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● LHS of Linearized Einstein equation is gauge invariant for maximally 
symmetric background, but not for FLRW.

● Standard cosmological perturbation theory constructs gauge-invariant 
variables.

● Einstein equations can be written in gauge-invariant variables.

Overview of cosmological perturbation theory

● Cosmological perturbation theory is the building block of modern 
theoretical and observational cosmology.

<latexit sha1_base64="A66PglG77H4Hrp88b0opa1BHdTk=">AAACN3icbVDLSgMxFM3UV62vqks3wSIIQpmRoi6LblyIVLAP6JRyJ5NOQzOZIcmIZZi/cuNvuNONC0Xc+gemD1BbDwQO55xL7j1ezJnStv1s5RYWl5ZX8quFtfWNza3i9k5DRYkktE4iHsmWB4pyJmhdM81pK5YUQo/Tpje4GPnNOyoVi8StHsa0E0IgWI8R0EbqFq9dn3INOOimbphgVyQZdnWE5+Uj7Iag+wR4epUZ+Z6ZpAcyDbKfULdYssv2GHieOFNSQlPUusUn149IElKhCQel2o4d604KUjPCaVZwE0VjIAMIaNtQASFVnXR8d4YPjOLjXiTNExqP1d8TKYRKDUPPJEerq1lvJP7ntRPdO+ukTMSJpoJMPuolHJtiRiVin0lKNB8aAkQysysmfZBAtKm6YEpwZk+eJ43jsnNSrtxUStXzaR15tIf20SFy0CmqoktUQ3VE0AN6QW/o3Xq0Xq0P63MSzVnTmV30B9bXNyYvrV4=</latexit>

�gµ⌫ ! �gµ⌫ + L⇠ ḡµ⌫
<latexit sha1_base64="1oBs0fnFriMJnMXDzHQNgLBg7r8="></latexit>

�Gµ⌫ ! �Gµ⌫ + L⇠Ḡµ⌫;

● Will focus on linearized perturbations.

James M. Bardeen - 1980

Lifshitz, Khalantikof - 1946-63

Hawking, Olson - 1966, 76
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Overview of cosmological perturbation theory

<latexit sha1_base64="5+WDI4k+dXDUHxQ8kBVn0pEysRU="></latexit>

dS2 = a2[�(1 + 2A)d⌘2 + 2Nid⌘dx
i + (�ij + hij)dx

idxj ]

● The perturbed spatially flat FLRW metric - 

● The perturbations can be split into

with

● 10 dof of metric is decomposed into 4+4+2 SVT dof.

<latexit sha1_base64="0a8dJhcGyaUqB428zZbc7PufVb8="></latexit>

Ni = @iB +Bi,

hij = 2C�ij + 2@hi@jiE + 2@(iEj) + 2hTT
ij .

<latexit sha1_base64="jtbQCLvp/TvqtsWAZE6jAD0SyeY="></latexit>

@iEi = 0 = @iBi, @ihTT
ij = 0 = �ijhTT

ij
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Downsides of SVT decomposition

● SVT decomposition is non-local in position space! SVT is more convenient 
in decomposing perturbation in Fourier modes.

●

Given field variables, it is not straight forward to construct SVT variables.  
One needs to solve Poisson equations.

●

It is not also straightforward to reverse engineer the gauge-independent 
formalism to a particular coordinate (harmonic or Bondi-Sachs)!

●

SVT decomposition obscures the relation between gravitational field 
and multipolar structure of the individual compact source.

R. Brandenberger, R. Khan, W. H. Press,
Phys Rev D 28, 8, 1983.

Fourier domain is convenient for the study of the fundamental 
stochastic GW background.

●
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  Questions…

● Definition of compact sources in FLRW geometry?

● Position space decoupled EOM in FLRW?

Relation of linearized gravitational fields in terms of multipolar 
structure of individual compact sources in FLRW?

● Definition of multipole moments in FLRW?

●

In Minkowski background this has been achieved in PN/PM 
methods in position space using STF tensors.
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A detour to linearized gravity in flat case
Linearized 
inhomogeneous 
wave equation

Solve in Green’s function

Relate source integral in 
terms of source moments

Field in terms of 
quadrupole moments

<latexit sha1_base64="VJZwaumIYIIwBjx8GAeWAiwsDKw=">AAACJnicbVBNS8NAEN3Ur1q/oh69LBbBiyUpRUUQRC8eFawVmlI224ld3GzC7kQoIb/Gi3/Fi4eKiDd/itta8KM+WHjz3gyz88JUCoOe9+6UZmbn5hfKi5Wl5ZXVNXd949okmebQ5IlM9E3IDEihoIkCJdykGlgcSmiFd2cjv3UP2ohEXeEghU7MbpWIBGdopa57HKCQPcj7RTcP4ixQWXF0TPvjgo6qvSDSjOd+kdcLGgCyb8u2uVWv5o1Bp4k/IVUywUXXHQa9hGcxKOSSGdP2vRQ7OdMouISiEmQGUsbv2C20LVUsBtPJx2cWdMcqPRol2j6FdKz+nMhZbMwgDm1nzLBv/noj8T+vnWF02MmFSjMExb8WRZmkmNBRZrQnNHCUA0sY18L+lfI+s7GgTbZiQ/D/njxNrus1f7/WuGxUT04ncZTJFtkmu8QnB+SEnJML0iScPJAnMiQvzqPz7Lw6b1+tJWcys0l+wfn4BGqCplU=</latexit>

h̃µ⌫ := hµ⌫ � 1

2
⌘µ⌫h

<latexit sha1_base64="Qn8u0W8xFXeytxphmiVwFz0LqM4=">AAACD3icbZBNS8MwGMfT+TbnW9Wjl+BQBGW0MtSLMPTicYJ7gbWUNEu3sDQtSSqMsm/gxa/ixYMiXr1689uYdgV18w+BX/7P85A8fz9mVCrL+jJKC4tLyyvl1cra+sbmlrm905ZRIjBp4YhFousjSRjlpKWoYqQbC4JCn5GOP7rO6p17IiSN+J0ax8QN0YDTgGKktOWZhwMvdcIEOjyZXDpEoZ/r8TDnDE88s2rVrFxwHuwCqqBQ0zM/nX6Ek5BwhRmSsmdbsXJTJBTFjEwqTiJJjPAIDUhPI0chkW6a7zOBB9rpwyAS+nAFc/f3RIpCKcehrztDpIZytpaZ/9V6iQou3JTyOFGE4+lDQcKgimAWDuxTQbBiYw0IC6r/CvEQCYSVjrCiQ7BnV56H9mnNPqvVb+vVxlURRxnsgX1wBGxwDhrgBjRBC2DwAJ7AC3g1Ho1n4814n7aWjGJmF/yR8fENY92c5Q==</latexit>

gµ⌫ = ⌘µ⌫ + hµ⌫ ,

<latexit sha1_base64="UVtlFk4N4n8fEBcuNGaX8YcMyqE=">AAACGnicbVDJSgNBEO1xjXEb9eilMQheDDMSohch6MVjhGyQCaGnU0ma9PSMvQhhyHd48Ve8eFDEm3jxb+wsoCY+KHi8V0VVvTDhTGnP+3KWlldW19YzG9nNre2dXXdvv6ZiIylUacxj2QiJAs4EVDXTHBqJBBKFHOrh4Hrs1+9BKhaLih4m0IpIT7Auo0Rbqe36gbozRAIONOMdwP12GkQGB8KMLk9Tv4iDhOERrvzIbTfn5b0J8CLxZySHZii33Y+gE1MTgdCUE6WavpfoVkqkZpTDKBsYBQmhA9KDpqWCRKBa6eS1ET62Sgd3Y2lLaDxRf0+kJFJqGIW2MyK6r+a9sfif1zS6e9FKmUiMBkGni7qGYx3jcU64wyRQzYeWECqZvRXTPpGEaptm1obgz7+8SGpneb+YL9wWcqWrWRwZdIiO0Any0TkqoRtURlVE0QN6Qi/o1Xl0np03533auuTMZg7QHzif3wRVoDs=</latexit>

