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Analytical Approximation Methods

e Post-Newtonian (PN): expansion “for small G and small v"

Gm v2

~

— K 1.
rc? c2

e Post-Minkowskian (PM): expansion “for small G”

Gm %
— K1, generic — .
rc2 c?

e Self-Force: expansion in the near-probe limit my, < my or

mymy

m=my+ my, v= <1.
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General Relativity from Scattering Amplitudes

Key ldea: Extract the PM gravitational dynamics from scattering amplitudes.

e Weak-coupling expansion <+ PM expansion
Weak-coupling:  Ag = O(G) A1 = O(G?) Ay =0(G3) Az =0(G*

PM: 1PM 2PM 3PM 4PM
State of the art

e Lorentz invariance <+ generic velocities
e Study scattering events, then export to bound trajectories
(Veg, analytic continuation...)



Recent Progress on “Point Particles”

AP =06) AV =06 AP =06 AP =06
m [Geissler '59] [Westpfahl '85]

[Cheung, Rothstein, Solon "18] [Bern et al. '19] [Bern et al. "21]
[Collado, Di Vecchia, Russo '19] [Di Vecchia, CH, Russo, [Dlapa et al. '21,'22]
V Veneziano '20, '21] [Damgaard et al. '23]
[Damgaard et al. 21]
[Brandhuber et al. 21]
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Ay = 0(62) Ay = 0(67)
Kovacs, Thorne '78]

Goldberger, Ridgway '16] [Brandhuber et al. '23]
Luna, Nicholson, O'Connell, White '17] [Herderschee, Roiban, Teng '23]
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Jakobsen, Mogull, Plefka, Steinhoff '21] [Elkhidir, O'Connell, Sergola, Vazquez-Holm 23]

Mougiakakos, Riva, Vernizzi '21] [Georgoudis, CH, Vazquez-Holm '23]

De Angelis, Gonzo, Novichkov 23] [Caron-Huot, Giroux, Hannesdottir, Mizera '23]

Brandhuber et al. '23] [Georgoudis, CH, Russo '23, '24]

Aoude, Haddad, CH, Helset '23] [Bini, Damour, De Angelis, Geralico, Herderschee, Roiban, Teng '24]

Ref. [gini, Damour, Geralico 23] reports mismatches with MPM-PN formalism (?) 8



Dissipative Observables

e Radiated energy-momentum P* carried away by gravitational waves

Point-particle Tides Spins
O( G3) LO [Herrmann, Parra-Martinez, Ruf, Zeng '21] [Mougiakakos, Riva, Vernizzi '22] [Riva, Vernizzi, Wong '22]
O(G4) NLO [Dlapa, Kalin, Liu, Neef, Porto '22] [Jakobsen, Mogull, Plefka, Sauer '23] [Jakobsen, Mogull, Plefka, Sauer '23]

e Angular momentum loss J*¥, angular momentum + mass dipole (rotation +

boost charge) carried away by the gravitational field

Point-particle Tides Spins
O( G2) I_O [Damour '20; Gralla, Lobo '21] - [Alessio, Di Vecchia '22]
0(63) NLO [Manohar, Ridgway, Shen '22] [CH '22] [CH 23]

[Di Vecchia, CH, Russo, Veneziano '22]



The Elastic Eikonal and the Deflection Angle
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Kinematics of Classical Post-Minkowskian (PM) Scattering

. . 1
py = miy = -(py — py)

2
3 1
Py = maiy = 5(Py = P2)
QM = pi +py = —ph — p§

v a7
Vi V2

[ (é S T o)
€ J <2m1 2m2>Q p?’\

P ==

In this way, vi - by = w - by =0 and iy - be = ip - be = 0. Classical PM regime:

Gimz>>1
h c’ b

h
— <K< GmKb
m

> 1 (generic).
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Kinematics of the Elastic 2 — 2 Amplitude, A®

_ 1 =q—pP1
prE@f—ﬁ)
1
Py = 5(Ps = P5)
= —q—p2

¢ =pl+py=—p—p

Defining velocities by p}' = —myvy’, py = —ma vy
g = —V] -V
Dual velocities: vi' = oV}’ + V', vi' = oV + V4 obey V; - v; = —4j;.
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The Elastic Eikonal

e From g to b: Fourier transform [q ~ O(})]

