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The 2M++ galaxy redshift catalogue 2851

Figure 13. The 2M++ galaxy distribution and density field in three dimensions. The cube frame is in Galactic coordinates. The Galactic plane cuts orthogonally
through the middle of the back vertical red arrow. The length of a side of the cube is 200 h!1 Mpc and is centred on Milky Way. We highlight the isosurface of
number fluctuation, smoothed with a Gaussian kernel of radius 1000 km s!1, !L = 2 with a shiny dark red surface. The positions of some major structures in
the local Universe are indicated by labelled arrows. We do not show isosurfaces beyond a distance of 150 h!1 Mpc, so HR is, for example, not present.

Figure 14. The cumulative average density profile and the excess mass as a function of radius from four major superclusters in the 2M++ redshift catalogue.
In the two panels, we both show the profiles computed using the number weighed (solid lines) and the luminosity weighed (dashed lines) scheme. In the
left-hand panel, the horizontal black dashed line corresponds to the mean density. In the right-hand panel, the dotted lines indicate the mass of a sphere of the
given radius at the mean density. Note that since we are plotting excess mass, to obtain the total mass one must add this value. The black, dark grey, light grey
and red lines correspond, respectively, to the SC, the HR supercluster, the PP supercluster and the Hydra–Centaurus supercluster. The error bars are estimated
assuming that galaxies follow Poisson distribution for sampling the matter density field, as given by equation (32).
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ABSTRACT

We present a detailed analysis from new multi-wavelength observations of the exceptional galaxy cluster
ACT-CL J0102"4915, likely the most massive, hottest, most X-ray luminous and brightest Sunyaev–Zel’dovich
(SZ) effect cluster known at redshifts greater than 0.6. The Atacama Cosmology Telescope (ACT) collaboration
discovered ACT-CL J0102"4915 as the most significant SZ decrement in a sky survey area of 755 deg2.
Our Very Large Telescope (VLT)/FORS2 spectra of 89 member galaxies yield a cluster redshift, z = 0.870,
and velocity dispersion, !gal = 1321 ± 106 km s"1. Our Chandra observations reveal a hot and X-ray
luminous system with an integrated temperature of TX = 14.5 ± 0.1 keV and 0.5–2.0 keV band luminosity
of LX = (2.19 ± 0.11) # 1045 h"2

70 erg s"1. We obtain several statistically consistent cluster mass estimates; using
empirical mass scaling relations with velocity dispersion, X-ray YX, and integrated SZ distortion, we estimate a
cluster mass of M200a = (2.16 ± 0.32) # 1015 h"1

70 M$. We constrain the stellar content of the cluster to be less
than 1% of the total mass, using Spitzer IRAC and optical imaging. The Chandra and VLT/FORS2 optical data
also reveal that ACT-CL J0102"4915 is undergoing a major merger between components with a mass ratio of
approximately 2 to 1. The X-ray data show significant temperature variations from a low of 6.6 ± 0.7 keV at the
merging low-entropy, high-metallicity, cool core to a high of 22 ± 6 keV. We also see a wake in the X-ray surface
brightness and deprojected gas density caused by the passage of one cluster through the other. Archival radio data at
843 MHz reveal diffuse radio emission that, if associated with the cluster, indicates the presence of an intense double
radio relic, hosted by the highest redshift cluster yet. ACT-CL J0102"4915 is possibly a high-redshift analog of the
famous Bullet cluster. Such a massive cluster at this redshift is rare, although consistent with the standard !CDM
cosmology in the lower part of its allowed mass range. Massive, high-redshift mergers like ACT-CL J0102"4915
are unlikely to be reproduced in the current generation of numerical N-body cosmological simulations.

Key words: cosmic background radiation – cosmology: observations – galaxies: clusters: general – galaxies:
clusters: individual (ACT-CL J0102"4915)

Online-only material: color figures

1. INTRODUCTION

There are currently only a few examples of merging clus-
ter systems in which there are spatial offsets (on the order of
200–300 kpc) between the peaks of the total and baryonic mat-
ter distributions. Some of these, like 1E 0657"56 (the original
“bullet” cluster at z = 0.296; Markevitch et al. 2002), A2146
(at z = 0.234; Russell et al. 2010), and possibly A2744 (at
z = 0.308; Merten et al. 2011), contain in addition a cold,
dense “bullet” of low-entropy gas that is clearly associated with
the merger event. The offsets are due to the differing phys-

ical processes that act on the gas, galaxies, and dark matter.
The gas behaves as a fluid, experiencing shocks, viscosity, and
ram pressure, while the galaxies and dark matter (or so we
posit) are collisionless. These bullet systems have been used to
offer direct evidence for the existence of dark matter (Clowe
et al. 2004, 2006) and to set constraints on the self-interaction
cross section of the dark matter particle (Markevitch et al.
2004; Randall et al. 2008; Bradač et al. 2008). Additionally, the
large merger velocity of 1E 0657"56 of around 3000 km s"1

(Mastropietro & Burkert 2008; Markevitch 2006), required
to explain the morphology and temperature of the gas from
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Figure 1. Multi-wavelength data set for ACT-CL J0102!4915 with all panels showing the same sky region. Upper left: the composite optical color image from the
combined griz (SOAR/SOI) and Riz (VLT/FORS2) imaging with the overplotted Chandra X-ray surface brightness contours shown in white. The black and white
inset image shows a remarkably strong lensing arc. Upper right: the composite color image from the combination of the optical imaging from VLT and SOAR and
IR from the Spitzer/IRAC 3.6 µm and 4.5 µm imaging. The overplotted linearly spaced contours in white correspond to the matched-filtered ACT 148 GHz intensity
maps. Bottom left: false color image of the Chandra X-ray emission with the same set of 11 log-spaced contours between 2.71 counts arcsec!2 and 0.03 counts arcsec!2

as in the panel above. The inset here shows the X-ray surface brightness in a cut across the “wake” region from the box region shown. Bottom right: ACT 148 GHz
intensity map with angular resolution of 1."4 and match-filtered with a nominal galaxy cluster profile, in units of effective temperature difference from the mean. The
color scale ranges from !85 µK at the edges to !385 µK at the center of the SZ minimum. In all panels the horizontal bar shows the scale of the image, where north
is up and east is left.
(A color version of this figure is available in the online journal.)

of the SOAR images (see Figure 9 from Menanteau et al. 2010a),
we noted a number of red galaxies with similar photometric
redshifts trailing toward the SE. The lack of coverage and large
photometric redshift uncertainties made it difficult to confidently
identify these galaxies as part of the cluster.

The FORS2/VLT imaging aimed to obtain wider and deeper
observations to confirm the substructure hint in the SOAR data

and to secure galaxy positions for the spectroscopic observa-
tions. Our observations were carried out with the standard res-
olution of 0.""25 pixel!1, providing a field size of 6."8 # 6."8 with
exposure times of 640 s (8#80 s), 2200 s (10#220 s), and 2300 s
(20 # 115 s) in R, I, and z, respectively. The optical data were
processed using a slightly modified version of the Python-based
Rutgers Southern Cosmology image pipeline (Menanteau et al.
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ABSTRACT

We present first results on PLCK G266.6"27.3, a galaxy cluster candidate detected at a signal-to-noise ratio of 5 in the Planck All Sky survey. An
XMM-Newton validation observation has allowed us to confirm that the candidate is a bona fide galaxy cluster. With these X-ray data we measure
an accurate redshift, z = 0.94 ± 0.02, and estimate the cluster mass to be M500 = (7.8 ± 0.8) # 1014 M$. PLCK G266.6"27.3 is an exceptional
system: its luminosity of LX[0.5–2.0keV] = (1.4± 0.05)# 1045 erg s"1 equals that of the two most luminous known clusters in the z > 0.5 universe,
and it is one of the most massive clusters at z % 1. Moreover, unlike the majority of high-redshift clusters, PLCK G266.6"27.3 appears to be highly
relaxed. This observation confirms Planck’s capability of detecting high-redshift, high-mass clusters, and opens the way to the systematic study of
population evolution in the exponential tail of the mass function.