⇤h̃µ⌫ = �16⇡Tµ⌫

<latexit sha1_base64="Ft0yaZXWwZHl9zFJpDnOgqbPn6w=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiRS1I1QdOOygn1AE8NkMmmHTiZhZiKUkL0bf8WNC0Xc+gPu/BsnbRbaemDg3HPu5c49fsKoVJb1bVRWVtfWN6qbta3tnd09c/+gJ+NUYNLFMYvFwEeSMMpJV1HFyCARBEU+I31/cl34/QciJI35nZomxI3QiNOQYqS05Jl1J0FCUcTuMydKc0dRFhA49ooKOjzNLy3PbFhNawa4TOySNECJjmd+OUGM04hwhRmScmhbiXKzYg9mJK85qSQJwhM0IkNNOYqIdLPZLTk81koAw1joxxWcqb8nMhRJOY183RkhNZaLXiH+5w1TFV64GeVJqgjH80VhyqCKYREMDKggWLGpJggLqv8K8RgJhJWOr6ZDsBdPXia906Z91mzdthrtqzKOKjgCdXACbHAO2uAGdEAXYPAInsEreDOejBfj3fiYt1aMcuYQ/IHx+QNZzZs8</latexit>

@µh̃µ⌫ = 0with gauge,

<latexit sha1_base64="oOZYXxmZl1zofBHbrBkLILyp7hk="></latexit>

h̃ij = 4G

Z
d3x0 1

|x� x0|Tij(t� |x� x0|, x0)

<latexit sha1_base64="yQyvC2f0yImL8yeRLDluYsqk38I=">AAACFXicbVDLSsNAFJ34rPUVdelmsIgupCS1qBuh6MZlC31BE8tkMmnHTh7MTMQS8hNu/BU3LhRxK7jzb5ymWWjrgQuHc+7l3nuciFEhDeNbW1hcWl5ZLawV1zc2t7b1nd22CGOOSQuHLORdBwnCaEBakkpGuhEnyHcY6Tij64nfuSdc0DBoynFEbB8NAupRjKSS+vqJRQMJ3dvkNH04gs1+Qu/SS8vjCCdmmlRSaLluKGEjM/p6ySgbGeA8MXNSAjnqff3LckMc+ySQmCEheqYRSTtBXFLMSFq0YkEihEdoQHqKBsgnwk6yr1J4qBQXeiFXpW7M1N8TCfKFGPuO6vSRHIpZbyL+5/Vi6V3YCQ2iWJIATxd5MYMyhJOIoEs5wZKNFUGYU3UrxEOkIpEqyKIKwZx9eZ60K2XzrFxtVEu1qzyOAtgHB+AYmOAc1MANqIMWwOARPINX8KY9aS/au/YxbV3Q8pk98Afa5w/bG56n</latexit>Z
d3x0Tij =

1

2
Q̈ij

<latexit sha1_base64="N/pXwrJHdlMeGfjWIn9zMGn6WHs=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVZJS1I1QdKHLFuwDmlAmk0k7dpIJMxOhhGzd+CtuXCji1j9w5984TbPQ1gMXDufcy733eDGjUlnWt1FaWV1b3yhvVra2d3b3zP2DruSJwKSDOeOi7yFJGI1IR1HFSD8WBIUeIz1vcj3zew9ESMqjOzWNiRuiUUQDipHS0tCE42FK77NLJxAIp/WbLBUZdHyfK9jOnaFZtWpWDrhM7IJUQYHW0PxyfI6TkEQKMyTlwLZi5aZIKIoZySpOIkmM8ASNyEDTCIVEumn+SQZPtOLDgAtdkYK5+nsiRaGU09DTnSFSY7nozcT/vEGiggs3pVGcKBLh+aIgYVBxOIsF+lQQrNhUE4QF1bdCPEY6E6XDq+gQ7MWXl0m3XrPPao12o9q8KuIogyNwDE6BDc5BE9yCFugADB7BM3gFb8aT8WK8Gx/z1pJRzByCPzA+fwCyeppY</latexit>

hij =
2G

r
Q̈ij
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Background FLRW geometry
● Spatially flat FLRW background in conformal coordinates

<latexit sha1_base64="swguHi4lW7f1Fa2xdJTU3BjbaQ0="></latexit>

ḡµ⌫dx
µdx⌫ = a2(⌘)(�d⌘2 + �ijdx

idxj).

● Decelaration parameter:

<latexit sha1_base64="Av4gtScrX5W1Ejr3Ay4W8RttRRA=">AAACC3icbVDLSgMxFM34rPVVdekmtAhuLDOlqBuh6MZlBfuAzljuZDJtaOZhkhHKMHs3/oobF4q49Qfc+Tem7Sy09UDI4Zx7SO5xY86kMs1vY2l5ZXVtvbBR3Nza3tkt7e23ZZQIQlsk4pHouiApZyFtKaY47caCQuBy2nFHVxO/80CFZFF4q8YxdQIYhMxnBJSW+qXy/YV1YvsCSArY9rxIYchSe3KnkN2ltSzrlypm1ZwCLxIrJxWUo9kvfek8SQIaKsJByp5lxspJQShGOM2KdiJpDGQEA9rTNISASied7pLhI6142I+EPqHCU/V3IoVAynHg6skA1FDOexPxP6+XKP/cSVkYJ4qGZPaQn3CsIjwpBntMUKL4WBMggum/YjIEXYzS9RV1Cdb8youkXatap9X6Tb3SuMzrKKBDVEbHyEJnqIGuURO1EEGP6Bm9ojfjyXgx3o2P2eiSkWcO0B8Ynz9evpqp</latexit>

q = 1� aä

ȧ2

<latexit sha1_base64="vD4tf42maYjYIpPiAmGCTpFyEng="></latexit> ✓
ȧ

a

◆2

� ⇤

3
a2 =

8⇡G

3
a2✏,

q

✓
ȧ

a

◆2

+
⇤

3
a2 =

4⇡G

3
a2(✏+ 3p).

● FLRW equations:

<latexit sha1_base64="vuwLrxGeWtLCRrV7TGZhOn8X2TQ="></latexit>

✏̇+
3ȧ

a
(✏+ p) = 0.● Continuity equation:

<latexit sha1_base64="/PE1hZ2/zLsRyQzTTr4rVVHt5Hs=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1ItQ9OKxgv3ANpTNZtIu3WzC7kQopf/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMC1IpDLrut1NYWV1b3yhulra2d3b3yvsHTZNkmkODJzLR7YAZkEJBAwVKaKcaWBxIaAXD26nfegJtRKIecJSCH7O+EpHgDK30yGjYBWTXIfbKFbfqzkCXiZeTCslR75W/umHCsxgUcsmM6Xhuiv6YaRRcwqTUzQykjA9ZHzqWKhaD8ceziyf0xCohjRJtSyGdqb8nxiw2ZhQHtjNmODCL3lT8z+tkGF35Y6HSDEHx+aIokxQTOn2fhkIDRzmyhHEt7K2UD5hmHG1IJRuCt/jyMmmeVb2L6vn9eaV2k8dRJEfkmJwSj1ySGrkjddIgnCjyTF7Jm2OcF+fd+Zi3Fpx85pD8gfP5A/VEkHc=</latexit>

ad⌘ = dt,
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Linearized Einstein equation

<latexit sha1_base64="mgYyEr/8eZzbMFGVkMbBryi7w7I="></latexit>

1

2
(�⇤̄h̃µ⌫ + r̄µB⌫ + r̄⌫Bµ � ḡµ⌫(r̄↵B↵)) + R̄µ↵�⌫ h̃

↵� � R̄

2
h̃µ⌫

+
1

2
(R̄µ↵h̃

↵
⌫ + R̄⌫↵h̃

↵
µ + ḡµ⌫R̄↵� h̃

↵�) + ⇤(h̃µ⌫ � 1

2
ḡµ⌫ h̃) = 8⇡G�Tµ⌫ .