/Z((b) _ 1 dD_2q eib.qA(S ) 1 + I./Z((b) — e2f5(b)
4Ep | (2m)D-2 )

with 26 = 200 + 26, + 20 + - ~ 2 (log b+ G2 + (S2)* + -+ )
e From b to Q: stationary-phase approximation [Q ~ O(p - G—lg")]
/dD2beib-Qei26(b) — Q= 9Re29

ob+
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Example: the 1PM Eikonal in General Relativity

e Tree-level amplitude in D = 4 — 2¢ dimensions

pL ————— 4 320 GmPm3(0? — 52
P LI
Tq q
2 1
p2 ———p3 Ao(s, b) = 46mumz(0” — 3732) T(=c)

2Vo? -1 (mb2)™¢

® MatChlng to the e|k0na| eXpOnentiatiOn [Kabat, Ortiz '92; Bjerrum-Bohr et al. '18]

e 14 idy = 26 = Ag.

“small G”

e From 2Jp, we obtain the leading-order deflection

P1 p— — P4 Q (9250 4Gm1m2 (0‘2 — %)
1PM — — -
0b Vo2 —
| Qipm CE (o2 _ 1 bvot -1
4GE -5
p2 P3 O1pm = (U 2)

— — b(0-2 _ 1) : 14



Elastic 2 — 2 Amplitude up to One Loop

with

e R

50 -1)

/) /)

Re A = 27 Gm2m3(my + mz) + O(log(q))
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Impulse from the Eikonal Phase up to One Loop

) 20
1+/FT Ne216, 25:260+251+ Qungu
e Tree level: i/io = 2idp, SO
284 = A(4) _ 2Gm21/(a2 B 2}26) r(_e) QH _ _4Gm2y(0'2 — %) ig
0= o2 — 1 (mb2)—¢’ 1PM bVo2 -1 b~

e One loop: By the exponentiation iftl - %(2i60)2 = iReftl = 2id1, So

B 3rG2mPy (502 — 1) 3rG2mPy (502 — 1) bl

261 = Re AW = , N 2
P 4byo? — 1 Qpa a2\o? —1 b
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The 3PM Eikonal in General Relativity

e Eikonal phase:

4G3m2m?2 | s (120% — 1002 + 1 1402 +25) 40* — 1202 -3
Re2d, = n;lmQ ( 7 7 3>—U( 7 >— g 5 g arccosho
b 2myimy (02 —1)2 3Woz -1 o°—1
+ Re20%R
with

8 — 502 +0(202—3)
3(c2—-1) (02 — 1)3/2

e Infrared divergent exponential suppression:

arccosh o .

Re 205" = ngszI(U)y (o)

1 1
|m252=; —E+Iog(02—1) Re20RR 4 ...

17



Smoothness and Universality of Re2, at High Energy

At high energy, as 0 — oo and s ~ 2mymyo, i.e. in the massless limit:

e The complete eikonal phase is smooth, although the conservative and
radiation-reaction parts separately diverge like log o

e lts expression is the same in AV = 8 supergravity and in GR,

2
0 o 4G5

Re26, ~ Gs ==
es02 B b

in agreement Wlth [Amati, Ciafaloni, Veneziano '90].
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The Eikonal Operator and the Scattering Waveform
Soft Limit
PN Limit

19



Kinematics of the 2 — 3 Amplitude

1

P = 5Py — 1)

» 1 i i =q1 — p1
P2 :§(P3 — )

i =Py + Py

G =Py +ps .

0=gqy +ay + K"

More invariants, besides q%, q%, also
g = —Vi] -V, wlz—vl-k, WQ:—V2~k.

We denote by E, w the total energy and the graviton frequency in the CoM frame,

w12

)

1 1
E=1/—(p1+ P2)2a w = E (p1+p2)- k= E(mlwl + mows) 12 = " .



Inelastic Final State

Eikonal Exponentiation of Graviton Exchanges + Coherent Radiation:
ezié(bl,bz) _ eiReza(b)eifk[W(k)aT(k)+W*(k)a(k)] _

e Final state, schematically: A
lout) = e?(b1:52) i)
o Unitarity:
(out|out) = (in|in) =1
e Consistency with the elastic exponentiation: by the BCH formula,
(infout) = of Re23(b) o= Im25(b) _ ,2i5(b)
because, by unitarity, Im 26, = %fk ﬂg))flg’)*.