Key words. Cosmology: observations " Galaxies: cluster: general " Galaxies: clusters: intracluster medium " Cosmic background radiation,
X-rays: galaxies: clusters

1. Introduction
Very massive clusters above redshift z % 1, when the Universe
was at half the present age, are predicted to be very rare. They
potentially provide a sensitive probe to constrain deviations from
the standard"CDM paradigm (e.g. Mortonson et al. 2011); e.g.,
owing to non-Gaussian perturbations, non-standard quintessence
models or modified gravity models (see Allen et al. 2011, for a
review). They are also ideal targets for studying key aspects of
the gravitational physics that drives cluster formation, includ-
ing measurement of the evolution of the mass concentration. For
these reasons, the scientific community has, over the past two

! Corresponding author: M. Arnaud, monique.arnaud@cea.fr

decades, put strong e!ort into the discovery and characterisation
of these objects.

Until recently it was possible to identify clusters of galax-
ies only via optical/infrared or X-ray surveys. Indeed, the most
distant clusters presently known have all been detected with
these techniques, e.g., the IR-selected cluster CL J1449+0856
at z = 2.07 (Gobat et al. 2011) and the X-ray selected system
XMMU J105324.7+572348 at z=1.75 (Henry et al. 2010). For
both of these objects, extended X-ray emission has been detected
with XMM-Newton, confirming their status as fully established
galaxy clusters; however, their total masses are more typical of
systems in the poor cluster or group regime (%< 1014 M$). Until
recently, the most massive cluster known in the z %> 1 universe
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ABSTRACT
We report weak-lensing masses for 51 of the most X-ray luminous galaxy clusters known. This
cluster sample, introduced earlier in this series of papers, spans redshifts 0.15 ! zcl ! 0.7, and is
well suited to calibrate mass proxies for current cluster cosmology experiments. Cluster masses
are measured with a standard ‘colour-cut’ lensing method from three-filter photometry of each
field. Additionally, for 27 cluster fields with at least five-filter photometry, we measure high-
accuracy masses using a new method that exploits all information available in the photometric
redshift posterior probability distributions of individual galaxies. Using simulations based on
the COSMOS-30 catalogue, we demonstrate control of systematic biases in the mean mass of
the sample with this method, from photometric redshift biases and associated uncertainties, to
better than 3 per cent. In contrast, we show that the use of single-point estimators in place of
the full photometric redshift posterior distributions can lead to significant redshift-dependent
biases on cluster masses. The performance of our new photometric redshift-based method
allows us to calibrate ‘colour-cut’ masses for all 51 clusters in the present sample to a total
systematic uncertainty of !7 per cent on the mean mass, a level sufficient to significantly
improve current cosmology constraints from galaxy clusters. Our results bode well for future
cosmological studies of clusters, potentially reducing the need for exhaustive spectroscopic
calibration surveys as compared to other techniques, when deep, multifilter optical and near-IR
imaging surveys are coupled with robust photometric redshift methods.

Key words: gravitational lensing: weak – methods: data analysis – methods: statistical –
galaxies: clusters: general – galaxies: distances and redshifts – cosmology: observations.

1 IN T RO D U C T I O N

Galaxy clusters have become a cornerstone of the experimental evi-
dence supporting the standard !CDM cosmological model. Recent
studies of statistical samples of clusters have placed precise and
robust constraints on fundamental parameters, including the am-
plitude of the matter power spectrum, the dark energy equation of
state and departures from General Relativity on large scales. For a

" E-mail: dapple@stanford.edu

review of recent progress and future prospects, see Allen, Evrard &
Mantz (2011).

Typical galaxy cluster number count experiments require a mass-
observable scaling relation to infer cluster masses from survey data,
which in turn requires calibration of the mass-proxy bias and scat-
ter. Weak lensing follow-up of clusters can be used, and to some
extent has already been used, to set the absolute calibrations for
the mass–observable relations employed in current X-ray and opti-
cal cluster count surveys (e.g. Mantz et al. 2008, 2010a; Vikhlinin
et al. 2009b; Rozo et al. 2010). However, targeted weak lensing
follow-up efforts of cluster surveys have not yet studied a sufficient
number of clusters nor have demonstrated a sufficient control over

C" 2014 The Authors
Published by Oxford University Press on behalf of the Royal Astronomical Society
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Table 4 – continued

P(z) method Color-cut method
Cluster Redshift rs M(< 1.5 Mpc) rs M(< 1.5 Mpc)

(Mpc) (1014 M!) (Mpc) (1014 M!)
(1) (2) (3) (4) (5) (6)

MS0451.6"0305 0.538 0.39+0.15
"0.11 8.8+3.3

"3.2 0.49+0.06
"0.07 12.5+3.5

"3.7

MACSJ1423.8+2404 0.543 0.25+0.11
"0.11 3.7+2.8

"2.2 0.42+0.07
"0.09 8.8+3.6

"3.6

MACSJ1149.5+2223 0.544 0.49+0.18
"0.13 14.4+3.3

"3.3 0.51+0.05
"0.06 13.6+3.1

"3.1

MACSJ0717.5+3745 0.546 0.68+0.27
"0.18 25.3+4.1

"4.2 0.66+0.05
"0.06 23.1+3.7

"3.8

CL0016+16 0.547 0.54+0.18
"0.15 15.0+3.7

"3.6 0.58+0.05
"0.05 17.5+3.2

"3.1

MACSJ0025.4"1222 0.585 0.41+0.14
"0.13 11.5+3.0

"3.1 0.48+0.05
"0.06 12.3+2.9

"2.9

MACSJ2129.4"0741 0.588 – – 0.52+0.05
"0.05 15.1+3.2

"3.1

MACSJ0647.7+7015 0.592 0.45+0.19
"0.14 13.3+5.7

"5.6 0.52+0.08
"0.10 14.9+5.2

"5.3

MACSJ0744.8+3927 0.698 0.48+0.19
"0.12 20.5+5.7

"5.7 0.56+0.06
"0.06 20.0+4.5

"4.4

Figure 9. A comparison of the precision of the mass measurement for
all clusters in the sample, measured as the fractional uncertainty in the
measured mass, for the colour-cut (51 clusters) and the P(z) methods (27
clusters). The asymmetric uncertainties listed in Table 4 have been averaged
for this plot. Both methods achieve a similar level of precision, with a P(z)
to colour-cut statistical-error mean ratio of 1.16. The outlier at z = 0.54 is
MACS1423+24 (see also Limousin et al. 2010).

the same galaxy catalogues are used as input for each. We bootstrap
the last common galaxy catalogue for each cluster to determine the
correlated uncertainties between the two methods.

For individual cluster masses, scatter between the two methods
arises due to the effects of cosmic variance in the colour-cut method
and the differences in galaxy selection. Correlation between the
two methods should decrease with increasing cluster redshift as the
effects of cosmic variance become more pronounced and galaxy
selection diverges. The uncertainty in the cross-calibration ratio at
z < 0.4 is #20 per cent, while in contrast, uncertainty on the ratio
at z > 0.4 grows to #40 per cent at the highest redshifts.

We use the bootstrapped masses to measure the ratio and intrinsic
scatter between the two methods. Any systematic offset between
the two methods would most likely indicate one or more of the
following: systematic errors in the colour-cut method, arising from a
mismatch between the COSMOS field and the average cluster field;
the use of the wrong number density model or an incorrect estimate
of the galaxy density background level for the colour-cut method’s
contamination correction; or bias in the colour-cut masses due to

Figure 10. A comparison of masses recovered from the colour-cut (CC) and
the P(z) methods. Error bars for each cluster point are determined by boot-
strapping the input catalogue for both methods simultaneously. Points are
the median ratio and 68 per cent confidence interval for each cluster from the
bootstrap realizations. P(z) masses do not include the calibration correction
from Section 7.2. The dashed line and red shaded region is the best-fitting
ratio between the two methods, ! = 0.999+0.046

"0.041, for all 27 clusters with
BJVJRCICz+photometry.

using the single source plane approximation. Additionally, intrinsic
scatter between the methods may be induced if systematic scatter
exists in the derived field-galaxy redshift distribution (with respect
to COSMOS) or the contamination correction in the colour-cut
method. The severity of any systematic bias and scatter (statistical
or intrinsic) is expected to worsen for higher redshift fields (see
Section 4.4), but we see no evidence for a redshift dependence
given the noise level present in our data.