<latexit sha1_base64="XasHO/eWZDnAx4ZyS4XWleJ66l0="></latexit>

⇤h̃µ⌫ + 2

✓
ȧ

a

◆
@0h̃µ⌫ � 2

✓
ȧ

a

◆2⇢
� q�0µ�

0
⌫ h̃↵

↵ � (1� 3q)h̃µ⌫�q(�0µh̃0⌫ + �0⌫ h̃0µ)

+⌘µ⌫ h̃00(1 + q) + ⌘µ⌫ h̃↵
↵(1� q

2
)

�
� 2⇤a2(h̃µ⌫ � ⌘µ⌫

2
h̃↵

↵) = �16⇡Ga2�Tµ⌫ ,

● Linearized equation in FLRW background -

●
<latexit sha1_base64="SopUP9zsdsIjImw6wMOgYAIW2ac="></latexit>

Bµ := r̄↵h̃
↵
µ = �2ȧ

a3
h̃0µGeneralized harmonic gauge -

h̃µ⌫ := hµ⌫ � 1

2
ḡµ⌫h , h := h↵� ḡ

↵�
<latexit sha1_base64="Opik+XW1eR89FH2vEAWgIkhRLAA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCpSRS1I1QdOOygn1AE8JkOkmHTiZhZiKUkJ9w46+4caGIW8Gdf+O0DVRbD1w4c869zL3HTxiVyrK+jaXlldW19dJGeXNre2fX3NtvyzgVmLRwzGLR9ZEkjHLSUlQx0k0EQZHPSMcf3oz9zgMRksb8Xo0S4kYo5DSgGCkteWY19DInSqHD0/wKOj4SWZjPpFM4mD2qnlmxatYEcJHYBamAAk3P/HL6MU4jwhVmSMqebSXKzZBQFDOSl51UkgThIQpJT1OOIiLdbHJVDo+10odBLHRxBSfq74kMRVKOIl93RkgN5Lw3Fv/zeqkKLt2M8iRVhOPpR0HKoIrhOCLYp4JgxUaaICyo3hXiARIIKx1kWYdgz5+8SNpnNfu8Vr+rVxrXRRwlcAiOwAmwwQVogFvQBC2AwSN4Bq/gzXgyXox342PaumQUMwfgD4zPHzfOnts=</latexit>

gµ⌫ = ḡµ⌫ + hµ⌫ ,● Define:

EOM:
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Linearized Einstein equation

<latexit sha1_base64="fmp/tMbn8S3VjT0xJA5LnoJ22Hg="></latexit>

⇤�̃µ⌫ � 2

✓
ȧ

a

◆2⇢
� q�0µ�

0
⌫ �̃↵

↵ +
1

2
(5q � 3)�̃µ⌫�q(�0µ�̃0⌫ + �0⌫ �̃0µ)

+⌘µ⌫ �̃00(1 + q) + ⌘µ⌫ �̃↵
↵(1� q

2
)

�
� 2⇤a2(�̃µ⌫ � ⌘µ⌫

2
�̃↵

↵) = �16⇡Ga�Tµ⌫ .

● Define:
<latexit sha1_base64="U6rRJlum9p5xSFd5ctK1fkdbE8Y=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwY0lKUTdC0Y3LCvYBTQyTyaQdOpmEmYlQQv7Djb/ixoUirgQX/o3TNovaeuDC4Zx7ufceP2FUKsv6MUorq2vrG+XNytb2zu6euX/QkXEqMGnjmMWi5yNJGOWkrahipJcIgiKfka4/upn43UciJI35vRonxI3QgNOQYqS05Jl1R1EWkMzBQ5p7mROl0OFpfgXRQ3Zm57Cwh3OeZ1atmjUFXCZ2QaqgQMszv5wgxmlEuMIMSdm3rUS5GRKKYkbyipNKkiA8QgPS15SjiEg3m/6WwxOtBDCMhS6u4FSdn8hQJOU48nVnhNRQLnoT8T+vn6rw0s0oT1JFOJ4tClMGVQwnQcGACoIVG2uCsKD6VoiHSCCsdJwVHYK9+PIy6dRr9nmtcdeoNq+LOMrgCByDU2CDC9AEt6AF2gCDJ/AC3sC78Wy8Gh/G56y1ZBQzh+APjO9fzQSh5g==</latexit>

�̃µ⌫ = a�1h̃µ⌫

●
<latexit sha1_base64="SopUP9zsdsIjImw6wMOgYAIW2ac="></latexit>

Bµ := r̄↵h̃
↵
µ = �2ȧ

a3
h̃0µGeneralized harmonic gauge                                   is crucial

for decoupling the equations.

● Generalization of the gauge in de Sitter case: 
<latexit sha1_base64="GhSr5eXxpnyNZCval4e0r6Rqxl0=">AAACGnicbVC7SgNBFJ31bXxFLW0Gg2AVdjWojRBiY2GhYDSQDcvs7F0zOPtg5q4Qhv0OG3/FxkIRO7Hxb5zEFBo9MHA451zu3BPmUmh03U9nanpmdm5+YbGytLyyulZd37jSWaE4tHkmM9UJmQYpUmijQAmdXAFLQgnX4e3J0L++A6VFll7iIIdewm5SEQvO0EpB1WsFxk+K8tiPFeNmj/pndjhipdkvqQ/IqI9CRmD6ZWDcYTKo1ty6OwL9S7wxqZExzoPqux9lvEggRS6Z1l3PzbFnmELBJZQVv9CQM37LbqBracoS0D0zOq2kO1aJaJwp+1KkI/XnhGGJ1oMktMmEYV9PekPxP69bYHzUMyLNC4SUfy+KC0kxo8OeaCQUcJQDSxhXwv6V8j6zHaFts2JL8CZP/kuu9ureQb1x0ag1W+M6FsgW2Sa7xCOHpElOyTlpE07uySN5Ji/Og/PkvDpv39EpZzyzSX7B+fgCbjChJQ==</latexit>

Bµ =
2⇤

3
⌘h̃0µ

H. J. De Vega, J. Ramirez, N . G. Sanchez - 1999

A. Ashtekar, B. Bonga, A. Kesavan - 2015

G. Date, J. Hoque - 2015

G. Compère, J. Hoque, E. S. Kutluk - 2023



10

Decoupled linearized equation

<latexit sha1_base64="Z+GG4w36xgH6DNe5FlKtIwIJCWc="></latexit>

⇤�̃hiji +

✓
�2⇤a2 + (3� 5q)

ȧ2

a2

◆
�̃hiji = �16⇡Ga�Thiji,

⇤�̃0i +

✓
�2⇤a2 + 3(1� q)

ȧ2

a2

◆
�̃0i = �16⇡Ga�T0i.

<latexit sha1_base64="EorGc1cKMPDMAZv3h9rVag+8owo="></latexit>

⇤
✓

�̃00

�̃ii

◆
+

 
�⇤a2 + 3ȧ2

a2 �⇤a2 + ȧ2

a2 (2 + q)

�3⇤a2 � 9ȧ2

a2 q ⇤a2 � ȧ2

a2 (3 + 2q)

!✓
�̃00

�̃ii

◆
= �16⇡Ga

✓
�T00

�Tii

◆
.

● The spatial trace free part and mixed       parts decouple
<latexit sha1_base64="5J6KAy6fRjEGq1ycOx3O0g+DRzc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04PJ+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NIpObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsbTLgCpkRE0soU9zeStiIKsqMDadkQ/CWX14lrVrVu6xe3Ncq9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AT+ujS4=</latexit>

0i

● Scalar equations remain coupled in general

● We will further decouple these equations.
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Conservation of linear stress-energy in FLRW

● Before decoupling the equations further, let us look into the conservation 
equations.

<latexit sha1_base64="guwscOd30jJicXSqoYmND+qG59Y="></latexit>

r̄µ�Tµ⌫ � ḡµ⇢(���
⇢⌫ T̄�µ + ���

⇢µT̄�⌫)� hµ⇢r̄⇢T̄µ⌫ = 0.