21



2 — 3 Amplitude up to One Loop

= Ao+ A+ -

with Ag the tree-level amplitude, and

V«=&+é@+ﬂ+ém+qy

where B1 = Re A; and the unitarity cuts can be depicted as follows,

C1



Eikonal Waveform Kernel up to One Loop

In the eikonal approach, the asymptotic metric fluctuation h,, = g, — 1, sourced by
the scattering (the waveform) is expressed formally as

KRr ™

hw(x) = V321G (out|H,, (x)|out) ~ 46 / e YW, (wn) ‘2’7“’ + (c.c.)
0

where K = v/87G, r is the distance from the observer and U the retarded time.

o Tree level:
Wo = Ag
e One loop: '
Wy = By + é(q + o).
To obtain this simple form for W4, it is crucial to employ the “eikonal” or

“average" variables iy, i, be (and not vy, va, by) [Georgoudis, CH, Russo 23]

[See also Caron-Huot, Giroux, Hannesdottir, Mizera '23; Bini, Damour, Geralico '23; Aoude, Haddad, CH, Helset '23] 23



Real Part of the Kernel

e Tree level: Ay is a relatively simple rational function
e One loop: We isolate the even and odd parts of By under wy s — —w1 2,

By = Bio + Bik,

and By is fixed in terms of the tree-level amplitude,

Bro=|1- 2| e a

10 — _(02_1)3/2 7T w Ap
while .
R
\E = Awl + ACIl m%m% 4 (1 PN 2) )
wi(g3 +wi)?  wig| 45Ot

e Here, A)R; are polynomials and Q; denotes the spurious pole

Q1= (g — 3)* — 4qiw3
24



Imaginary Part of the Kernel

The imaginary part is determined by the rescattering or Compton cuts, for instance

i ) 1 w?
5 cl = IGml(,cJ]_ (— -+ |Og ) [AO]D 4 + ImlmZMmlmz ,
IR
Mmi)'m% — Alat
9193 (0% — 1)wiw3 (g3 + w3)3Q3PQ
+ Aiu arcsinh w1 n Afh arccosh o
inh L
Gwi(g5 +wi) POt @ qui(o? —1)P2Q% o2 — 1
I /
T A Og“’i + % |Og i
wiwsP2Q2 T w2 ¢2q2Q}P o2
with
P = —w% + 2wiworo — w% , Q= (q%)zw% — Qq%q%wlwza + (q%)zwg

25



Infrared Divergences Revisited

e Infrared divergences exponentiate in momentum space,

W = e—éGEw |:A0+Bl +;(C1+C2)reg:| _ e—;’:GEwwreg’

where )
i

i i
reg
G °==c+ - GmuwiAg
21 2 €

e This also modifies the finite part by é Gmyw; times the O(e) part of Ap.
e After this step, the divergence can be canceled by redefining the origin of retarded

time, arriving at the following well defined expression

4G [ d
B (x) ~ 28 /0 e HUE(wn) 5 + ().

Rr

26



Regions in the Soft Limit

Letting k* = w n*, we target non-analytic pieces as w — 0, i.e.

W — VT/["-FI] + VT/['OE“J] + VT/[WO] + W[w(logw)2] + VT/["J log w] 4o

e Region 1: |w < q ~ b~!| The amplitude simplifies and FT become elementary,

/ d2—2eqL (q2 )l/ eib-ql — 4" r(l tv— 6)
(27)2—2¢ L1 ml=e [(—v)(b?)tHv—e

e Region 2: |w~ g, < b~Y|FT turn into ordinary integrals. At tree level,

P / d2 2qu_ 1
i = 2—2¢ j i
(2m) <q w2a2> " ((QJ_ —n)?+ w2a%>’2

1 + 0'2 1 0-2_1
I(e) a3w? \ I(e) adw? \ "~ VoZ =1
10 (47r)1*€ <02 1 01 (47r)1*€ 2 _ 1 11 Ao 0nw? arccosh o
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Universal Terms

e Leading 1/w soft term (memory effect in time domain) [matches Weinberg '64; Sahoo, Sen '18; *21]

ikQ .

m(allb -& — Quolly - 5)(25[1@2[36 e+ be - n(&lﬁz -e+ Gollq - E))
Qo

e Subleading log w soft term [matches Sahoo, Sen '18; 21]

- 2Gm1m20(2a -3) . . _ wb e
W lleswl — R .2)?] 7
a1a2(02 _ 1)3/2 (G1lp - & — Gpiy - €)° log ol -1

+2iGEw W logw

ke

[ ] Sub Sub|eadlng (log ) Soft term [matches Sahoo, Sen '18; '21]
Wiloew)?] = 2iGEw W8 log w
Key simplification:
By dimensional analysis, for the log terms, we can focus on one region (the easier one)!