To measure an offset, we fit for the ratio ! between the colour-
cut and P(z) masses, with an additional intrinsic, log-normal scatter
with width "int. Assuming uniform priors, the model likelihood is

P (!, "int) $
!

i

""

Mi,p(z),Mi,cc

N

#
ln

Mi,cc

!Mi,p(z)
, "int

$
P (Mi,p(z), Mi,cc) dM,

(15)

where the correlated uncertainties between the two measure-
ments, P(Mi, p(z), Mi, cc) are defined by bootstrap sampling on

MNRAS 439, 48–72 (2014)
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A structure in the early Universe at z ! 1.3 that exceeds the homogeneity
scale of the R-W concordance cosmology

Roger G. Clowes,1‹ Kathryn A. Harris,1 Srinivasan Raghunathan,1,2†
Luis E. Campusano,2 Ilona K. Söchting3 and Matthew J. Graham4
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2Observatorio Astronómico Cerro Calán, Departamento de Astronomı́a, Universidad de Chile, Casilla 36-D, Santiago, Chile
3Astrophysics, Denys Wilkinson Building, Keble Road, University of Oxford, Oxford OX1 3RH
4California Institute of Technology, 1200 East California Boulevard, Pasadena, CA 91125, USA

Accepted 2012 November 24. Received 2012 November 12; in original form 2012 October 12

ABSTRACT
A large quasar group (LQG) of particularly large size and high membership has been identified
in the DR7QSO catalogue of the Sloan Digital Sky Survey. It has characteristic size (volume1/3)
!500 Mpc (proper size, present epoch), longest dimension !1240 Mpc, membership of 73
quasars and mean redshift z̄ = 1.27. In terms of both size and membership, it is the most
extreme LQG found in the DR7QSO catalogue for the redshift range 1.0 " z " 1.8 of our
current investigation. Its location on the sky is !8.#8 north (!615 Mpc projected) of the Clowes
& Campusano LQG at the same redshift, z̄ = 1.28, which is itself one of the more extreme
examples. Their boundaries approach to within !2# (!140 Mpc projected). This new, Huge-
LQG appears to be the largest structure currently known in the early Universe. Its size suggests
incompatibility with the Yadav et al. scale of homogeneity for the concordance cosmology,
and thus challenges the assumption of the cosmological principle.

Key words: galaxies: clusters: general – quasars: general – large-scale structure of Universe.

1 IN T RO D U C T I O N

Large quasar groups (LQGs) are the largest structures seen in the
early Universe, of characteristic size !70–350 Mpc, with the high-
est values appearing to be only marginally compatible with the
Yadav, Bagla & Khandai (2010) scale of homogeneity in the con-
cordance cosmology. LQGs generally have !5–40 member quasars.
The first three LQGs to be discovered were those of Webster (1982),
Crampton, Cowley & Hartwick (1987, 1989) and Clowes & Cam-
pusano (1991). For more recent work see, for example, Brand et al.
(2003) (radio galaxies), Miller et al. (2004), Pilipenko (2007), Roz-
gacheva et al. (2012) and Clowes et al. (2012). The association
of quasars with superclusters in the relatively local Universe has
been discussed by, for example Longo (1991), Söchting, Clowes
& Campusano (2002), Söchting, Clowes & Campusano (2004) and
Lietzen et al. (2009). The last three of these papers note the as-
sociation of quasars with the peripheries of clusters or with fila-
ments. At higher redshifts, Komberg, Kravtsov & Lukash (1996)
and Pilipenko (2007) suggest that the LQGs are the precursors of
the superclusters seen today. Given the large sizes of LQGs, perhaps
they are instead the precursors of supercluster complexes such as
the Sloan Great Wall (SGW; Gott et al. 2005).

! E-mail: rgclowes@uclan.ac.uk
† Present address: Universidad de Chile.

In Clowes et al. (2012), we presented results for two LQGs as they
appeared in the DR7 quasar catalogue (‘DR7QSO’; Schneider et al.
2010) of the Sloan Digital Sky Survey (SDSS). One of these LQGs,
designated U1.28 in that paper, was the previously known Clowes &
Campusano (1991) LQG (CCLQG) and the other, designated U1.11,
was a new discovery. (In these designations U1.28 and U1.11, the
‘U’ refers to a connected unit of quasars, and the number refers to
the mean redshift.) U1.28 and U1.11 had memberships of 34 and 38
quasars, respectively, and characteristic sizes (volume1/3) of ! 350,
380 Mpc. Yadav et al. (2010) give an idealized upper limit to the
scale of homogeneity in the concordance cosmology as !370 Mpc.
As discussed in Clowes et al. (2012), if the fractal calculations of
Yadav et al. (2010) are adopted as reference then U1.28 and U1.11
are only marginally compatible with homogeneity.

In this paper, we present results for a new LQG, designated
U1.27, again found in the DR7QSO catalogue, which is notewor-
thy for both its exceptionally large characteristic size, !500 Mpc,
and its exceptionally high membership, 73 quasars. It provides fur-
ther interest for discussions of homogeneity and the validity of the
cosmological principle.

For simplicity we shall also refer to U1.27 as the Huge-LQG and
U1.28 as the CCLQG.

The largest structure in the local Universe is the SGW at z =
0.073, as noted in particular by Gott et al. (2005). They give its
length (proper size at the present epoch) as !450 Mpc, compared

C$ 2013 The Authors
Published by Oxford University Press on behalf of the Royal Astronomical Society
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Figure 2. Snapshot from a visualization of both the new, Huge-LQG, and
the CCLQG. The scales shown on the cuboid are proper sizes (Mpc) at the
present epoch. The tick marks represent intervals of 200 Mpc. The Huge-
LQG appears as the upper LQG. For comparison, the members of both
are shown as spheres of radius 33.0 Mpc (half of the mean linkage for the
Huge-LQG; the value for the CCLQG is 38.8 Mpc). For the Huge-LQG,
note the dense, clumpy part followed by a change in orientation and a more
filamentary part. The Huge-LQG and the CCLQG appear to be distinct
entities.

causes its CHMS-volume to be disproportionately large (there is
more ‘dead space’) and hence its density to be disproportionately
low. Note that the Huge-LQG and the CCLQG appear to be distinct
entities – their CHMS volumes do not intersect.

The CHMS method is thus conservative in its estimation of vol-
ume and hence of significance and overdensity. Curvature of the
structure can lead to the CHMS volume being substantially larger
than if it was linear. If we divide the Huge-LQG into two sections
at the point at which the direction appears to change then we have
a ‘main’ set of 56 quasars and a ‘branch’ set of 17 quasars. If we
calculate the CHMS volumes of the main set and the branch set,
using the same sphere radius (33 Mpc) as for the full set of 73,
and simply add them (neglecting any overlap), then we obtain !q =
!"q/"q = 1.12, using the same correction for residual bias (2 per
cent) as for the full set. That is, we have calculated !q using the
total membership (73) and the summed volume of the main set and
the branch set, and the result is now !q ! 1, rather than !q = 0.40,
since much of the ‘dead space’ has been removed from the volume
estimate.

We should consider the possibility that the change in direction
is indicating that, physically if not algorithmically, we have two
distinct structures at the same redshift. So, if we instead treat the
main and branch sets as two independent LQG candidates and use
their respective sphere radii for the calculation of CHMS volumes,
including their respective corrections for residual bias, then we ob-
tain the following parameters. Main set of 56: significance 5.86# ;
!q = 1.20; characteristic size (CHMS volume1/3) 390 Mpc; mean
linkage 65.1 Mpc and principal axes of the inertia tensor !930, 410,
320 Mpc. Branch set of 17: significance 2.91# ; !q = 1.54; charac-
teristic size (CHMS volume1/3) 242 Mpc; mean linkage 67.7 Mpc
and principal axes of the inertia tensor !570, 260, 150 Mpc. The
similarity of the mean linkages suggests, after all, a single structure
with curvature rather than two distinct structures. (Note for compar-
ison that the CCLQG has mean linkage of 77.5 Mpc.) A two-sided
Mann–Whitney test finds no significant differences of the linkages
for the main and branch sets, which again suggests a single struc-
ture. Note also that the main set by itself exceeds the Yadav et al.
(2010) scale of homogeneity.