●
<latexit sha1_base64="eOM94d6VMcy3OnrwGK3hxRI5qcU=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjNS1I1QdOOyQl/QGYdMmmlDk8yQZIQyFNz4K25cKOLWn3Dn35hpZ6GtBy73cM69JPeECaNKO863tbS8srq2Xtoob25t7+zae/ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRTe53HohUNBZNPU6Iz9FA0IhipI0U2IeeQCFD95nH0wlsBnmHnkgnV05gV5yqMwVcJG5BKqBAI7C/vH6MU06Exgwp1XOdRPsZkppiRiZlL1UkQXiEBqRnqECcKD+b3jCBJ0bpwyiWpoSGU/X3Roa4UmMemkmO9FDNe7n4n9dLdXTpZ1QkqSYCzx6KUgZ1DPNAYJ9KgjUbG4KwpOavEA+RRFib2MomBHf+5EXSPqu659XaXa1Svy7iKIEjcAxOgQsuQB3cggZoAQwewTN4BW/Wk/VivVsfs9Elq9g5AH9gff4Ak9aXew==</latexit>

rµTµ⌫ = 0Conservation equations                      , to the linear order

● Linearized stress-energy tensor is not conserved by its own unlike 
maximally symmetric background!
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Compact sources in FLRW!

<latexit sha1_base64="FOXtlFoz9bMs4gLZCR0KzVGM9R0="></latexit>

�T̃00 ⌘ �T00 + a
✏� p

4
(�̃00 + �̃kk),

�T̃0i ⌘ �T0i � pa�̃0i,

�T̃ij ⌘ �Tij � pa�̃ij � �ija

✓
✏� p

4
�̃kk +

✏+ 3p

4
�̃00

◆
.

<latexit sha1_base64="RK8npcUtAZUYCU6aqKwvRyjHHE4="></latexit>

@⌘(a�T̃00)� @i(a�T̃0i) + ȧ�T̃kk = �1

4
@⌘(a

2(p+ ✏))(�̃00 + �̃kk),

(@⌘ +
ȧ

a
)(a�T̃0i)� @j(a�T̃ij) = 0.

● In generalized harmonic gauge, conservation equations become

with effective stress-energy components
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Compact sources in FLRW!

● The concept of compact sources,                   , for Minkowski or de 
Sitter background does not go through for FLRW!

<latexit sha1_base64="LOZ+8MuvKF5/0I/ARYks3oNYa0s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUTdC0Y3LCn1BE8JkMmmHTiZhHkINxV9x40IRt/6HO//GaZuFth64cDjnXu69J8wYlcpxvq3Syura+kZ5s7K1vbO7Z+8fdGSqBSZtnLJU9EIkCaOctBVVjPQyQVASMtINR7dTv/tAhKQpb6lxRvwEDTiNKUbKSIF95EWEKQRbQe4lGnpcT66dwK46NWcGuEzcglRBgWZgf3lRinVCuMIMSdl3nUz5ORKKYkYmFU9LkiE8QgPSN5SjhEg/n10/gadGiWCcClNcwZn6eyJHiZTjJDSdCVJDuehNxf+8vlbxlZ9TnmlFOJ4vijWDKoXTKGBEBcGKjQ1BWFBzK8RDJBBWJrCKCcFdfHmZdM5r7kWtfl+vNm6KOMrgGJyAM+CCS9AAd6AJ2gCDR/AMXsGb9WS9WO/Wx7y1ZBUzh+APrM8fpqaUtw==</latexit>

�Tµ⌫ = 0

●
<latexit sha1_base64="j9VEKKGyT3z3U+oUP+Qs4NzJTLw=">AAACHHicbVDJSgNBEO2JW4xb1KOXxiDES5jRoF4CQS8eI2SDJISenkrS2rPQXSOGIR/ixV/x4kERLx4E/8bOctDEBwWP96qoqudGUmi07W8rtbS8srqWXs9sbG5t72R39+o6jBWHGg9lqJou0yBFADUUKKEZKWC+K6Hh3l2N/cY9KC3CoIrDCDo+6weiJzhDI3Wzp20PJDLaRiE9SKqjbmKLUf7huGSXFi1xO7a62ZxdsCegi8SZkRyZodLNfra9kMc+BMgl07rl2BF2EqZQcAmjTDvWEDF+x/rQMjRgPuhOMnluRI+M4tFeqEwFSCfq74mE+VoPfdd0+gwHet4bi/95rRh7F51EBFGMEPDpol4sKYZ0nBT1hAKOcmgI40qYWykfMMU4mjwzJgRn/uVFUj8pOGeF4k0xV76cxZEmB+SQ5IlDzkmZXJMKqRFOHskzeSVv1pP1Yr1bH9PWlDWb2Sd/YH39AFPSoYg=</latexit>

�T̃0i(x) = 0 = �T̃ij(x)Nearly compact sources -                                            

outside a localized volume V,  

<latexit sha1_base64="WgyadTGGXtvfe8kDgsaDiraJxzM=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQixCXcS1FK0sYyQmEAuhL29SbJkb+/cnRPDkc7Gv2JjoYitf8HOf+MmptDEBwOP92aYmRckUhh03S9nbn5hcWl5ZTW3tr6xuZXf3rkxcao51HgsY90ImAEpFNRQoIRGooFFgYR60L8c+fU70EbEqoqDBFoR6yrREZyhldr5fT8EiYz6KGQIWXXYzlx3WLw/8hXcUredL7gldww6S7wJKZAJKu38px/GPI1AIZfMmKbnJtjKmEbBJQxzfmogYbzPutC0VLEITCsb/zGkh1YJaSfWthTSsfp7ImORMYMosJ0Rw56Z9kbif14zxc5ZKxMqSREU/1nUSSXFmI5CoaHQwFEOLGFcC3sr5T2mGUcbXc6G4E2/PEtujkveSal8XS6cX0ziWCF75IAUiUdOyTm5IhVSI5w8kCfyQl6dR+fZeXPef1rnnMnMLvkD5+MbtQGYkA==</latexit>

�T̃00(x) 6= 0but

● The choice of                         is inconsistent with generalized harmonic 
gauge.

<latexit sha1_base64="7efQ1uvjqPNlHYbbjs3AzCGn9dU=">AAACBXicbVDJSgNBEO1xjXEb9aiHxiDES5iRoF6EoBePEbJBEkJPTyVp0rPQXSOGIRcv/ooXD4p49R+8+Td2loMmPih4vFdFVT0vlkKj43xbS8srq2vrmY3s5tb2zq69t1/TUaI4VHkkI9XwmAYpQqiiQAmNWAELPAl1b3Az9uv3oLSIwgoOY2gHrBeKruAMjdSxj1o+SGS0hUL6kFZGndRxRvmHU3pFnY6dcwrOBHSRuDOSIzOUO/ZXy494EkCIXDKtm64TYztlCgWXMMq2Eg0x4wPWg6ahIQtAt9PJFyN6YhSfdiNlKkQ6UX9PpCzQehh4pjNg2Nfz3lj8z2sm2L1spyKME4SQTxd1E0kxouNIqC8UcJRDQxhXwtxKeZ8pxtEElzUhuPMvL5LaWcE9LxTvirnS9SyODDkkxyRPXHJBSuSWlEmVcPJInskrebOerBfr3fqYti5Zs5kD8gfW5w9qqJc5</latexit>

�T̃00(x) = 0
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Decoupled linearized equation

<latexit sha1_base64="bw3I8yStu5mHapebjXBWx8c7kbU="></latexit>

O
��̃hiji = �16⇡Ga�T̃hiji,

O
+�̃0i = �16⇡Ga�T̃0i,

O
+(�̃00 + �̃ii) = �16⇡Ga(�T̃00 + �T̃ii),

O
��̃ii = �16⇡Ga�T̃ii.

● Given the effective stress-energy tensor, we will write down the EOM.