28



e For later, we need the complete WO piece of the tree-level result,

Gmympo (202 — 3) 3 2Gmymy(202 — 1)

5 37 log (d162) — =

a162(0% — 1) PVo? -1

4Gm1m2 [(dlﬂz € — d2l71 . 5)2

P

N 202 — 1
TN

e For this one, both regions are needed!

VT/O[WO] = K(&lﬁz € — 542[71 . 8)2 |:

o1
<g3 arccosh o + g» log ~>
Qo

160 P

| + iz - neof
2nwo .

29



o T[ree-level wlogw piece [matches Ghosh, Sahoo 21]
: 2

= [wlogw] 2/Gm1 m20(20 — 3)

Wo TR D 3/2
a1dn(0? —1)3/

X [G1é2 be - € + Ga(b1 - n)(dy - €) — @1(bz2 - n)(b2 - €)]wlogw

(5[1[72'5—542(71‘5)

o Non-universal one-loop wlog w piece. By1p contributes in the obvious way, while
B1g does not contribute. Finally,

] ]- 7 w . T /lw a7 |w w

é(el+52)[w'°gw] — iGE [— + log ‘“20‘1 WL 1 2iGEw log w W 4i A1l o8]
€ Hir

with

20(q tp - € — ap uy - €)?

o~ lwl :
/M[lw el — jixu logw G m?my

(02 —1)3/2P
202 -3 arccosh o 1 o1 fi
= bh—log— | — ———— 1+ 2).
8 { (3(02—1)3/2+ ° a2 Ogaz) 042(02—1)]—'_( ~2) 30



Comparison with Predictions from MPM Formalism

e The result for the wlogw term was given explicitly in the PN expansion using the
Multipolar post-Minkowskian (MPM) formalism in (gini, Damour, Geralico 231, Where a
mismatch was found when comparing with the amplitude-based result starting at
25PN (~1/c®)

e We find that agreement is restored after performing the following

supertranslation [veneziano, Vilkovisky 22]
U— U-T(n), T(n) =2G(myoq log a1 + moa log az)
or more precisely
dthag = —T(n) duhag + r [2DaDg — vagA] T(n)

where only the first term on the RHS (the non-static one) matters.

2

Here, n* = (1,A), €4 = dan*, hap = r*ehefhu,, vag = ea- e, Da is the

associated covariant derivative, A = DDA, 31



The PN Limit

e We consider the PN expansion

Poo = V02 —1=0(N), w=0(\) asA—0

z
i 5 N
Reference vectors in the CoM frame:
—&
=(1,0,0,0)
0,b,0,0 o 'y
= (0, b,0,0) be
=(0,0,1,0)
¢* = (0,0,0,1) ¢

32



Multipolar Decomposition

e We define the dimensionless frequency

wb
u=—,
Poo
which does not scale in the PN limit.

e |t is convenient to express the waveform in terms of the radiative multipoles,
i.e. of symmetric trace-free (STF) tensors U, (u), V,(u),

TT

46 X1 20
TT
hj' = — ez; 7 ni—o Ujir_o(u) — 11 Ner—2€cq(i Vjyd—2(U)

e We computed all building blocks of the kernel to NNNLO in the small A
limit and extracted the associated multipoles.

33



Taking the Limit: Simplifications and Challenges

e The amplitude dramatically simplifies and FT become trivial,
/d2(u 14 p.at Ve,-b.qL _ 2 Kip(v)
(2m)2 w? b2 [(—v)uv—1

No need to consider different regions.

e The dependence on p. in the relativistic invariants o, wi, wa, g3, g3 enters via
square roots and is rather intricate.
This can be solved by expanding the elementary variables separately.

e The spurious poles induce large inverse powers of A, which requires to expand
the numerators to very high order, especially for ¢; + c.
This can be solved by making an ansatz for the expansion and fixing it by

numerical evaluation of the limit.