We can estimate the masses of these main and branch sets from
their CHMS volumes by assuming that !q " !M, where !M refers to
the mass in baryons and dark matter ($M = 0.27). We find that the
mass contained within the main set is !4.8 # 1018 M$ and within
the branch set is !1.3 # 1018 M$. Compared with the expecta-
tions for their volumes these values correspond to mass excesses
of !2.6 # 1018 and !0.8 # 1018 M$, respectively. The total mass
excess is then !3.4 # 1018 M$, equivalent to !1300 Coma clusters
(Kubo et al. 2007), !50 Shapley superclusters (Proust et al. 2006)
or !20 SGW (Sheth & Diaferio 2011).

3.1 Corroboration of the Huge-LQG from Mg II absorbers

Some independent corroboration of this large structure is provided
by Mg II absorbers. We have used the DR7QSO quasars in a survey
for intervening Mg II %%2796, 2798 absorbers (Raghunathan et al.,
in preparation). Using this survey, Fig. 3 shows a kernel-smoothed
intensity map (similar to Fig. 1) of the Mg II absorbers across the field
of the Huge-LQG and the CCLQG, and for their joint redshift range
(z: 1.1742 % 1.4232). For this map, only DR7QSO quasars with z >

1.4232 have been used as probes of the Mg II – that is, only quasars
beyond the LQGs, and none within them. However, background
quasars that are known from the DR7QSO ‘catalogue of properties’
(Shen et al. 2011) to be broad-absorption line (BAL) quasars have
been excluded because structure within the BAL troughs can lead to
spurious detections of MgII doublets at similar apparent redshifts.
The background quasars have been further restricted to i & 19.1 for
uniformity of coverage. A similar kernel-smoothed intensity map
(not shown here) verifies that the distribution of the used background
quasars is indeed appropriately uniform across the area of the figure.

The Mg II systems used here have rest-frame equivalent widths for
the %2796 component of 0.5 & Wr, 2796 & 4.0 Å. For the resolution
and signal-to-noise ratios of the SDSS spectra, this lower limit of
Wr, 2796 = 0.5 Å appears to give consistently reliable detections,
although, being ‘moderately strong’, it is higher than the value of
Wr, 2796 = 0.3 Å that would typically be used with spectra from larger
telescopes. Note that apparent Mg II systems occurring shortwards
of the Ly& emission in the background quasars are assumed to be
spurious and have been excluded.

The RA–Dec. track of the Huge-LQG quasars, along the !12'

where the surface density is highest, appears to be closely associated
with the track of the Mg II absorbers. The association becomes a
little weaker in the following !5', following the change in direction
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Planck	  

The	  temperature	  fluctua-ons	  of	  the	  cosmic	  microwave	  
background	  (CMB)	  

-‐	  Ini2al	  seeds	  of	  present	  large	  scale	  structures	  
-‐	  Gaussian	  random	  field	  ?	  
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The	  cold	  spot:	  an	  anomaly	  of	  physical	  origin	  or	  a	  	  
simple	  sta-s-cal	  fluctua-on	  ?	  

Cruz	  et	  al.	  2005,	  MNRAS	  356,	  29	  

Cold	  spot	  

Spherical	  mexican	  hat	  wavelet	  transform	  



The	  Gumbel	  or	  extreme	  value	  sta-s-cs	  (EVS)	  

Cumula2ve	  distribu2on	  of	  the	  maximum	  or	  minimum	  ν	  drawn	  from	  
a	  finite	  patch	  in	  a	  random	  distribu2on.	  
	  
It	  is	  o_en	  parameterized	  as	  follows	  	  

a:	  loca2on	  parameter	  
b:	  scale	  parameter	  
γG:	  shape	  parameter	  
	  
γG>0	  :	  Fréchet	  type	  
γG=0	  :	  Gumbel	  type	  (expected	  asympto2cally	  for	  Gaussian	  fields)	  
	  
γG<0	  :	  nega2ve	  Weibull	  type	  

Gumbel	  1958,	  Sta2s2cs	  of	  Extremes	  (2004,	  Dover)	  

Mon. Not. R. Astron. Soc. 414, 2436–2445 (2011) doi:10.1111/j.1365-2966.2011.18563.x

Extreme value statistics of smooth Gaussian random fields
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ABSTRACT
We consider the Gumbel or extreme value statistics describing the distribution function
pG("max) of the maximum values of a random field " within patches of fixed size. We present,
for smooth Gaussian random fields in two and three dimensions, an analytical estimate of pG

which is expected to hold in a regime where local maxima of the field are moderately high
and weakly clustered.

When the patch size becomes sufficiently large, the negative of the logarithm of the cumu-
lative extreme value distribution is simply equal to the average of the Euler characteristic of
the field in the excursion " ! "max inside the patches. The Gumbel statistics therefore repre-
sents an interesting alternative probe of the genus as a test of non-Gaussianity, e.g. in cosmic
microwave background temperature maps or in 3D galaxy catalogues. It can be approximated,
except in the remote positive tail, by a negative Weibull-type form, converging slowly to the
expected Gumbel-type form for infinitely large patch size. Convergence is facilitated when
large-scale correlations are weaker.

We compare the analytic predictions to numerical experiments for the case of a scale-
free Gaussian field in two dimensions, achieving impressive agreement between approximate
theory and measurements. We also discuss the generalization of our formalism to non-Gaussian
fields.

Key words: methods: analytical – methods: statistical – large-scale structure of Universe.

1 IN T RO D U C T I O N

Gumbel or extreme value statistics are concerned with the extrema
of samples drawn from random distributions (Gumbel 1958). In the
case of sample means, the Central Limit Theorem states that the
means of many samples of size N drawn from some distribution
will be normally distributed in the large-N limit; analogously, it can
be shown that in the same limit the cumulative distribution of the
sample maximum or minimum " will tend to one of the family of
the following functions:

G#G (") = exp["(1 + #Gy)"1/#G ], (1)

with

y = " " a

b
, (2)

where a and b are location and scale parameters (see e.g. Coles
2001). The shape parameter # G characterizes the distribution: a
distribution with # G = 0 is known as having the ‘Gumbel type’,

G0 = exp[" exp("y)], (3)

!E-mail: colombi@iap.fr

while # G < 0 and # G > 0 correspond, respectively, to forms of the
‘negative Weibull type’ and the ‘Fréchet type’.

Distributions given by equation (1) have seen application to time-
series data in many fields such as climate (see e.g. Katz & Brown
1992), hydrology (see e.g. Katz, Parlange & Naveau 2002), seis-
mology (see e.g. Cornell 1968), insurance and finance (see e.g.
Embrechts & Schmidli 1994), etc., in predicting the incidence of
extreme events from knowledge of past data. Here we consider ap-
plications to 2D and 3D random fields relevant to cosmology, but
our approach is sufficiently general so that extension to other fields
should not prove difficult.

In three dimensions, one is naturally interested in the occurrence
of the most massive clusters in galaxy surveys (Bhavsar & Barrow
1985; Cayón, Gordon & Silk 2010; Holz & Perlmutter 2010; Davis
et al. 2011) of large-scale mass concentrations (Yamila Yaryura,
Baugh & Angulo 2010) such as the Sloan Great Wall (Gott et al.
2005) or the largest voids observed in the spatial distribution of
galaxies. In two dimensions, the most obvious application concerns
the temperature fluctuations in the cosmic microwave background
(CMB; Mikelsosn, Silk & Zuntz 2009), in particular the analysis
of the hottest hotspots (Coles 1988) and the coldest cold spots.
There are several works that suggest the existence of anomalies in
current CMB experiments (see e.g. Larson & Wandelt 2004; Ayaita
et al. 2010), the most prominent one being the cold spot discovered

C# 2011 The Authors
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The	  proper-es	  of	  the	  extreme	  value	  sta-s-cs	  (EVS)	  	  

Equivalence	  of	  the	  Central	  Limit	  theorem:	  
	  
For	  N	  random	  independent	  variables	  xi	  	  i=1,…,N	  with	  the	  same	  law,	  
the	  cumula2ve	  distribu2on	  of	  the	  random	  variable	  	  
MN=maxi	  xi	  	  	  
necessarily	  tends	  asympto2cally	  for	  large	  N	  to	  one	  of	  the	  3	  
distribu2ons	  of	  the	  previous	  slide	  (if	  such	  a	  limit	  exists).	  	  
	  
