ χμν = a−2(hμν −
1
2

ημνhα
α) ̂χ = χ00 + χii χ0i χij

∂αχαμ +
1
η

(2χ0μ + δ0
μ χα

α) = 0

[de Vega, Ramirez, Sanchez, 98]

η = −
1
H

e−Ht

Linear spin 2 field on de Sitter



Scalar and vectors modes are similar to flat space.


Tensor mode depends upon the de Sitter potential. There is propagation inside the lightcone.


□ = − ∂2
η + ∂2

i

Linear equations of motion:

Linear spin 2 field on de Sitter

We solve the equations in the quadrupolar truncation:
(Distinct from [Ashtekar, Bonga, Kesavan, 2015] 


[Bunster, Perez, Bonga, 2023])



Q(ρ+p)
ij (η) ≡ ∫ d3xa3(η)(T00 + Tkk)xixj Kij(η) ≡

4
3 ∫ d3xa3(η)ϵkl(iTj)kxl

We define the even parity and odd parity quadrupolar 
moments of the stress-energy tensor as

(Here, the multipoles are evaluated at  : .) ℐ+ η = − H−1e−Hu

The boundary metric at  of the linear perturbation is given by ℐ+

g(0)
ab dxadxb = H2du2 + qABdxAdxB

where

Result of the linear analysis

[G.C., Hoque, Kutluk, 23]

We assume for simplicity staticity in addition to non-radiative boundary 
conditions at early and late times.



In the even sector, a fixed quadrupole can be re-absorbed at either 
 or  as a  transformation.u = uf u = ui Λ − BMS

Cosmological displacement memory effect

[Chu, ’16][G.C., Hoque, Kutluk, 23]

In the even sector, the finite difference of the quadrupole between  
or  leads to a finite displacement memory, which is gauge 
invariant.

u = uf
u = ui

In the odd sector, a fixed quadrupole cannot be absorbed into a residual 
gauge transformation. There also again a finite displacement memory.

Contrary to the flat case, the displacement memory is at leading order. In 
a sense it also arises from a flux-balance law, , which 
becomes trivial in the flat limit. There are also subleading effects (which 
match the flat case). 

∂uqAB = HCAB

Similarly to the flat case, there is a distinction between even and odd 
sectors with respect to memory. 



See also [Ashtekar, Bonga, Kesavan, 2015] [Bunster, Perez, Bonga, 2023]

Localized sources in dS4 lead to a non-trivial boundary metric, after using the retarded propagator.   

Dirichlet boundary conditions are therefore generically violated. Even in the absence of radiation, in the 
presence of a static odd quadrupole. 

(Sending advanced signals from the past cosmological horizon would induce non-linear interferences) 

Dynamical gravity in dS4 cannot be modelled by a CFT3.

Consequences for holography



Summary

1. The 5 boundaries of Minkowski: “Penrose” versus “Puzzle piece” diagram 

2. Unified BMS group acting simultaneously on the 5 boundaries. Boundary conditions  
consistent with the logarithmic corrections to the subleading soft graviton theorem. 

3. Complete set of non-radiative charges : Geroch-Hansen multipoles + generalised 
BMS + non-stationary multipole moments 

4. Properties of quadrupolar linear fields on dS4: Memory effects, BMS transitions, 
and breaking of the conformal group which invalidates the dS4/CFT3 conjecture

Λ−



Non-decoupling feature of the BMS algebra

Spherical harmonic decomposition: T =
∞

∑
ℓ=0

TLnL = T0 + Tini + Tijninj + ⋯

ni = (sin θ cos ϕ, sin θ sin ϕ, cos θ) YA = bi∂Ani − κiϵAB∂Bni

The BMS algebra can be written as

The pure supertranslations do not form an ideal because ordinary translations appear in the right-hand 
side of the commutator of a boost and a pure supertranslation with .ℓ = 2

For the experts !



Decoupling BMS at  :  

Supertranslation invariant Lorentz charges

i+, i0, i−

[Javadinezhad, Kol, Porrati, 2018&2022 ; Compère, Oliveri, Seraj, 2019 ;  
Chen, Wang, Wang,, Yau, 2021 ; Compère,Nichols 2021 ; Fuentealba, Henneaux, Troessaert 2023]

 

 

 

{QT1
, QT2

} = 0

{QY, QT} = QY(T) where Y(T ) ≡ YA∂AT −
1
2

∇AYAT

{QY1
, QY2

} = Q[Y1,Y2], [Y1, Y2]A ≡ YB
1 ∂BYA

2 − YB
2 ∂BYA

1

BMS algebra:

Supertranslation frame at either  i+, i0, i− : C(0) |ℐ+
+
(θ, ϕ), C(0) |ℐ+

−
(θ, ϕ) = − Υ*C(0) |ℐ−

+
(θ, ϕ), C(0) |ℐ−

−
(θ, ϕ)

I will denote it in all three cases as . Under a supertranslation .  

The supertranslation invariant Lorentz charge is defined as 

 . 

Explicitly, at  as ,   . 

By construction, under a pure supertranslation:  

Under a translation, there is no change in the bracket: . One can check that  . 

The Poincaré algebra is therefore decoupled from the pure supertranslation abelian algebra at .

C(θ, ϕ) δY,TC = T + YA∂AC −
1
2

DAYAC = T + Y(C)

Qinv
Y ≡ QY − QT=Y(C)

ℐ± u → ± ∞ Qinv
Y |ℐ±

±
=

1
8π ∫S2

dΩYA (NA − 3m∂AC − C∂Am)
{QT, Qinv

Y } = QY(T) − QY(T) = 0

{QTμ
, Qinv

Y } = QY(Tμ) {Qinv
Y1

, Qinv
Y2

} = Qinv
[Y1,Y2]

i+, i0, i−

For the experts !



Zero modes of the soft term  
  Poincaré + Newman-Penrose charges=
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<latexit sha1_base64="VtL26rWaQpC+qCKbst29WjR3TUo=">AAACCnicbZC7SgNBFIZn4y3G26qlzWgQYpGwuwQVq6CNZQRzgWwMs5OTZMjs7DozK4SQ2sZXsbFQxNYnsPNtnFwKTfxh4OM/53Dm/EHMmdKO822llpZXVtfS65mNza3tHXt3r6qiRFKo0IhHsh4QBZwJqGimOdRjCSQMONSC/tW4XnsAqVgkbvUghmZIuoJ1GCXaWC370MM5cefliycX2Pexh30O99gHzicg8m7LzjoFZyK8CO4Msmimcsv+8tsRTUIQmnKiVMN1Yt0cEqkZ5TDK+ImCmNA+6ULDoCAhqOZwcsoIHxunjTuRNE9oPHF/TwxJqNQgDExnSHRPzdfG5n+1RqI7580hE3GiQdDpok7CsY7wOBfcZhKo5gMDhEpm/oppj0hCtUkvY0Jw509ehKpXcE8L3k0xW7qcxZFGB+gI5ZCLzlAJXaMyqiCKHtEzekVv1pP1Yr1bH9PWlDWb2Ud/ZH3+ABdRl2M=</latexit>

2(n2 � 4) :

2  `  n� 1

None
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