See aISO [Bini, Damour, De Angelis, Geralico, Herderschee, Roiban, Teng '24]

34



Different Scaling of the Building Blocks

o Tree level:  Ag — GA71 (1+)\+)\2+)\3+/\4+)\5+)\6+...)
e We further break down ;o = Bgig) + tho),

2 3
(oot =3) (i)
[‘)10 = wﬂ'GE(JJAO, Blo —WGEWAO
so that
B 5 A (LA + A2 A X4 A0 )
B — G2 (14 A+ 2%+ A3+
and

Big — GATL 1+ A+ A2 X340 )
o ("€ defined by “pulling out” the tail logw as
é(cl + )8 = 2iGEw log u% Ag + C™€ behaves as follows,

C8 — GNP (L + A+ N+ N+ -



Different Scaling of the Building Blocks

Let us show the scaling in detail for the quadrupole, U;; = Us:

OPN 0.5PN 1PN 1.5PN 2PN 25PN 3PN

Ag— Up~ GATI(1 + A2 + A + A°
BY) — Us~ GA3(1  + A2 TR T\
B — Uy~ G2A(1 + A2 g
Big — Us~ GIAL(1 o+ X2 4
Cree s Uy ~ G2/\0(1 + 22 + ...

We have calculated the leading contributions to Us 345, Vo34 and the next-to-leading

corrections to Us 3, Vo

36



Newtonian quadrupole at tree level,

019 = 48 () 4 30K ().
U89 = 4™ () + Ka(w),
UL9 = 436/2':”(2}(0(11) + 3uKy(u)),
Lo — _4Gm2yK0(u)

3pso

1PN quadrupole correction due to Big,

67G2m3y _
Ugi1 = —Ugp = T (L+u)e ™,
Poc
: 2.3 1
Ug2 = _omGmy ( +1+ u> e ¥,
bpoo u

while e.g. one component at 2PN is

UNLO _ TG2m3ups

E33 = — b (2v=5)(u+1)e™".

37



Emitted Energy-Momentum

Using the multipoles obtained in this way, we get

Pgd/(mUQ\/l —4v)
Erad/(mv?) G3m® [ 37 2 839
G3m3 37 (1357 3w\ , " [ 30P> ( 1680) }
T p P [15 * (840 N 30) p‘”] G'm* [ 64 (32 1664
G*m* [1568 (18608 1136 \ b* [_3 (3 _175) }
b*poc [ 45 < 525 45 ”> OO] G'm® 5 [(1491 26757 ,\ bt
G'mt , [3136 (1216 2272 \ ,| | B [(400 - 5600’3*> b
b* [ 45 <105 T ”) pOO] 128 (64 192\ ,\ ,
(5 (5 %)R)

The component along b: of Pgd is sensitive to C™8& and to the €/e!
38

Perfect agreement Wlth [Bini, Damour, Geralico '21; '22; Dlapa, Kilin, Liu, Neef, Porto '22]



Comparison with MPM Formalism

e Integer PN terms arise from various corrections to the trajectories.
e Half-odd PN: Tail formula
. 2GE w iT
Ut = ——— iwyjree (Iog — — Ky — )
‘ c MR 2
(similarly for Vi (u) with )
e Half-odd PN: Nonlinear effects, e.g.

UQQ _ E I:]' 1(5)1

@, 2 ,3),2)
p = Lo e = 7 Lot hha = 5 1agi ! }

a(i j)a
e Half-odd PN: Radiation-reaction

" 8G2m2poc

d2
XRR — 5h2r (bZeN _ (r + poot)bg) U’_j_?R — o <X<- X-'L>?R>

dr2 \"i 7
We checked that C™¢ completely agrees with the MPM prediction given by
tail4+nonlinear+radiation-reaction up to and including 2.5PN.