(Fisher	  &	  Tippe@	  1928	  Proc.	  Camb.	  Phil.	  Soc.	  24,	  180	  	  
Gnedenko	  1943,	  Ann.	  of	  Math.	  44,	  423)	  
	  
So	  the	  EVS	  is	  poten2ally	  at	  the	  same	  2me	  interes2ng	  (specific	  
sta2s2cal	  predic2ons	  for	  rare	  events)	  and	  uninteres2ng	  (everything	  
lead	  to	  the	  same:	  poor	  constraining	  power)	  
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Bhavsar	  and	  Barrow	  use	  both	  
the	  	  
interes2ng	  	  
and	  the	  	  
uninteres2ng	  	  
(or	  conversely)	  aspects	  of	  the	  
EVS	  !	  



Example	  1:	  the	  most	  massive	  galaxy	  cluster	  

Patch	  (survey)	  

What	  is	  the	  typical	  mass	  	  Mmax	  of	  the	  most	  massive	  cluster	  in	  the	  survey?	  
What	  is	  the	  	  probability	  Pevs	  (Mmax	  <	  Mth)	  of	  having	  Mmax	  <	  Mth?	  
What	  is	  the	  most	  massive	  cluster	  in	  the	  observable	  Universe?	  	  

Galaxy	  cluster	  



The	  probability	  Pevs(Mmax<	  Mth)	  is	  the	  probability	  that	  all	  the	  clusters	  in	  
the	  survey	  have	  a	  mass	  smaller	  than	  Mth.	  	  
	  
If	  the	  mass	  of	  a	  cluster	  is	  sta2s2cally	  independent	  from	  the	  mass	  of	  
other	  clusters	  the	  naive	  result	  is	  simply	  
	  

Pevs(Mmax	  <	  Mth)=[1-‐Q(Mmax	  >	  Mth)]N	  	  
	  

where	  Q(M	  >	  Mth)	  is	  the	  probability	  that	  a	  cluster	  has	  a	  mass	  M	  larger	  
than	  Mth	  and	  N	  is	  the	  number	  of	  clusters.	  
	  
P(Mmax	  <	  Mth)=exp[	  N	  ln	  (1-‐Q(M	  >	  Mth)]	  	  

	   	   	  	  	  	  	  	  ≈exp[-‐N	  Q(M	  >	  Mth)]	  	  
in	  the	  very	  massive	  cluster	  regime	  
	  
Hence	  
P(Mmax	  <	  Mth)	  ≈exp[	  -‐	  n(Mmax	  >	  Mth)	  V]	  
Where	  n(Mmax	  >	  Mth)	  is	  the	  number	  density	  of	  clusters	  with	  mass	  larger	  
than	  Mth	  and	  V	  is	  the	  survey	  volume	  



Issues:	  
-‐ 	  Defini2on	  :	  what	  is	  a	  cluster	  of	  galaxies?	  
	  
-‐	  How	  to	  compute	  n(Mmax	  >	  Mth)	  ?	  Press	  &	  Schechter	  formalism	  and	  
extensions:	  easy	  calcula2ons	  (e.g.	  Davis	  et	  al.	  2011;	  Holz	  &	  Perlmu@er	  2012;	  
Harrison	  &	  Coles,	  2012;	  Waizman	  et	  al.	  2012,	  2013),	  even	  including	  the	  
possible	  non	  Gaussian	  nature	  of	  the	  ini2al	  seeds	  (e.g.	  Cayón,	  Gordon	  &	  
Silk	  2011,	  MNRAS	  415,	  849)	  
	  
-‐ 	  Clusters	  are	  correlated:	  the	  correla2ons	  can	  be	  taken	  into	  account	  
by	  reducing	  the	  EVS	  to	  a	  void	  probability	  (see	  cumbersome	  slides	  
later):	  	  however,	  correla2ons	  should	  be	  negligible	  for	  large	  surveys	  
(Davis	  et	  al.	  2011,	  MNRAS	  413,	  2087)	  
	  
-‐ 	  Tests	  of	  theore2cal	  predic2ons	  :	  need	  ultragigabig	  simula2ons	  
	  
-‐	  Nega2ve	  Weibull	  favored	  (ϒG=-‐0.21)	  when	  fipng	  the	  expected	  
analy2c	  form	  (Davis	  et	  al.	  2011)	  
	  	  



The  HORIZON 4Π dark matter simulation performed with RAMSES on Platine at CEA,  
40963 particles in a cube  2000h-1 Mpc aside. Teyssier et al. 2009, A&A 497, 335 
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Applica-on	  to	  observa-onal	  data	  (a)	  
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ABSTRACT

We calculate the expected mass of the most massive object in the universe, finding it to be a cluster of
galaxies with total mass M200 = 3.8 " 1015 M# at z = 0.22, with the 1! marginalized regions being
3.3"1015 M# < M200 < 4.4"1015 M# and 0.12 < z < 0.36. We restrict ourselves to self-gravitating bound objects
and base our results on halo mass functions derived from N-body simulations. The mass and redshift distribution
of the largest objects in the universe are potentially interesting tests of !CDM, probing the initial conditions,
non-Gaussianity, and the behavior of gravity on large scales. We discuss A2163 and A370 as candidates for the
most massive cluster in the universe, although uncertainties in their masses preclude definitive comparisons with
theory. We find that the three most massive clusters in the South Pole Telescope (SPT) 178 and 2500 deg2 catalogs
match predictions. Since the mass function evolves steeply with redshift, we also investigate the most unlikely
clusters in the universe. We find that SPT-CL J2106–5844 is 2! and XMMU J2235.3–2557 is 3! inconsistent with
!CDM, considering their respective redshifts and survey sizes. Our findings motivate further observations of the
highest mass end of the mass function, particularly at z > 1, where a number of anomalously massive clusters
have been discovered. Future surveys will explore larger volumes, and both the most massive object and the most
unlikely object in the universe may be identified within the next decade.

Key words: cosmology: theory – galaxies: clusters: general

Online-only material: color figures

1. INTRODUCTION

Our universe has a finite observable volume, and therefore
within our universe there is a unique most massive object. This
object will be a cluster of galaxies. Theoretical studies of the
growth of structure have now matured, and the mass of the most
massive objects can be robustly predicted to the level of a few
percent. Furthermore, we are in the midst of a revolution in
our ability to conduct volume-limited samples of high-mass
clusters, with X-ray and ground- and space-based Sunyaev-
Zel’dovich (SZ) surveys able to provide complete samples at
mass > 5 " 1014 M# out to z > 1. The masses of the most
massive clusters in the universe are therefore a robust prediction
of !CDM models, as well as a direct observable of our universe.

The cluster mass function is already being utilized as a probe
of cosmology, and, in particular, of the dark energy equation
of state (Holder et al. 2001; Haiman et al. 2001; Weller et al.
2002) and non-Gaussianity (Matarrese et al. 1986; Verde et al.
2001; Grossi et al. 2007). What additional value is there in
singling out the tail end of the mass function? First, we note
that these systems are in many ways the easiest to find, as
they are among the largest and brightest objects. Furthermore,
because candidates for the most massive cluster constitute
a very small sample, it is possible to perform coupled SZ,
X-ray, and weak lensing measurements, and thus the masses
of these objects will be particularly well determined. Although
a larger sample of clusters is always preferable, we argue that
a small sample of the highest-mass objects, thoroughly studied
with direct mass determinations, is of complementary value to
a large statistical sample of cluster masses derived from mass-
observable relations. Although the statistics of rare events are
often poorly understood, in the case of cosmological structure
formation the distribution of outliers has been well characterized

(Hu & Kravtsov 2003; Hu & Cohn 2006; Davis et al. 2011).
If the most massive object at any given redshift is found to
have too large or too small a mass, this single object will
provide a strong indication of the breakdown of !CDM (Chiu
et al. 1998; Bahcall & Fan 1998), independent of selection
effects, completeness, and systematic errors at the level of
tens of percent. We note that cosmic microwave background
measurements of non-Gaussianity probe much larger scales
(Smidt et al. 2010), and that clusters provide valuable new
constraints at Mpc scales. Although much work has focused
on using halo statistics as a probe of cosmology, here we focus
on using the high-mass tails of precision mass functions to make
explicit predictions for current and future observations.