●

<latexit sha1_base64="C5qjl/yvPL1602k4VJE7DVGIHwY="></latexit>

O
±
⌘ ⇤+

✓
ȧ

a

◆2

(1± q).where operators 

Decoupling of inhomogeneous perturbation equations in generalized 
harmonic gauge without SVT decomposition.
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 Linearized equation for power-law cosmologies
<latexit sha1_base64="GhniS7W6y3vzABDRe4kLwthyaBU=">AAACBXicbZC7SgNBFIZnvcZ4W7XUYjAIsQm7EtQyaGMZwVwgu4azk9lkyOyFmVkhbNLY+Co2ForY+g52vo2zyRaa+MPAx3/O4cz5vZgzqSzr21haXlldWy9sFDe3tnd2zb39powSQWiDRDwSbQ8k5SykDcUUp+1YUAg8Tlve8Dqrtx6okCwK79Qopm4A/ZD5jIDSVtc8grJDFZxiR7IAjzMe36cO8HgAk65ZsirWVHgR7BxKKFe9a345vYgkAQ0V4SBlx7Zi5aYgFCOcTopOImkMZAh92tEYQkClm06vmOAT7fSwHwn9QoWn7u+JFAIpR4GnOwNQAzlfy8z/ap1E+ZduysI4UTQks0V+wrGKcBYJ7jFBieIjDUAE03/FZAACiNLBFXUI9vzJi9A8q9jnlepttVS7yuMooEN0jMrIRheohm5QHTUQQY/oGb2iN+PJeDHejY9Z65KRzxygPzI+fwDun5g/</latexit>

a(⌘) ⇠ |⌘|↵
<latexit sha1_base64="GU+/i0sDhg1z249dadEeVJ/xW5E=">AAACJnicbVDLSsNAFJ34rPUVdelmsAgupCRS1E2h6MalgrVCE8rNdNIOTh7O3Agl5Gvc+CtuXCgi7vwUp20EXwcGDuecy517glQKjY7zbs3Mzs0vLFaWqssrq2vr9sbmlU4yxXibJTJR1wFoLkXM2yhQ8utUcYgCyTvBzenY79xxpUUSX+Io5X4Eg1iEggEaqWc3vVABy6nXT5BCkUNBm3SqeSDToZGoxxGKfUpvy7BbfHk9u+bUnQnoX+KWpEZKnPfsZ7OIZRGPkUnQuus6Kfo5KBRM8qLqZZqnwG5gwLuGxhBx7eeTMwu6a5Q+DRNlXox0on6fyCHSehQFJhkBDvVvbyz+53UzDI/9XMRphjxm00VhJikmdNwZ7QvFGcqRIcCUMH+lbAimCjTNVk0J7u+T/5Krg7p7WG9cNGqtk7KOCtkmO2SPuOSItMgZOSdtwsg9eSTP5MV6sJ6sV+ttGp2xypkt8gPWxydOQaW1</latexit>

ȧ

a
=

↵

⌘
, q =

1

↵
● For power-law cosmologies: ;

<latexit sha1_base64="OBJZyNhpRPKgISCMzi0dPdR0bGc="></latexit>

(⇤+
↵(↵� 1)

⌘2
)�̃hiji = �16⇡Ga�T̃hiji,

(⇤+
↵(↵+ 1)

⌘2
)�0i = �16⇡Ga�T̃0i,

(⇤+
↵(↵+ 1)

⌘2
)(�̃00 + �̃ii) = �16⇡a(�T̃00 + �T̃ii),

(⇤+
↵(↵� 1)

⌘2
)�̃ii = �16⇡Ga�T̃ii.

● EOM for power-law cosmologies:

For RD and MD universe                  respectively.
<latexit sha1_base64="YltrrJKOqd+oU5jVF0Gx7OmZja0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBg5TdUtSLUPTisYL9gO5Ssmm2Dc1mQ5IVytK/4cWDIl79M978N6btHrT1wcDjvRlm5oWSM21c99sprK1vbG4Vt0s7u3v7B+XDo7ZOUkVoiyQ8Ud0Qa8qZoC3DDKddqSiOQ0474fhu5neeqNIsEY9mImkQ46FgESPYWMn3MZcjjG6Qd1Hrlytu1Z0DrRIvJxXI0eyXv/xBQtKYCkM41rrnudIEGVaGEU6nJT/VVGIyxkPas1TgmOogm988RWdWGaAoUbaEQXP190SGY60ncWg7Y2xGetmbif95vdRE10HGhEwNFWSxKEo5MgmaBYAGTFFi+MQSTBSztyIywgoTY2Mq2RC85ZdXSbtW9S6r9Yd6pXGbx1GEEziFc/DgChpwD01oAQEJz/AKb07qvDjvzseiteDkM8fwB87nDxNMkGk=</latexit>

↵ = 1, 2●
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Hadamard ansatz
● Can we solve the inhomogeneous wave equation in terms of Green’s 

function for power-law cosmologies?

●

● For power-law cosmologies, wave equations have a generic form
<latexit sha1_base64="ZNhpg4LuWlRXwXES/Rvp9C6m3zg="></latexit>✓
⇤+

C

⌘2

◆
 (x) = �4⇡µ(x).

<latexit sha1_base64="p7UB1HZ/3u9g88QIc4oZ00t9B+Y="></latexit>

=)  (x) =

Z
G+(x, x

0)µ(x0)
p

�g0d4x0.

Use the Hadamard construction of Green’s function:

<latexit sha1_base64="KaVzCsz4cIINlH/Udqb/3rlG304="></latexit>

G+(x, x
0) = U(x, x0)�+(�) + V (x, x0)✓+(��).

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>� - half of the geodesic distance squared between      and      .
<latexit sha1_base64="aJSTthPE6HJbVnMV/R+Q3qulsQA=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjF6IruGqEeiF49o5JEAIbNDL0yYnd3MzBrJhj/w4kFjvPpH3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7oZuo3H1FpHskHM46xG9KB5AFn1Fjp/um0Vyy5ZXcGsky8jJQgQ61X/Or0I5aEKA0TVOu258amm1JlOBM4KXQSjTFlIzrAtqWShqi76ezSCTmxSp8EkbIlDZmpvydSGmo9Dn3bGVIz1IveVPzPaycmuOqmXMaJQcnmi4JEEBOR6dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb68TBrnZe+iXLmrlKrXWRx5OIJjOAMPLqEKt1CDOjAI4Ble4c0ZOS/Ou/Mxb8052cwh/IHz+QNJro02</latexit>

x0 <latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

● This ansatz is generic for wave equation in curved background.
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x0 x0

⌃x0 ⌃x0

�
=
0

(a) (b)

● For Minkowski wave-operator                       ;                  depends 
<latexit sha1_base64="imBklsWU0LhTLmr/+3251te6bRs=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBaxgpREinoRil48VjBtpQ1ls920SzebsLuRltBf4cWDIl79Od78N27bHLT6YODx3gwz8/yYM6Vt+8vKLS2vrK7l1wsbm1vbO8XdvYaKEkmoSyIeyZaPFeVMUFczzWkrlhSHPqdNf3gz9ZuPVCoWiXs9jqkX4r5gASNYG+nBLY9OR8cnV063WLIr9gzoL3EyUoIM9W7xs9OLSBJSoQnHSrUdO9ZeiqVmhNNJoZMoGmMyxH3aNlTgkCovnR08QUdG6aEgkqaERjP150SKQ6XGoW86Q6wHatGbiv957UQHl17KRJxoKsh8UZBwpCM0/R71mKRE87EhmEhmbkVkgCUm2mRUMCE4iy//JY2zinNeqd5VS7XrLI48HMAhlMGBC6jBLdTBBQIhPMELvFrSerberPd5a87KZvbhF6yPb/EHjzQ=</latexit>

U(x, x0) = 1
<latexit sha1_base64="P39XBqeF0C/U2PH5ePVpF8u468E=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJWkLIrRT0WvXisYD+gXUo2zbahSXZJstKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8G7qN5+o0iySj2YcU1/gvmQhI9hYqdkojS5GZ+fdQtEtuzOgZeJlpAgZat3CV6cXkURQaQjHWrc9NzZ+ipVhhNNJvpNoGmMyxH3atlRiQbWfzs6doFOr9FAYKVvSoJn6eyLFQuuxCGynwGagF72p+J/XTkx446dMxomhkswXhQlHJkLT31GPKUoMH1uCiWL2VkQGWGFibEJ5G4K3+PIyaVyWvaty5aFSrN5mceTgGE6gBB5cQxXuoQZ1IDCEZ3iFNyd2Xpx352PeuuJkM0fwB87nD/3ZjrM=</latexit>

V (x, x0)
on potential term. 