39
See a|SO [Bini, Damour, De Angelis, Geralico, Herderschee, Roiban, Teng '24]



Energy and Angular Momentum Losses from Reverse Unitarity
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Radiated Energy-Momentum

e (out|P*|out) = P
e In terms of the waveform

. 1 . o o~
Pe — /k ke AM (k) (nupnw - 277#1,77PU> A7 (k) = /k kY AA" .

e Recast as the FT of a cut in momentum-space (reverse unitarity)

pL = e o

fa o e
Pe = FT/d(LIPS)k"‘ | e !
[N A IR B

p2 ——1~ S T

Same integrals appearing in the 2 — 2 amplitude!
41



Radiated Angular Momentum

® <0Ut’Ja/B’OUt> JOéB + jaﬁ Where [Manohar, Ridgway, Shen '22] [Di Vecchia, CH, Russo '22]

_ @0 e [ 9A) e ) o [
Jaﬁ_JOcﬁ+Jaﬂ’ IJO‘B —/kk[aa/(mA 3 aB ./4 A
L] Reverse Unitarity: q||2 — — U2 - g [Di Vecchia, CH, Russo, Veneziano '22]
P1 / T = p1 7 T =
[aLn qg'\-q1 AT g+ q1

id© — ffl, -2 |aes) | g FT=0 [a(uesy, | |
aB [O‘ 8kﬂ] ‘\ // k // 2[ 8q||2 B] ‘\ I k //
p2 : = -~ p2 N - >

o P, J°B transform as follows under translations x* s x* + at,
P P, JoB iy goB oy glepil

42



Angular Momentum Balance

e Convenient functions: CvVo2 —1=—-&, +0€_, F=+EL F %5.
e Radiated angular momentum [Manohar, Ridgway, Shen '21]

a G3mim; a8 axfB
o7 = 220 2 F (bl — bl

[ ] Rad|at|ve Changes Of meChanlca| angular momentum [Di Vecchia, CH, Russo, Veneziano '22]

G3m2m? & b[auﬂ] 1
aB _ 1My + 1 e
ALY = =5 co1 2fh R
JP + ALY + ALY =0
8 1 2
aLg? = Eomims bl L by
b3 o—1 2
§—f+f|o 0—|—1+foarccosha g_ oo o 1+ o arccosh o
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Static Modes in the Eikonal Operator

Operator dressing:
s — el Wl (au k]

. f“”(k) — Ffr”_;(k) [Weinberg '64,'65]

v V8rG php)
P =2 o

n

and [, = [ % 2m8(k2)0(k°)O(A — k°), with A a cutoff.

e Key identification: p1 + ps = Q = —p» — p3 with Q, = 65236

o 2i0(brb2) o G g2i0(b1,b2) jnclydes static or “Coulombic” modes

44



Angular Momentum of the Static Gravitational Field 7,3

Angular momentum/mass dipole loss due to static modes:

Onmarccosh opm 1

G 02,1
= 5|l = 3 — e | (=)o
nm nm

e Here —npnmpPn * Pm = MpMmopm with 0, = +1 (n, = —1) if n €out (n €in)

[ ] MatCheS [Damour '20; Manohar, Ridgway, Shen '22; Bini, Damour '22] Up tO 0(G3) Upon eXpa nding

TP = *g (p1— p2)QAZ(0) + O(G*), Q" = Qpum + Qopy + O(G?)

e Easy to include tidal [ci 221 and spin [alessio, Di vecehia 22] [cH 23] effects, via Q.
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Radiated Angular Momentum Due to Linear Tidal Effects

e Pseudo stress-energy tensor with linear tidal effects t,‘:fVB given in [Mougiakakos, Riva,
Vernizzi '22],
(2 3/2 2 2  puv 2 2
Ag g = (87G) 2am3m3 tep/(91G2) -
e Wilson coefficients
_1 5 5
CE2—6k R/G CB 2_], R/G

with radii R; = Gm;/K;, and k;, ji the Love numbers. Compactness K; ~ 0, 1.
L] Using AIEVB, | reproduce P tid of [Mougiakakos, Riva, Vernizzi '22] and obtain the new result