2. MASS FUNCTION

In recent years the expected number density of dark matter
halos as a function of mass and redshift has been established
to better than 5% (Warren et al. 2006; Reed et al. 2007; Tinker
et al. 2008) from cosmological dark matter N-body simulations.
We restrict ourselves to the spherical overdensity (SO) approach
to finding dark matter halos in simulations (Tinker et al. 2008).
It is to be noted that the most massive clusters are often the
least spherical (e.g., Foley et al. 2011), and this might argue
that an alternative halo-finding algorithm might yield a better
match to observations. The primary issue is whether observers
can reliably measure the corresponding quantity, and, for our
purposes, what observers designate as the mass of a spherical
region should, in principle, correspond closely to the SO halos
found in simulations.

We are also interested in the expected scatter in the number
density of massive halos. At the high-mass end of the mass
function, where the number density satisfies roughly one per
volume of interest and the statistics are dominated by shot noise,

1
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we assume that the distribution of halos is given by Poisson
statistics. Although this remains to be firmly established by
simulations on > Gpc scales, it has been shown that the tails
of the appropriate Gumbel distributions are negligibly different
from Poisson in the regime of interest (Hu & Kravtsov 2003;
Hu & Cohn 2006; Davis et al. 2011). Another cause for concern
is that the largest modes in any simulation box are poorly
represented (Tormen & Bertschinger 1996), and this could lead
to errors at the high-mass end of the mass function (although we
note that the simulations underlying our mass function include
a large, 1.28 h!1 Gpc box).

We use the mass function presented in Tinker et al. (2008),
which gives the expected number density of dark matter halos,
dn/dM , in units of h!1 Mpc, where h is the Hubble constant
and volume is measured in comoving Mpc3. This mass function
describes the abundance of SO dark matter halos and is accurate
to !10% over the redshift range of interest (0 < z < 2)
and for overdensity values in the range 200 < ! < 2300.
! is the overdensity in a spherical region compared to the
mean background matter density at the given redshift, and
M200 corresponds to the mass enclosed for ! = 200. This
mass function has been calibrated for M200 ! 4 " 1015 M#;
our extreme high-mass results rely on (modest) extrapolation.
We consider the best-fit "CDM model from WMAP7, with
h = 0.710 ± 0.025, #m = 0.264 ± 0.029, #" = 0.734 ± 0.029,
and !8 = 0.801 ± 0.030 (Komatsu et al. 2011). We generalize the
mass function by using a transfer function and ! (M) appropriate
for these parameters, and marginalize over the uncertainties.
We find that the errors due to shot noise dominate over those
due to uncertainties in the cosmological parameters, and that
cosmological parameter uncertainty will become irrelevant in
the Planck era (Colombo et al. 2009).

Ongoing refinements (e.g., Klypin et al. 2011; Prada et al.
2012) may change the shape and amplitude of the theoretical
mass function. To get a sense of the importance of this,
we have calculated that it would take a fractional change in
the amplitude parameter, A, of the Tinker mass function in the
range 0.6–10 to broaden the 1! contours into the 2! ones (see
Figure 1). This is to be compared to the $10% determination
of the amplitude through normalization to simulations (Tinker
et al. 2008). Similarly, we would have to introduce a fractional
change in the Tinker cutoff scale parameter, c, in the range
0.8–1.05 to cause significant broadening of the contours. This
is again ruled out by simulations; e.g., a 5% increase in c
causes an almost 50% decrease in the number of 4 " 1015 M#
halos. The effects of baryons may also lead to changes in the
number density of the most massive objects (and potentially
larger effects on halo density profiles, and therefore on the
observational determinations of halo masses), although these
effects are unlikely to be greater than 30% in the mass function
in the regime of interest (Stanek et al. 2009).

Because the uncertainties in the mass of the most massive
cluster will be large (cf. the large contours [in log M] in
Figure 1), small (!30%) errors in the mass function (e.g., from
the halo finding algorithm or problems resolving the largest
mode, or an inadequate fitting function), in the cosmological
parameters (e.g., errors in !8), or in the observational mass
determination (e.g., determining the X-ray mass of a disturbed
cluster) will leave our results substantially unchanged.

3. THE MOST MASSIVE OBJECT (THEORY)

We are interested in determining the mass of the most massive
object in our universe. Figure 1 shows the expected distribution
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Figure 1. Contour plot of the most massive object in the uni-
verse. Four survey sizes are considered: full sky, 2500 and 178 deg2

(corresponding to SPT), and 11 deg2 (corresponding to XMM-2235).
The shaded contours represent the 1! and 2! (and for the 11 deg2 case, 3! )
regions of the most massive halo in a "CDM universe. 68% of all "CDM uni-
verses will have their most massive halo within the light blue 1! contour. The
pairs of solid line contours are 1! and 2! contours for the second most massive
halo, while the pairs of dashed line contours are for the third most massive.
The (blue) plus signs are A2163 (double point) and A370; the five (red) as-
terisks are the three most massive clusters from the SPT 2500 deg2 survey and
SPT-J2106 and SPT-J0546, two unusually massive clusters at z > 1; the three
(green) diamonds are the three most massive clusters in the SPT 178 deg2 sur-
vey; and the (purple) square is XMM-2235. The mass values for A2163 span
the predicted region, while A370 is slightly high. The SPT masses fit within
their respective contours, although SPT-J2106 is somewhat anomalous (with a
probability of $0.06), and XMM-2235 is well outside its 2! contour (with a
probability of $0.006). All masses are M200 (spherical overdensity of 200" the
background density); for data measured using different overdensities, we plot
the M200 value which gives the equivalent probability.
(A color version of this figure is available in the online journal.)

of the highest mass halos in the universe, assuming the Tinker
mass function and Poisson statistics. We calculate the contours
using two techniques: (1) a Monte Carlo approach, where we
generate distributions of halo masses for a universe from the
mass function, determine the most massive objects in that
realization, and repeat many times to calculate the distributions
of the most massive objects, and (2) an analytic approach, where
we use the mass function to directly calculate the probability
that there is at least one halo with a given mass, but no halos
with greater mass, as a function of redshift. Results from
these two approaches are indistinguishable. The most massive
object in the universe is expected at z = 0.22 with a mass
M200 = 3.8 " 1015 M#. The marginalized 1! range in mass
is 3.3 " 1015 < M200 < 4.4 " 1015, while in redshift it is
0.12 < z < 0.36. If the most massive object falls outside
the range 2 " 1015 M# < M200 < 2 " 1016 M#, we can
conclude with high confidence that "CDM is broken; either
the primordial initial conditions have significant excess power
on cluster scales, the initial conditions are non-Gaussian, or
the growth of structure deviates from the predictions of general
relativity.

Figure 1 includes contours of the second and third most
massive halos in the universe. As we go down in rank order
(e.g., from the second to the third most massive), the contours
rapidly converge due to the exponentially steep mass function;
this demonstrates the power of just a few halos to constrain
cosmology. We note that the contours are not centered on the
most likely point; there is much larger scatter to high mass,
with a sharp lower mass limit. The predicted masses of the
first and second most massive halos are not independent, since
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of the cluster which has density greater than 200!̄m,0) from Tinker
et al. (2008) of {0.186, 1.47, 2.57, 1.19}.