● Plug the Hadamard ansatz in the wave equation, and solve for U and V.

Solution of Hadamard ansatz

● V - signature of tail term. Field not only depends on the response of 
the source at retarded time but on the entire past history.
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<latexit sha1_base64="wZ2fDUSbUeQXN4xcREeBbSRSB/c="></latexit>

�
dV̌

d�
+ V̌ � C

2⌘2
= 0,

(⇤+
C

⌘2
)V (x, x0) = 0.

Solution of  V
V is the solution of the characteristic initial value problem 
which satisfies both equations simultaneously.

●

●
<latexit sha1_base64="6w43ZaMlW/Mh2sacv6oKItR808M="></latexit>

V =
1X

n=0

Vn
�n

n!
.

The problem can be solved by a series - 

● One obtains a transport equation for V - 

<latexit sha1_base64="aJSTthPE6HJbVnMV/R+Q3qulsQA=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjF6IruGqEeiF49o5JEAIbNDL0yYnd3MzBrJhj/w4kFjvPpH3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7oZuo3H1FpHskHM46xG9KB5AFn1Fjp/um0Vyy5ZXcGsky8jJQgQ61X/Or0I5aEKA0TVOu258amm1JlOBM4KXQSjTFlIzrAtqWShqi76ezSCTmxSp8EkbIlDZmpvydSGmo9Dn3bGVIz1IveVPzPaycmuOqmXMaJQcnmi4JEEBOR6dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb68TBrnZe+iXLmrlKrXWRx5OIJjOAMPLqEKt1CDOjAI4Ble4c0ZOS/Ou/Mxb8052cwh/IHz+QNJro02</latexit>

x0

<latexit sha1_base64="bZ0zMPpHPyThjjF9HHyEvfs/PvI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5rX7uTvvVmlt35yCrxCtIDQo0+9Wv3iBhWYzSMEG17npuaoKcKsOZwGmll2lMKRvTIXYtlTRGHeTzY6fkzCoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmegmyLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n4oNwVt+eZW0LureVf3y4bLWuC3iKMMJnMI5eHANDbiHJvjAgMMzvMKbI50X5935WLSWnGLmGP7A+fwBnZ+Okg==</latexit>

V0

<latexit sha1_base64="u+cchebggj245MYa1ImE6YyWKkc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5rX7uTfvVmlt35yCrxCtIDQo0+9Wv3iBhWYzSMEG17npuaoKcKsOZwGmll2lMKRvTIXYtlTRGHeTzY6fkzCoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmegmyLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n4oNwVt+eZW0LureVf3y4bLWuC3iKMMJnMI5eHANDbiHJvjAgMMzvMKbI50X5935WLSWnGLmGP7A+fwBnySOkw==</latexit>

V1
<latexit sha1_base64="lgImIg5vewoaHphDN1mik7RHdW8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmLbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM+6zWMa6E1LDpVDcR4GSdxLNaRRK3g4nd3O//cS1EbF6xGnCg4iOlBgKRtFKfquf1Wb9csWtuguQdeLlpAI5mv3yV28QszTiCpmkxnQ9N8EgoxoFk3xW6qWGJ5RN6Ih3LVU04ibIFsfOyIVVBmQYa1sKyUL9PZHRyJhpFNrOiOLYrHpz8T+vm+LwJsiESlLkii0XDVNJMCbzz8lAaM5QTi2hTAt7K2FjqilDm0/JhuCtvrxOWrWqd1WtP9Qrjds8jiKcwTlcggfX0IB7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuEPnM8foKmOlA==</latexit>

V2

Thanks to Abraham Harte

Book - F. G. Friedlandler
<latexit sha1_base64="irTikFsc7r84WqDNVsqw8nme6EI="></latexit>

(@↵Vn)(@↵�) + (n+ 1) = �1

2
P (Vn�1)
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<latexit sha1_base64="iCCvDvTHfoAyi8M7EnXelFxQWB4="></latexit>

Vn = �
✓
� 1

2⌘0⌘

◆n+1 nY

i=0

C � i(i+ 1)

i+ 1
.

Solution of  V
A generic solution for <latexit sha1_base64="QO1f047xlbNP9mreWZ7WiSFCu2k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJb/VzNe1Xa27dnYOsEq8gNSjQ7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrqaIxN0E+P3ZKzqwyIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFNkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT8WG4C2/vEpaF3Xvqn75cFlr3BZxlOEETuEcPLiGBtxDE3xgIOAZXuHNUc6L8+58LFpLTjFzDH/gfP4A+9WO0A==</latexit>

Vn●

<latexit sha1_base64="1ynIo/jOp5K9PyMKoga8pgu8BGM="></latexit>

G+(x, x
0) = �+(�) +

↵(↵± 1)

2⌘⌘0
2F1

�
2± ↵, 1⌥ ↵; 2;

�

2⌘⌘0
�
✓+(��).

<latexit sha1_base64="akrf+r6425VJ7drlkrdILPSk9bg=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZKepGKHbjsoJ9QKeUTJppQ5NMSDJCHYq/4saFIm79D3f+jWk7C209cLmHc+4lNyeUjGrjed9ObmV1bX0jv1nY2t7Z3XP3D5o6ThQmDRyzWLVDpAmjgjQMNYy0pSKIh4y0wlFt6rceiNI0FvdmLEmXo4GgEcXIWKnnHtWuA8TkEJXmLZDcP+u5Ra/szQCXiZ+RIshQ77lfQT/GCSfCYIa07vieNN0UKUMxI5NCkGgiER6hAelYKhAnupvOrp/AU6v0YRQrW8LAmfp7I0Vc6zEP7SRHZqgXvan4n9dJTHTVTamQiSECzx+KEgZNDKdRwD5VBBs2tgRhRe2tEA+RQtjYwAo2BH/xy8ukeV72L8qVu0qxepPFkQfH4ASUgA8uQRXcgjpoAAwewTN4BW/Ok/PivDsf89Gck+0cgj9wPn8ASCeUew==</latexit>

C = ↵(↵± 1)With                      , green’s function for power-law cosmologies - ●

● This series solution of  V can also expressed in terms of 
hypergeometric function.
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<latexit sha1_base64="VKSUxSY9zOIfd27XoVPgA4sIXmA="></latexit>✓
⇤+

↵(↵� 1)

⌘2

◆
�̃hiji = �16⇡a�T̃hiji.

Tensor inhomogeneous solution

<latexit sha1_base64="NajPoVgLDXZuCW7Cj2+uAzeZw5s="></latexit>

�̃hiji = 4G

Z
d3x0 a�Thiji(⌘ � |x̄� x̄0|, x̄0)

|x̄� x̄0| +
1X

n=0

Z
d3x0

Z ⌘�|x̄�x̄0|

⌘i

d⌘0
Vn�n

n!
a�Thiji(⌘

0, x̄0).

<latexit sha1_base64="90gYS2qbGtVGpFqKiAlMzMRKxZE="></latexit>Z ⌘�|x̄�x̄0|

⌘i

f(⌘0)d⌘0 =

Z ⌘�⇢

⌘i

f(⌘0)d⌘0 +

Z ⇢�|x̄�x̄0|

0
f(⌘0 + ⌘ret)d⌘

0,

:= T1 + T2

●       generates instantaneous tail term, while       in general depends on 
entire past history of the source.