157 G3m2 m3 Cx2
af _ 1M X plex, Bl X [a Al
Jiig 61 b7 X_EEB X (C b uy" + D b )+(1<—>2)

)

and arccosh o
02—-1 "
e Later fully confirmed by and independent worldline QFT calculatlon iN [Jakobsen,

which is an exact function of o, with CX, DX involving log =5 ol

Mogullo, Plefka, Sauer '24] 46



Radiated Angular Momentum Due to Spin-Orbit Effects

e Pseudo stress-energy tensor with linear (spin-orbit) and quadratic (spin-spin)

dependence on the classical spins given in [riva, vernizi, Wong '22],
3/2 2 2

AL = (87G)*2amim] i, /(a7 63) -

e Spin tensors SIHV = P9 u;,si, related to the mass-rescaled spin vectors SIH

|si| < Gm; < b, stuj, = 0 (SSC)

e Using -AS12v | confirm the linear part of Ps12 by [Riva, Vernizzi, wong 221 and obtain

G3 2 (03 (03 (e
777'”1””'2[(%1 bl b+ ¢y il b6]>u ba+<cu1 kA 4 eyl QB]) GER. I I P

b5 1

J2P=
which is an exact function of o, with ¢, |nvoIV|ng log % il

1 arccosh o
and 2529
02—-1 "

__1 2
bpoo €pa By UT Uy Sh.

e Note the dependence on (,, =
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Geometry of 2 — 2 Scattering with Spin

Reference vectors in the CoM frame:

= (1,0,0,0) -
— (0, b, 0, 0) ¢ 4 2
C“ = (0 0,0, 1) y
where s1 b
« ) «a o @
" :_Plsz, =+muf +t*(t-wm)]  f

= —mo[ug + t%(t - up)]

are the time direction and the spatial momen-

tum in that frame.
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Recoil

Balance law J* = AJmech

Total angular momentum vector (Jmech)y = — 6.“04571: 5 nech With respect to
the time-direction in the center-of-mass frame t%.

Then, J* = —AJ" . with

1 1 ay 187
J,u - _EEMaﬁvtaJ&Ya R = 75(/“"’7 (—At )Jf ’

The recoil term is crucial in order to compare J*# to its tensor analog J*¥,

-P b* 1 b- P

J*”_“{ (ba*ps) = (¢ ) %b[“’aﬂﬁcﬁ)—(zfl)pg
(W CPom PP
+ (COcJ bﬁ)+t“ |:Pb E b (51 e) E :|

where p“ is the spatial momentum in the center-of-mass frame.

FU” agreement W|th the PN reSU|tS [Cho, Kalin, Porto '21] [Bini, Geralico, Rettegno '23] and W|th the

fu” PM result [Jakobsen, Mogull, Plefka, Sauer '23] 49



Analytic Continuation to the Bound Case

e The results discussed so far hold for the scattering kinematics, in which the
total center-of-mass energy is

E= \/m1—|—2m1m20—|—m2>m1+m2, o>1.

e To analytically continue J(L = pb, a1, 0) to the bound-state kinematics, o < 1,
one can sum the two branch choices Vo2 — 1 — £iv/1 — 02

Jbound(L’ 3170-) — J(L’ a]_,o')«{» + J(La 3170-)7
e The O(G3) result JO(G?’)(L7317U) is an analytic function of o for Rec > —1, so
JOEbound() a1 ) = 2J%E)(L a1, 0).
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Summary and Outlook

e The eikonal approach provides a flexible and conceptually transparent framework
to calculate scattering observables, including the impulse, the waveform and the
emitted energy and angular momentum.

e The comparison with the MPM-PN results is interesting both technically and
conceptually. There is full agreement up to and including 2.5PN once the
amplitudes and the MPM results are written in the same BMS frame

For the future:

e Is the choice of BMS frame relevant in other comparisons (PN versus NR, PN
versus NRGR-EFT)? Is it relevant for bound orbits?

Analytic results beyond soft/PN limit?

When does the naive eikonal exponentiation break down? (If it does)

Analytic Continuation? [Adamo, Gonzo, llderton '24]

e NNLO waveform? 51



ADDITIONAL MATERIAL

52



The Initial State

e We model the initial state by |in) = |1) ® |2), with
1) :/ p1(—p1) €™ — p1)
—p1
2= [ eal-p) e - pa)
—p2

and f—p; = [2n6(p? + m?)@(—p?)(‘éifg the LIPS measure.

e Wavepackets ¢;(—p;) peaked around the classical incoming momenta.

e Impact parameter b* = bf' — b4 lies in the transverse plane b-p; =0 = p; - b.
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Elastic and Inelastic Fourier Transforms

e Elastic Fourier transform:

dP ;
FT A(4) = /(27[_)qD 271'5(2[771 %0 q) 27T5(2m2V2 . q)e’b'qA(4)(q)

L [ dP2q g i®
- = / oz @ Als. ) = A

e Inelastic Fourier transform:

dPq dP
FTA®) = / (275% (275% (2m)P5P) (g1 + g2 + k)

X 27‘1’5(2”71 vy q1)27r6(2m2v2 . qz)eibl'q1+ib2'q2./4(5)(ql, q2, k)
= A®) (k).