When comparing to real-world clusters we need to correct for the
fact that theoretical mass functions are defined with respect to the
average matter density !̄m,z, but observers frequently report cluster
masses with respect to the critical density !c. In order to do this, we
follow the procedures of Waizmann et al. (2011a) and Mortonson
et al. (2011) to convert all cluster masses to m200m, and correct
for Eddington bias. Eddington bias refers to the fact that there
is a larger population of small mass haloes which may upscatter
into our observations than there are high mass haloes which may
downscatter into them, and is corrected for using

ln mEdd = ln m + 1
2
"# 2

ln m, (12)

where " is the local slope of the halo mass function and # 2
ln m is the

measurement uncertainty for the cluster mass.
In order to ensure we are avoiding a posteriori selection (by only

performing our test in regions in which we have already observed
something which we believe to be unusual), we set f sky = 1. This
is both the most conservative estimate and, we believe, the correct
one for testing ‘the most extreme clusters in the sky’.

3.2 Results

We now seek to use the apparatus described above to test if any
currently observed objects are significantly extreme to give us cause
to question $CDM cosmology. We consider the set of recently
observed, potentially extreme clusters shown in Table 1 in a $CDM
cosmology as described above. The extreme value contours (light –
99 per cent, medium – 95 per cent, dark – 66 per cent), most
likely maximum mass M0

max (solid line) and the cluster masses and
redshifts (stars) are plotted in Fig. 1. The plot shows the expected
features of a peak in maximum halo mass at z ! 0.2 (the location
and height of which is in broad agreement with the analysis of
Holz & Perlmutter 2010). As can be seen, none of the currently
observed clusters lies outside the 99 per cent confidence regions
of the plot, meaning that there is no current strong evidence for a
need to modify the $CDM concordance model from high-mass,
high-redshift clusters. This appears to be in agreement with the

Table 1. The extreme clusters considered in
this Letter (aMaughan et al. 2011, bMenanteau
et al. 2011, cPlanck Collaboration: Aghanim
et al. 2011, dFoley et al. 2011, eBrodwin et al.
2010, f Jee et al. 2009, gSantos et al. 2011).
MEdd

200m is calculated using the numerical code
of Zhao et al. (2009) to convert from M200c

(where necessary) and equation (12) to include
the Eddington bias.

Cluster z MEdd
200m(M")

A2163a 0.203 3.04+0.87
#0.67 $ 1015

A370a 0.375 2.62+0.87
#0.67 $ 1015

RXJ1347a 0.451 2.14+0.60
#0.48 $ 1015

ACT-CL J0102b 0.87 1.85+0.42
#0.33 $ 1015

PLCK G266c 0.94 1.45+0.27
#0.20 $ 1015

SPT-CL J2106d 1.132 1.11+0.24
#0.20 $ 1015

SPT-CL J0546e 1.067 7.80+1.27
#0.90 $ 1014

XXMU J2235f 1.4 6.82+1.52
#1.23 $ 1014

XXMU J0044g 1.579 4.02+0.88
#0.73 $ 1014

Figure 1. Extreme value contours and modal highest mass cluster with
redshift for a $CDM cosmology, along with a set of currently observed
‘extreme’ galaxy clusters. None lies in the region above the 99 per cent
contour and hence are consistent with a concordance cosmology.

findings of Waizmann et al. (2011a) for a similar set of clusters, but
in contradiction to Chongchitnan & Silk (2011)3 who find that the
cluster XMMU J0044 is a 4# result (i.e. should lie well above the
99 per cent region in Fig. 1), whilst here we find it to be well within
the acceptable region.

4 T E S T I N G C O S M O L O G I C A L M O D E L S W I T H
EXTREME CLU STERS

In addition to simply ruling out $CDM cosmology with massive
clusters, we may also consider whether extreme objects offer the po-
tential to discriminate between different alternative models. Whilst
many alternative models are capable of predicting enhanced struc-
ture formation, the exact scale and time dependence of the enhance-
ment will differ from model to model. Here we consider two models
which have a well-defined and investigated effect on the halo mass
function, and hence are relatively simple to calculate the EVS over
a range of redshift for: local form primordial non-Gaussianity and
the bouncing, coupled scalar field dark energy model labelled as
‘SUGRA003’ in Baldi (2011b). These should be regarded as toy
models – our aim is to show how the EVS can be used to select
between different models, rather than make definite predictions.

4.1 Models considered

We make use of the CoDECS simulations kindly made publicly
available by Baldi et al. (2010, 2011a). This suite of large N-body
simulations includes realizations of both $CDM and a number of
coupled dark energy cosmologies. Here, we compare the CoDECS
$CDM-L (where ‘L’ is for ‘Large’) simulation of the concor-
dance cosmology to both the primordial non-Gaussianity and the
SUGRA003 (supergravity) bouncing dark energy models. Primor-
dial non-Gaussianity, motivated by considerations of the fluctu-
ations of the inflaton field, is one of the most widely explored
modifications to the concordance cosmology (e.g. Desjacques &
Seljak 2010) and has long (Lucchin & Matarrese 1988) been known
to affect the abundances of high-mass galaxy clusters. It has also

3 In an updated version of this analysis, Chongchitnan & Silk find no tension
with $CDM.

C% 2011 The Authors, MNRAS 421, L19–L23
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Applica-on	  to	  observa-onal	  data	  (b)	  
Harrison	  &	  Coles,	  2012,	  MNRAS	  421,	  L19	  	  



What	  is	  the	  expected	  minimum	  (maximum)	  temperature	  of	  the	  CMB	  in	  a	  patch	  
of	  the	  sky?	  
	  
What	  is	  the	  expected	  temperature	  of	  the	  (ho?est)	  coldest	  cold	  spot	  in	  the	  
whole	  sky	  CMB?	  
	  
(ques2on	  first	  asked	  by	  Coles	  1988,	  MNRAS	  231,	  125;	  Colombi	  et	  al.	  2011)	  
	  

	  
Issues:	  
-‐ 	  Instrumental	  noise	  
-‐ 	  Contamina2on	  by	  foregrounds	  (non	  primordial	  sources,	  e.g.	  our	  Galaxy)	  
-‐	  The	  Gaussian	  nature	  of	  the	  fluctua2ons	  

Example	  2:	  the	  maximum	  in	  a	  patch	  for	  a	  random	  field	  



Local	  maximum	  along	  the	  edge:	  	  
neglected	  

Local	  maximum	  inside	  the	  Patch	  

The	  global	  maximum	  is	  the	  maximum	  
of	  all	  the	  local	  maxima	  including	  those	  
as	  calculated	  on	  the	  edge:	  	  
	  
Approxima-on	  :	  we	  (at	  variance	  with	  
mathema2cians)	  neglect	  the	  local	  
maxima	  on	  the	  edges,	  i.e.	  the	  blue	  
points.	  It	  should	  work	  if	  L	  >>	  l 

L	  

Smoothing	  l	  

What	  is	  the	  	  probability	  Pevs	  (νmax	  <	  νth)	  of	  having	  νmax	  <	  νth?	  
It	  can	  be	  reduced	  to	  the	  void	  probability	  P0(νth)	  of	  having	  no	  local	  maximum	  
above	  the	  threshold	  νth	  

ν	  :	  Gaussian	  random	  field,	  sta2onary,	  isotropic,	  of	  zero	  average,	  smoothed	  with	  	  
a	  window	  of	  size	  l	  

The	  case	  of	  a	  smooth	  (Gaussian)	  random	  field	  
Colombi,	  Davis,	  Devriendt,	  Prunet	  &	  Silk,	  2011,	  MNRAS	  	  414,	  2436	  



	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  

Genera2ng	  func2on	  formalism	  (Balian	  &	  Schaeffer,	  1989;	  Szapudi	  &	  Szalay	  1993,	  ApJ	  408,	  43)	  
	  
	  
n:	  number	  density	  of	  peaks	  
V:	  volume	  of	  the	  patch	  
	  

	  
Devia-on	  from	  pure	  Poisson:	  
	  
	  
Normalized	  cumulants:	  
	  
	  
Averaged	  reduced	  N-‐point	  correla2ons:	  
	  
	  

Extreme	  value	  sta-s-cs	  as	  a	  void	  probability	  



Approxima-on	  in	  the	  weak	  (but	  non	  zero)	  correla-on	  limit	  

It	  can	  be	  shown,	  in	  the	  large	  threshold	  regime	  and	  in	  the	  weak	  correla2on	  regime	  
(Politzer	  &	  Wise	  1984,	  ApJ	  285,	  L1;	  Cline	  et	  al.	  1987,	  CMaPh	  112,	  217)	  
	  
	  
	  
	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  NN-‐2	  combina2ons	  
This	  is	  valid	  as	  well	  for	  a	  large	  variety	  of	  non	  Gaussian	  isotropic	  and	  sta-onary	  
fields,	  e.g.,	  obeying	  the	  general	  tree	  hierarchical	  model	  (Bernardeau	  &	  Schaeffer,	  1999,	  
A&A	  349,	  697)	  
	  
	  
	  
	  
	  
Now	  we	  need	  just	  to	  compute	  the	  number	  density	  of	  peaks	  and	  their	  two-‐point	  
correla-on	  func-on,	  which	  can	  be	  easily	  performed,	  at	  least	  numerically,	  using	  
the	  theory	  of	  random	  Gaussian	  fields	  (e.g.,	  Adler	  1981,	  The	  Geometry	  of	  Random	  fields).	  
	  