<latexit sha1_base64="adgsjj/jB7BHsdkrWH/DVs3tW4A=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rNLXQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYuizWMSqE1KNgkv0DTcCO4lCGoUCH8PJ3dx/fEKleSxbZppgENGR5EPOqLGS3+pntVm/XHGr7gJknXg5qUCOZr/81RvELI1QGiao1l3PTUyQUWU4Ezgr9VKNCWUTOsKupZJGqINsceyMXFhlQIaxsiUNWai/JzIaaT2NQtsZUTPWq95c/M/rpmZ4E2RcJqlByZaLhqkgJibzz8mAK2RGTC2hTHF7K2FjqigzNp+SDcFbfXmdtGtV76paf6hXGrd5HEU4g3O4BA+uoQH30AQfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOJ8/nZmOkg==</latexit>

T2
<latexit sha1_base64="fO79eJ+IkVhTLpna5vlXeW6UrRc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VmrbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM+6zWMa6E1LDpVDcR4GSdxLNaRRK3g4n93O//cS1EbFq4jThQURHSgwFo2glv9nPvFm/XHGr7gJknXg5qUCORr/81RvELI24QiapMV3PTTDIqEbBJJ+VeqnhCWUTOuJdSxWNuAmyxbEzcmGVARnG2pZCslB/T2Q0MmYahbYzojg2q95c/M/rpji8DTKhkhS5YstFw1QSjMn8czIQmjOUU0so08LeStiYasrQ5lOyIXirL6+T1lXVu67WHmuV+l0eRxHO4BwuwYMbqMMDNMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucPnBSOkQ==</latexit>

T1

● First term is light-cone term, second term is tail term.
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● Having discussed the wave equation in FLRW, we need two more 
things to write source integrals in terms of moment.

● Source moments
● Conservation of stress-energy tensor in FLRW background

<latexit sha1_base64="XvlMgTZjQ1YZREGc7xBFssQEXfM="></latexit>

Q(p)
kl (⌘) =

R
d3xa3(⌘)Tij�ijxkxl

Pressure moment:

<latexit sha1_base64="sLZMbrRKtKqhSaGdZfeamPxOyaQ=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJqUqqCliQKlgYGIpEW6QmihzHba06dmQ7SFWUhYVfYWEAIVb+gY2/wW0zQMuRbB2fc6+u7wkTRpV2nG+rtLS8srpWXq9sbG5t79i7ex0lUolJGwsm5H2IFGGUk7ammpH7RBIUh4x0w9HVxO8+EKmo4Hd6nBA/RgNO+xQjbaTAPry5oEHm5uaq59DDkdAKmodHGMsDu+rUnCngInELUgUFWoH95UUCpzHhGjOkVM91Eu1nSGqKGckrXqpIgvAIDUjPUI5iovxsukUOj40Swb6Q5nANp+rvjgzFSo3j0FTGSA/VvDcR//N6qe6f+xnlSaoJx7NB/ZRBLeAkEhhRSbBmY0MQltT8FeIhkghrE1zFhODOr7xIOvWae1pr3DaqzcsijjI4AEfgBLjgDDTBNWiBNsDgETyDV/BmPVkv1rv1MSstWUXPPvgD6/MHA9KYSg==</latexit>

L = i1i2 · · · i` - multi-index, <latexit sha1_base64="J26WFht1BTKioW/lKkv+v0m8l+w=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARXEiZKUXdCEU3LlxUsBfoDEMmk7ahmQtJRixDXsKNr+LGhSJuBXe+jWlnFtp6IOHj/88hOb+fMCqkZX0bpaXlldW18nplY3Nre8fc3euIOOWYtHHMYt7zkSCMRqQtqWSkl3CCQp+Rrj++mvrde8IFjaM7OUmIG6JhRAcUI6klzzx58LIbdaFv6mW2UjnUlYIODmIpYC44hDGlPLNq1axZwUWwC6iColqe+eUEMU5DEknMkBB920qkmyEuKWZEVZxUkAThMRqSvsYIhUS42WwrBY+0EsBBzPWJJJypvycyFAoxCX3dGSI5EvPeVPzP66dycO5mNEpSSSKcPzRIGZQxnEYEA8oJlmyiAWFO9V8hHiGOsNRBVnQI9vzKi9Cp1+zTWuO2UW1eFnGUwQE4BMfABmegCa5BC7QBBo/gGbyCN+PJeDHejY+8tWQUM/vgTxmfP0L+oCY=</latexit>xL = xi1xi2 · · ·xi`

Source moments

Mass moment:

Momentum moment:

Stress moment:

<latexit sha1_base64="0wkubRC2hcSx56UkW0Ed/7s9ieY="></latexit>

Q(⇢)
L (⌘) :=

Z
d3x̄�T̃0̄0̄x̄L =

Z
d3xa`+1(⌘)�T̃00xL,

Pi|L(⌘) :=

Z
d3x̄�T̃0̄īx̄L =

Z
d3xa`+1(⌘)�T̃0ixL,

Sij|L(⌘) :=

Z
d3x̄�T̃īj̄ x̄L =

Z
d3xa`+1(⌘)�T̃ijxL.

<latexit sha1_base64="Y6xzaMr/LcITQFgyt4x38wssxgw="></latexit>

Q(p)
L (⌘) =

Z
d3x̄⌘īj̄�T̃īj̄ x̄L =

Z
d3xa`+1(⌘)�ij�T̃ijxL = Sii|L.
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Conservation equations in terms of moments

<latexit sha1_base64="1vA5zsNTNddCRVnKiyvXmvUO/8g="></latexit>

@tQ
(⇢)
L = H(`Q(⇢)

L �Q
(p)
L )� `P(i1|i2···i`) + s(⌘)�̂L ,

@tPi|L = (`� 1)HPi|L � `Si(i1|i2···i`).

● Conservation of linearized stress-energy in terms of moments 

<latexit sha1_base64="hjdvh+5tpE/YwuW7Dtr+yu8GQ6w="></latexit>

Sij(⌘) =

Z
d
3
x
0
a(⌘)Tij(⌘, x

0) =
1

2
@t

⇣
@tQ

(⇢)
ij � 2HQ

(⇢)
ij +HQ

(p)
ij � s�̂ij

⌘
.

● In Particular,

<latexit sha1_base64="RK8npcUtAZUYCU6aqKwvRyjHHE4="></latexit>

@⌘(a�T̃00)� @i(a�T̃0i) + ȧ�T̃kk = �1

4
@⌘(a

2(p+ ✏))(�̃00 + �̃kk),

(@⌘ +
ȧ

a
)(a�T̃0i)� @j(a�T̃ij) = 0.

● Conservation equations:
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Consistence quadrupolar truncation

<latexit sha1_base64="pLoZhPdK5Mno9zRakEUzloZr+mY="></latexit>Z
d3xa`+1Tµ⌫x

L = 0, 8` > 2.

<latexit sha1_base64="oCBQQ1B+M9FPRGjbTic7ZzyeLUc="></latexit>Z
d3x0

|x� x0|Tij(⌘�|x�x0|, x0) =

Z
d3x0Tij(⌘ret, x0) + ~n · ~x0 T (1)

ij (⌘ret, x0) + 1
2 (~n · ~x0)2T (2)

ij (⌘ret, x0) + . . .

⇢

➤

➤

⃗x ′ 

⃗x −
⃗x ′ 

⃗x ′ ⋅
̂n

⃗x = r ̂n

d

Conservation equations imply

<latexit sha1_base64="zy+MBxuO3Xb7U39wF9KVkgf7m5c="></latexit>

P(i|jk) = 0, Pi|jkl = 0, Si(j|kl) = 0.

Higher order term in Taylor expansion is related to the lower order term 
via conservation equation. Distinct feature even in de Sitter!!

