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propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
¼ c3
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Post-Newtonian theory
‣ Perturbative expansion of relativistic effects  

‣1 PN   
   

‣More and more difficulties appear as we go to higher 
orders  

Blanchet-Damour-Iyer formalism
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Blanchet-Damour-Iyer formalism

figure: www.virgo-gw.eu

Multipolar Post-Minkowskian

Post-Newtonian

[Matching equation Blanchet 1998]

http://www.virgo-gw.eu


7

We consider consecutive circular orbits of orbital frequencies    ,  
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FIG. 7. The 90% credible upper bounds on deviations in the PN
coefficients, from GW150914 and GW151226. Also shown are
joint upper bounds from the two detections; the main contributor
is GW151226, which had many more inspiral cycles in band than
GW150914. At 1 PN order and higher the joint bounds are slightly
looser than the ones from GW151226 alone; this is due to the large
offsets in the posteriors for GW150914.

[41]. For convenience we list them again: (i) {d ĵ0, . . . ,d ĵ7}6

and {d ĵ5l ,d ĵ6l} for the PN coefficients (where the last two
multiply a term of the form f g log f ), (ii) intermediate-regime
parameters {d b̂2,d b̂3}, and (iii) merger-ringdown parameters
{d â2,d â3,d â4}.7

In our analyses we let each one of the d p̂i in turn vary
freely while all others are fixed to their general relativity val-
ues, d p̂ j = 0 for j 6= i. These tests model general relativ-
ity violations that would occur predominantly at a particu-
lar PN order (or in the case of the intermediate and merger-
ringdown parameters, a specific power of frequency in the rel-
evant regime), although together they can capture deviations
that are measurably present at more than one order.8

Given more than one detection of BBH mergers, posterior
distributions for the d p̂i can be combined to yield stronger
constraints. In Fig. 6 we show the posteriors from GW150914,
generated with final instrumental calibration, and GW151226
by themselves, as well as joint posteriors from the two events
together. We do not present similar results for the candidate
LVT151012 since it is not as confident a detection as the oth-
ers; furthermore, its smaller detection SNR means that its con-
tribution to the overall posteriors is insignificant.

6 This includes a 0.5PN testing parameter d ĵ1; since j1 is identically zero in
general relativity, we let d ĵ1 be an absolute rather than a relative deviation.

7 We do not consider parameters that are degenerate with the reference time
or the reference phase, nor the late-inspiral parameters d ŝi (for which the
uncertainty on the calibration can be almost as large as the measurement
uncertainty).

8 In [41], for completeness we had also shown results from analyses where
the parameters in each of the regimes (i)-(iii) are allowed to vary simulta-
neously; however, these tests return wide and uninformative posteriors.

For GW150914, the testing parameters for the PN coeffi-
cients, d ĵi and d ĵil , showed moderately significant (2–2.5s )
deviations from their general relativity values of zero [41]. By
contrast, the posteriors of GW151226 tend to be centered on
the general relativity value. As a result, the offsets of the com-
bined posteriors are smaller. Moreover, the joint posteriors
are considerably tighter, with a 1-s spread as small as 0.07
for deviations in the 1.5PN parameter j3, which encapsulates
the leading-order effects of the dynamical self-interaction of
spacetime geometry (the “tail” effect) [137] as well as spin-
orbit interaction [66, 138, 139].

In Fig. 7, we show the 90% credible upper bounds on
the magnitude of the fractional deviations in PN coefficients,
|d ĵi|, which are affected by both the offsets and widths of
the posterior density functions for the d ĵi. We show bounds
for GW150914 and GW151226 individually, as well as the
joint upper bounds resulting from the combined posterior den-
sity functions of the two events. Not surprisingly, the quality
of the joint bounds is mainly due to GW151226, because of
the larger number of inspiral cycles in the detectors’ sensitive
frequency band. Note how at high PN order the combined
bounds are slightly looser than the ones from GW151226
alone; this is because of the large offsets in the posteriors from
GW150914.