We	  can	  use	  the	  calcula2ons	  of	  	  Bardeen	  et	  al.	  (1986,	  ApJ	  304,	  15)	  in	  3D	  and	  Bond	  &	  
Efstathiou	  (1987,	  MNRAS	  226,	  655)	  in	  2D	  
	  
	  
	  

<<	  1	  



The	  Poisson	  limit	  (D=2	  and	  3)	  
Aldous	  1989,	  Probability	  Approxima2ons	  via	  the	  Poisson	  Clumping	  Heuris2c	  

In	  the	  Poisson	  regime,	  Nc	  <<	  1,	  and	  for	  sufficiently	  large	  threshold,	  the	  extreme	  
value	  sta2s2cs	  can	  be	  expressed	  as	  a	  func2on	  of	  the	  Euler	  characteris-c	  	  
	  

Pevs(ν)=	  

Note:	  
	  
Coherence	  parameter:	  
	  
Scale	  length:	  
	  
Moments	  of	  the	  power	  spectrum:	  
	  
	  

Scale	  free	  P(k)	  α	  kn:	  

	  (Adler,	  1981;	  Adler	  &	  Taylor	  2007,	  Random	  Fields	  and	  Geometry)	  



Link	  to	  the	  family	  of	  func-ons	  

Taylor	  expansion	  around	  ν*	  with	  	  

	  	  	  	  

One	  can	  therefore	  expect	  in	  prac2ce	  
nega2ve	  Weibull	  	  because	  of	  the	  slow	  
convergence	  of	  γG	  to	  zero.	  	  



Measurements	  in	  simulated	  2D	  Gaussian	  fields	  

Nc	   ξ2p(L)	  

P(k)	  α	  kn	  
	  
100	  realiza2ons	  
40962	  Pixels	  each	  
l =5	  pixels	  
400	  non	  overlapping	  
patches	  of	  radius	  L=100	  
pixels	  per	  realiza2on	  









Example	  :	  the	  CMB	  extreme	  value	  distribu-on	  is	  (indeed)	  
well	  fi?ed	  by	  a	  nega-ve	  Weibull	  with	  γG<0	  

Mikelsons,	  Silk	  &	  Zuntz,	  2009,	  MNRAS	  400,	  898	  

γG	  can	  be	  used	  as	  a	  test	  of	  the	  Gaussian	  nature	  
of	  the	  underlying	  field	  
	  
fNL:	  traces	  the	  level	  of	  skewness	  
	  
Note:	  the	  plot	  suggests	  in	  prac2ce	  	  γG	  closer	  to	  
zero	  for	  non	  Gaussian	  field	  than	  for	  Gaussian	  !	  	  
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ABSTRACT
We show that extreme value statistics are useful for studying the largest structures in the
Universe by using them to assess the significance of two of the most dramatic structures in
the local Universe – the Shapley supercluster and the Sloan Great Wall. If we assume that
the Shapley concentration (volume !1.2 " 105 h#3 Mpc3) evolved from an overdense region
in the initial Gaussian fluctuation field, with currently popular choices for the background
cosmological model and the shape and amplitude " 8 of the initial power spectrum, we estimate
that the total mass of the system is within 20 per cent of 1.8 " 1016 h#1 M$. Extreme value
statistics show that the existence of this massive concentration is not unexpected if the initial
fluctuation field was Gaussian, provided there are no other similar objects within a sphere of
radius 200 h#1 Mpc centred on our Galaxy. However, a similar analysis of the Sloan Great
Wall, a more distant (z % 0.08) and extended concentration of structures (volume !7.2 "
105 h#3 Mpc3), suggests that it is more unusual. We estimate its total mass to be within
20 per cent of 1.2 " 1017 h#1 M$ and we find that even if it is the densest such object of its
volume within z = 0.2, its existence is difficult to reconcile with the assumption of Gaussian
initial conditions if " 8 was less than 0.9. This tension can be alleviated if this structure is
the densest within the Hubble volume. Finally, we show how extreme value statistics can be
used to address the question of how likely it is that an object like the Shapley supercluster
exists in the same volume which contains the Sloan Great Wall, finding, again, that Shapley is
not particularly unusual. Since it is straightforward to incorporate other models of the initial
fluctuation field into our formalism, we expect our approach will allow observations of the
largest structures – clusters, superclusters and voids – to provide relevant constraints on the
nature of the primordial fluctuation field.

Key words: methods: analytical – galaxies: clusters: general – dark matter – large-scale
structure of Universe.

1 IN T RO D U C T I O N

Since its discovery (Shapley 1930), the Shapley supercluster has
been the object of considerable interest because it potentially con-
tributes significantly to the velocity field in the local Universe (e.g.
Scaramella et al. 1989; Raychaudhury et al. 1991) and because the
existence of extremely massive objects such as Shapley constrains
the amplitude of the initial fluctuation field, and possibly the hy-
pothesis that this field was Gaussian.

Recent studies suggest that the Shapley supercluster contains a
few times 1016 h#1 M$, is overdense by a factor of the order of 2

!E-mail: shethrk@physics.upenn.edu (RKS); diaferio@ph.unito.it (AD)

and is receding from us at about 15 000 km s#1. These conclusions
are based on studies of the motions of galaxies (Bardelli et al. 2000;
Quintana, Carrasco & Reisenegger 2000; Reisenegger et al. 2000;
Proust et al. 2006; Ragone et al. 2006) and estimates of the masses
of X-ray clusters in this region (Reiprich & Böhringer 2002; de
Filippis, Schindler & Erben 2005). In addition, the fact that this
region is overabundant in rich clusters also allows an estimate of
its mass (Muñoz & Loeb 2008), not all of which may actually be
bound to the system (Dünner et al. 2007; Araya-Melo et al. 2008).
Whereas the other methods are observationally grounded, the mass
estimate from this last method (i.e. from the overabundance of rich
clusters) follows from the assumption that the initial fluctuation
field was Gaussian. Here, we refine this estimate of the total mass
of Shapley and compare it with the answer to the question: what is
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Note:	  the	  case	  of	  superclusters	  



Discussion,	  perspec-ves	  

-‐ Conclusion:	  extreme	  value	  sta2s2cs	  can	  be	  applied	  successfully	  
to	  set	  interes2ng	  constraints	  on	  large	  scale	  structure	  forma2on	  
models,	  including	  effects	  of	  non	  Gaussianity	  
	  
-‐Applica-ons	  to	  clusters	  of	  galaxies,	  super-‐clusters	  of	  galaxies,	  
CMB	  successful	  or	  ongoing.	  	  
	  
-‐Ongoing	  project:	  accurate	  analysis	  of	  the	  cold	  spot	  problem	  
	  
-‐ Other	  possibly	  interes-ng	  applica-ons	  
-‐Largest	  underdense	  regions	  (formerly	  voids)	  in	  the	  Universe	  	  
-‐Lyman	  alpha	  forest	  ?	  
-‐Quasars	  and	  other	  very	  far	  and	  rare	  objects	  (e.g.	  first	  galaxies)?	  



19
88
Ap
J.
..
32
7L
..
35
O

19
88
Ap
J.
..
32
7L
..
35
O