54



N-Operator, T-Operator and Unitarity

e N-operator: S = eV

N:-Jbg1+rnzzr—érl+~.

up to one loop.

e Unitarity: STS =1,
1 i
(T —=TH=+=T'T
2( ) +2
e We shall denote by B the N-matrix elements, just like A denotes the the usual
amplitudes (T-matrix elements). Then, by unitarity,

By = A, Bi =ReA;.
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Waveform KMOC Kernel up to One Loop

|n the KMOC approach [Kosower, Maybee, O'Connell '18; Cristofoli, Gonzo, Kosower, O'Connell '21], the asym ptotlc
metric fluctuation h,, = gu, — 7 sourced by the scattering (the waveform) is
expressed as the FT of a momentum space kernel: formally,

4G [ _. .~ d
o)~ 2 [ e U fon) 52+ (ce)

Rr s

where kK = vV8mG, r is the distance from the observer and U the retarded time.

e Tree level:
Wo = Ag

o One loop:

Wi =B, —‘r-L(S—S/)—i- i(C1—i—C2).

2 2
The dlffel’ence Of tWO—maSSive—partide cuts appeaI’S [Caron-Huot, Giroux, Hannesdottir, Mizera '23],
i

. e
/5_—2(5 s') 55



i5_ as a Taylor Expansion

e In any CoM translation frame,
by = E;bY/E by = —EibY/E,

much like for the NLO impulse we can show that, in D = 4 — 2¢,

5= QWL + iw (U)W

W|th [fully confirmed by Bini, Damour, De Angelis, Geralico, Herderschee, Roiban, Teng '24 in the PN limit]

o (02 - 3= 46) F(=e)  (m1+ mo)(ms +mo) 20%—1
(02 — )3/2 @b " mi 4 2mmo +md (02 — 132

5U = GE | s

e |t can be reabsorbed by the familiar rotation from vy, v, by to iy, i, be
plus a retarded time translation U — U+ dU.
e Working with the latter set of variables, we can focus on

WEik:.Aole'D’1+i

5 (a1 +c). 56



Radiative Functions (Point Particles)

+1+faarccosha C_ ralo a—|—1+ o arccosh o
5 3202_17 7r_g1 g2g2 g3202_1

£ fithlog”
T

fi = [2100° — 5520° + 3390 — 9125° + 314802 — 33360 + 1151]/[48(c% — 1)*/?]
fy = [-350* + 600> — 15002 + 760 — 5]/(8V/ 02 — 1)
fy = (202 — 3) (350* — 3002 + 11)]/[8 (02 — 1)*/7]

g1 = [1050" — 4110° 4 2405° + 5370* — 6830° + 11102 + 3860 — 237]/[24(c? — 1)?]
g = [350° — 900* — 7003 + 1602 4 1550 — 62]/[4(0? — 1)]
g3 = —[(202 — 3) (350° — 600" — 700> + 7202 + 195 — 12)]/[4 (02 — 1)’]
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Digression: From the Deflection Angle to the Precession Angle

We introduce the effective potential V/(r)

J2 G G? G3
2 _ 2 _
p_Pr+r7+V(f), V(r)——<rf1+r2f2+r3fé+"'>

to extract information about the bound system as well.

e Matching to the conservative PM deflection angle, one can fix f, f, f3.
Eg in GR, [Bern et al. '19, Damour "20]

fi :4m%m§(a2— %)/E7 fr = m1—|—m2)m%m§(502—1)/E7

5
e Analytically continuing to 0 < 1 (bound case) and working in the
Post-Newtonian limit voo = V1 — 02 — 0 for fixed & = Gmymy/(Jvs) matches

the corresponding orders in [gianchet 13]

Ao ——27r+2J/ §v4cv 2 [2v — 5+ 5a%(2v — 7)]

r2,/ p? —J—Q— 58
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