Next we consider the intermediate-regime coefficients d b̂i,
which pertain to the transition between inspiral and merger–
ringdown. For GW151226, this stage is well inside the sensi-
tive part of the detectors’ frequency band. Returning to Fig. 6,
we see that the measurements for GW151226 are of compa-
rable quality to GW150914, and the combined posteriors im-
prove on the ones from either detection by itself.

Last, we look at the merger-ringdown parameters d âi. For
GW150914, this regime corresponded to frequencies of f 2
[130,300] Hz, while for GW151226 it occurred at f & 400 Hz.
As expected, the posteriors from GW151226 are not very in-
formative for these parameters, and the combined posteriors
are essentially determined by those of GW150914.

In summary, GW151226 makes its most important contri-
bution to the combined posteriors in the PN inspiral regime,
where both offsets and statistical uncertainties have signif-
icantly decreased over the ones from GW150914, in some
cases to the ⇠ 10% level.

An inspiral-merger-ringdown consistency test as performed
on GW150914 in [41] is not meaningful for GW151226, since
very little of the signal is observed in the post-merger phase.
Likewise, the SNR of GW151226 is too low to allow for an
analysis of residuals after subtraction of the most probable
waveform. Finally, in [41], GW150914 was used to place a
lower bound on the graviton Compton wavelength of 1013 km.
Combining information from the two signals does not signif-
icantly improve on this; an updated bound must await further
observations.

VI. BINARY BLACK HOLE MERGER RATES

The observations reported here enable us to constrain the
rate of BBH coalescences in the local Universe more precisely

LIGO Scientific and Virgo collaboration arxiv:1606.04856 
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FIG. 6. Posterior density distributions and 90% credible intervals for relative deviations d p̂i in the PN parameters pi, as well as intermediate
parameters bi and merger-ringdown parameters ai. The top panel is for GW150914 by itself and the middle one for GW151226 by itself,
while the bottom panel shows combined posteriors from GW150914 and GW151226. While the posteriors for deviations in PN coefficients
from GW150914 show large offsets, the ones from GW151226 are well-centered on zero as well as being more tight, causing the combined
posteriors to similarly improve over those of GW150914 alone. For deviations in the bi, the combined posteriors improve over those of either
event individually. For the ai, the joint posteriors are mostly set by the posteriors from GW150914, whose merger-ringdown occurred at
frequencies where the detectors are the most sensitive.

up to 3.5PN. Since the source of GW151226 merged at
⇠ 450 Hz, the signal provides the opportunity to probe the
PN inspiral with many more waveform cycles, albeit at rel-
atively low SNR. Especially in this regime, it allows us to
tighten further our bounds on violations of general relativity.

As in [41], to analyze GW151226 we start from the IMR-
Phenom waveform model of [35–37] which is capable of de-
scribing inspiral, merger, and ringdown, and partly accounts
for spin precession. The phase of this waveform is charac-
terized by phenomenological coefficients {pi}, which include
PN coefficients as well as coefficients describing merger and
ringdown. The latter were obtained by calibrating against nu-

merical waveforms and tend to multiply specific powers of
f , and they characterize the gravitational-wave amplitude and
phase in different stages of the coalescence process. We then
allow for possible departures from general relativity, param-
eterized by a set of testing coefficients d p̂i, which take the
form of fractional deviations in the pi [135, 136]. Thus, we
replace pi ! (1+d p̂i) pi and let one or more of the d p̂i vary
freely in addition to the source parameters that also appear
in pure general relativity waveforms, using the general rel-
ativity expressions in terms of masses and spins for the pi
themselves. Our testing coefficients are those in Table I of

⌦
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 II. The multipolar post-
Minkowskian (MPM) algorithm
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The MPM algorithm

Gµ⌫(g↵� , @g↵� , @
2g↵�) = 0

hµ⌫ ⌘
p
�ggµ⌫ � ⌘µ⌫ = Ghµ⌫

(1) + G2hµ⌫
(2) + . . .

⇤hµ⌫
(i) = ⇤µ⌫

(i)(h
↵�
(1), . . . , h

↵�
(i�1))

@µh(i)µ⌫ = 0 [harmonic coordinates]



10

h1
µ⌫ ⇠

X

l�0

@i1,...,il

✓
Mi1...il(t� r)

r

◆
+

X

l�2

@i1,...,il

✓
Si1...il(t� r)

r

◆

= h1
M + h1

Mij
+ h1

Mijk
+ · · ·+ h1

Sij
+ h1

Sijk
+ . . .