●

A consistence quadrupolar truncation is crucial.
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Consistence quadrupolar truncation

Solution in terms of SO(3) irreducible tensors●

where

● This is even crucial for de Sitter case. G. Compère, J. Hoque, E. S. Kutluk - 2023

Differs from G. Date, J. Hoque - 2015
A. Ashtekar, B. Bonga, A. Kesavan -2015
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Tensor inhomogeneous solution 
<latexit sha1_base64="QxkMFch4cbWiLZqmiX2ji035CEE="></latexit>

�̃hiji(⌘, ⇢, ni) = Lc hiji + T1 hiji + T2 hiji

<latexit sha1_base64="XmiPHwtqOIlWHg1imew1oTin37k="></latexit>

Lc hiji =
4G

⇢

✓
Shiji + nk(@tShiji|k �HShiji|k) +

1

2
nknl(@

2
t Shiji|kl � 3H@tShiji|kl + 2H2

Shiji|kl

+ 2H2(1 + q)Shiji|kl) +
1

⇢a(⌘ret)

✓
nkShiji|k +

1

2
(3nknl � �kl)(@tShiji|kl � 2HShiji|kl)

◆

+
1

2⇢2a2(⌘ret)
(3nknl � �kl)Shiji|kl

◆
, (1)

T1 hiji = 4G

Z ⌘�⇢

⌘i

d⌘
0↵(↵� 1)

2⌘⌘0


2F1

�
2� ↵, 1 + ↵; 2;

p⇢

2

�
Shiji(⌘

0)

� 1

a(⌘0)

⇢

⌘⌘0
d

dp⇢

✓
2F1

�
2� ↵, 1 + ↵; 2;

p⇢

2

�◆
nkShiji|k(⌘

0)

+
1

a2(⌘0)

1

2

1

⌘⌘0
d

dp⇢

✓
2F1

�
2� ↵, 1 + ↵; 2;

p⇢

2

�◆
�klShiji|kl(⌘

0)

+
1

a2(⌘0)

1

2

⇢
2

(⌘⌘0)2
d
2

d2p⇢

✓
2F1

�
2� ↵, 1 + ↵; 2;

p⇢

2

�◆
nknlShiji|kl(⌘

0)

�
, (2)

T2 hiji = 4G

✓
↵(↵� 1)

2

1

⌘⌘ret

✓
1

a(⌘0)
Shiji|k(⌘

0)nk � 1

2⇢a2(⌘0)
Shiji|kl(⌘

0)(�kl � nknl)

◆����
⌘0=⌘ret

+
1

2

↵(↵� 1)

2

1

⌘⌘ret

✓
1

a(⌘0)
(@t � 2H)Shiji|kl(⌘

0)nknl

◆����
⌘0=⌘ret

+
1

2

✓
� ↵(↵� 1)

2⌘⌘2ret
+

↵(↵� 1)(↵(↵� 1)� 2)

8

✓
1

⌘⌘ret

◆2

⇢

◆✓
1

a2(⌘0)
Shiji|kl(⌘

0)nknl

◆����
⌘0=⌘ret

◆
.

(3)
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Matter dominate case

● For matter dominated case
<latexit sha1_base64="glXwodWnESnvkiHTxeGFUiCG0Hg="></latexit>

T1 hiji = 4G
R ⌘�⇢
⌘i

d⌘0

⌘⌘0Shiji(⌘
0).

<latexit sha1_base64="MrAWhMhRLyCv/qRIS5IrEmUOh9U="></latexit>

T1hiji = �4G

↵⌘

⇥
HPhi|ji

⇤⌘ret

⌘i
+

4G

↵⌘

Z ⌘ret

⌘i

d⌘
0
@⌘0H(⌘0)Phi|ji(⌘

0)

= �4G

↵⌘

⇥
HPhi|ji

⇤⌘ret

⌘i
� 4G

↵⌘

Z tret

ti

dt
0
H

2(1 + q)Phi|ji(t
0).

● Using the conservation equation, 
<latexit sha1_base64="tsPzwmCn+trHr5JX5WLhkYphUks=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJhSpBFbAgVbAwFkEfUhtFjuu0bh0nsh2kKmRh4VdYGECIlX9g429w2gzQcqQrHZ1zr33v8SJGpbKsb6OwsLi0vFJcLa2tb2xumds7TRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5o6vMb90TIWnI79Q4Ik6A+pz6FCOlJdfcv3UTOkwvjrsREooi5iYqhXUtPgxT1yxbFWsCOE/snJRBjrprfnV7IY4DwhVmSMqObUXKSbKXMSNpqRtLEiE8Qn3S0ZSjgEgnmVyRwkOt9KAfCl1cwYn6eyJBgZTjwNOdAVIDOetl4n9eJ1b+uZNQHsWKcDz9yI8ZVCHMIoE9KghWbKwJwoLqXSEeIIGw0sGVdAj27MnzpHlSsU8r1ZtquXaZx1EEe+AAHAEbnIEauAZ10AAYPIJn8ArejCfjxXg3PqatBSOf2QV/YHz+AOwymN0=</latexit>

Sij = �@tPi|j

● Tail term truncated to 
<latexit sha1_base64="bZ0zMPpHPyThjjF9HHyEvfs/PvI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5rX7uTvvVmlt35yCrxCtIDQo0+9Wv3iBhWYzSMEG17npuaoKcKsOZwGmll2lMKRvTIXYtlTRGHeTzY6fkzCoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmegmyLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n4oNwVt+eZW0LureVf3y4bLWuC3iKMMJnMI5eHANDbiHJvjAgMMzvMKbI50X5935WLSWnGLmGP7A+fwBnZ+Okg==</latexit>

V0

● <latexit sha1_base64="i2ylX6EPy0B9TTkWbd87f4qm25g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3woZyJmnLMstpN9UUi4jTTjS+y/3OE9WGKfloJykNBR5JFjOCbS71daIG1Zpf9+dAqyQoSA0KNAfVr/5QkUxQaQnHxvQCP7XhFGvLCKezSj8zNMVkjEe056jEgppwOr91hs6cMkSx0q6kRXP198QUC2MmInKdAtvELHu5+J/Xy2x8E06ZTDNLJVksijOOrEL542jINCWWTxzBRDN3KyIJ1phYF0/FhRAsv7xK2hf14Kp++XBZa9wWcZThBE7hHAK4hgbcQxNaQCCBZ3iFN094L96797FoLXnFzDH8gff5AyKajlA=</latexit>⇢Order     term vanishes in tail term. 
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<latexit sha1_base64="9rmeqotHGYVHsjydcOgFPcncSvA=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYGO4k6A2QtDGMoL5gNwR9jabZMne7rE7J4YjjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8y8MBbcgOt+O7ml5ZXVtfx6YWNza3unuLvXMCrRlNWpEkq3QmKY4JLVgYNgrVgzEoWCNcPhzcRvPjBtuJL3MIpZEJG+5D1OCVipUzzwGZBTXw/UFfajUD2mVEkD406x5JbdKfAi8TJSQhlqneKX31U0iZgEKogxbc+NIUiJBk4FGxf8xLCY0CHps7alkkTMBOn0gTE+tkoX95S2JQFP1d8TKYmMGUWh7YwIDMy8NxH/89oJ9C6DlMs4ASbpbFEvERgUnqSBu1wzCmJkCaGa21sxHRBNKNjMCjYEb/7lRdI4K3vn5cpdpVS9zuLIo0N0hE6Qhy5QFd2iGqojisboGb2iN+fJeXHenY9Za87JZvbRHzifP8xnlpA=</latexit> ⌘
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(⌘, x)

de  Sitter case

● Tail integral can be performed exactly - leaving instantaneous term and 
a boundary term.

● dS limit reproduces our previous result. G. Compère, J. Hoque, E. S. Kutluk - 2023

● Similarly, vector and scalar perturbations can be  obtained.
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Summary and outlook

● We decouple linearized perturbations around spatially flat FLRW 
background in a generalized harmonic gauge - without performing the SVT 
decompsition.

● Obtain green’s function for power-law cosmologies.

● Linearized perturbations are written in terms of multipolar moments of 
the effective stress-energy tensor upto the quadrupolar order.

● Our result reproduces correct dS limit which differs from Date-JH, ABK 
et. al

● An important line of the study will be construction of cosmological 
observables in our framework.
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Thank you
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