The MPM algorithm

[Thorne 80]

n
⇤hµ⌫

(i) = ⇤µ⌫
(i)(h

↵�
(1), . . . , h

↵�
(i�1))

@µh(i)µ⌫ = 0

hµ⌫
(1)

hµ⌫
(2) = hµ⌫

(2)M⇥M + hµ⌫
(2)M⇥Mij

+ hµ⌫
(2)Mij⇥Mij

+ . . .



Issue:
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First issue: regularization
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Second issue: tails
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Ultimate Goal: compute the flux up to 4.5PN

Done so far: compute all the 4.5PN contributions of the tails:

4.5PN project
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[ TM  Blanchet Faye (2016)  1607.07601]
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‣ Required new analytical formulae

‣Implementing the algorithm into Mathematica
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Finally our complete result for the leading 1/r term (actually made of 1/r, ln r/r and
ln2 r/r terms) of the quartic metric in harmonic coordinates reads

h00
M3×Mij

=
M3n̂ab

r

∫ +∞

0

dτ M (6)
ab

{

−
8

3
ln3

( τ

2r

)

+
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21
ln2
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2r
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+
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ln

(

r
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)

ln
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)

+
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2205
ln
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+
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ln
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+O
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, (4.1a)
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, (4.1b)
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The quadrupole moments inside the integrals are evaluated at time t− r − τ . Note that at
this stage the logarithms involve both the radial distance r to the source and the constant r0
originally introduced into the MPM algorithm. We shall now extract the relevant physical
information from this metric as viewed at future null infinity, in the form of the so-called
radiative quadrupole moment Uij [34] — not to be confused of course with the source type
quadrupole moment Mij .

So far we have used harmonic coordinates xµ for our computations. However, this choice
of coordinates has the well-known disadvantage that the coordinate cones t − r (where
r = |xi|) deviate by powers of the logarithm of r from the true space-time characteristics or
light cones. As a result, the 1/r expansion of the metric in harmonic coordinates (as r → +∞
with t − r = const) involves powers of logarithms. We can get rid of these logarithms by
going to radiative coordinates Xµ for which the associated coordinate cones T − R (where
R = |X i|) become asymptotically tangent to the true light cones at future null infinity. As
done in previous work [8], we will perform the coordinate transformation Xµ = xµ + ξµ(x),
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Going to radiative coordinate

where ξµ is defined by

ξ0 = −2M ln

(

r

b0

)

, (4.2a)

ξi = 0 , (4.2b)

with b0 denoting an arbitrary scale which is a priori different from the scale r0. We shall
show that this simple coordinate change is sufficient to remove all the log-terms from our
quartic metric (4.1). In radiative coordinates Xµ the radiative quadrupole moment Uij will
then be straightforwardly defined. Keeping only the 1/R terms and consistently taking
into account all the M3 ×Mij interactions, we find that the metric in radiative coordinates
HM3×Mij

differs from the metric hM3×Mij
in harmonic-coordinates by
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(4.3)

where both sides are evaluated at the same dummy coordinate point, say Xµ. Injecting
the results found for hM3×Mij

, hM2×Mij
, hM×Mij

and hMij
recalled in Sec. II with ξµ defined

by (4.2), we indeed find that all the logarithms of R vanish, and obtain
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ln

(

τ

2r0

)

−
4508029

231525
+

64π2

63

}
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Matching equation to compute the multipole moments

We can compute the flux directly from Hµ⌫

[e.g. Blanchet 1998]
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✓
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[Tanaka et al. gr-qc/9701050]
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arxiv:1607.07601[See also Messina&Nagar 2017]



Conclusion
‣Goal: reach 4.5PN Flux in order the have the 4.5PN 
phase 

‣Done so far: Tail effects up to 4.5PN, and the 4.5PN term 
in the flux of circular orbits. 

‣What’s next: Computing       at 4PN and      at 3PN.

Thank you !
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Mij Sij

Ultimately, 4.5PN phase and polarization


