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LIGO’s bank of search templates!
O1: 200 000 EOB + 50 000 PN!
O2: 325 000 EOB + 75 000 PN

v ⌧ c

R � GM/c2

v ⇠ c

R ⇠ GM/c2

but  NR simulation!
for GW151226!
took 3 months and!
70 000 CPU hours
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BH!
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theory

LISA’s templates!
via EOB[SF] ?



Analytical GW Templates for BBH Coalescences ?

Cutler et al. ’93:!
« slow convergence of PN »

Brady-Creighton-Thorne’98: !
« inability of current computational !
techniques to evolve a BBH through its last!
 ~10 orbits of inspiral »  and to compute the!
merger 

Damour-Iyer-Sathyaprakash’98:!
use resummation methods for E and F

Buonanno-Damour ’99-00:!
novel, resummed approach:!
Effective-One-Body!
analytical formalism

PN corrections to Einstein’s quadrupole frequency « chirping »!
from PN-improved balance equation dE(f)/dt = - F(f)
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Effective	One	Body	(EOB)	Method)
Buonanno-Damour	1999,	2000;	Damour-Jaranowski-Schaefer	2000;	Damour	2001	(SEOB)

Predictions	as	early	as	2000	:		
continued	transition,		non	adiabaticity,	first	complete	waveform,	final	spin	(OK	within	10%),	final	mass

Resummation	of	perturbative	PN	results													description	of	the	coalescence		
+	addition	of	ringdown	(Vishveshwara	70,	Davis-Ruffini-Tiomno	1972)

Buonanno-Damour	2000



First complete waveforms for BBH coalescences: analytical EOB

Non-spinning BHs!
Buonanno-Damour 2000

Spinning BHs!
Buonanno-Chen-Damour!
Nov 2005: !
« to show the !
promise!
of a purely !
analytical !
EOB-based!
approach »



EOB THEORY + EOB[NR] + EOB[SF] DEVELOPMENTS
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Buonanno,Damour 99                                          (2 PN Hamiltonian)  
Buonanno,Damour 00                                          (Rad.Reac. full waveform) 
Damour, Jaranowski,Schäfer 00       (3 PN Hamiltonian) 
Damour 01,                                                                                       (spinning bodies) 
Buonanno, Chen, Damour 05, 
Damour-Jaranowski,Schäfer 08,  Barausse, Buonanno, 10,      Nagar 11,  
Balmelli-Jetzer 12, Taracchini et al 12,14, Damour,Nagar 14 
Damour, Nagar 07,                                                                          (factorized waveform) 
Damour, Iyer, Nagar 08,  
Pan et al.  11     
Damour, Nagar 10                                                                             (BNS tidal effects) 
Bini-Damour-Faye 12                                                       
Bini, Damour 13, Damour, Jaranowski, Schäfer 15    (4 PN Hamiltonian) 

EOB vs NR and EOB[NR]    
Buonanno, Cook, Pretorius 07,  
Buonanno, Pan, Taracchini 08- 
Damour-Nagar 08-  

EOB vs SF and EOB[SF] 
Damour 09 
Barack-Sago-Damour 10 
Barausse-Buonanno-LeTiec 12 
Akcay-Barack-Damour-Sago 12 
Bini-Damour 13-16 
LeTiec 15 
Bini-Damour-Geralico 16 
Hopper-Kavanagh-Ottewill 16 
Akcay-vandeMeent 16

Reduced Order Model version (Pürrer 2014, 2016) of 
EOB[NR] (Taracchini et al 2014) 
 
Phenomenological model (Ajith et al 2007, Hannam et 
al 2014, Husa et al 2016, Kahn et al 2016) 
of FFT of hybrids EOB + NR 
 
 
 

EOB vs PM!
Damour 16



Real	dynamics	versus	Effective	dynamics

G	 G2	

1	loop

G3	

2	loops
G4	

3	loops

Real	dynamics Effective	dynamics	

Effective	metric	for	non-spinning	bodies:	a	nu-deformation	of	Schwarzschild
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TWO-BODY/EOB “CORRESPONDENCE”: 
 THINK QUANTUM-MECHANICALLY (J.A. WHEELER)
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1:1 map
(m1, m2)

µ =
m1m2

m1 + m2

ge�
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Bohr-Sommerfeld’s  
Quantization Conditions 
(action-angle variables & 
  Delaunay Hamiltonian)
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An effective particle 
in some effective metric

Hclassical(q, p) Equantum(Ia = nah) = f�1[Equantum
e� (Ie�

a = nah)]

E = f(E)

Hclassical(Ia)

µ2 + gµ⇥
e�

⇥Se�

⇥xµ

⇥Se�

⇥x⇥
+O(p4) = 0



2-body Taylor-expanded N + 1PN + 2PN Hamiltonian
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2-body Taylor-expanded 3PN Hamiltonian [JS 98, DJS 01]
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2-body Taylor-expanded 4PN Hamiltonian [DJS, 2014]
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Resummed	(non-spinning)	4PN	EOB	interaction	potentials

ds2e↵ = �A(r; ⌫) dt2 +B(r; ⌫) dr2 + r2
�
d✓2 + sin2 ✓ d'2
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Spinning EOB effective Hamiltonian
H
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Resummed	EOB	waveform
(Damour-Iyer-Sathyaprakash	1998)	Damour-Nagar	2007,	Damour-Iyer	-Nagar	2008

NB: T_lm !
resums an!
infinite number!
of terms and!
already contains,!
eg, 4.5PN tail^3!
terms!
(Messina-Nagar17)



STRUCTURE OF THE EOB FORMALISM

EOB Hamiltonian

Resummed (BD99)

PN dynamics 
(DD81,D82,DJS01,IF03,BDIF04
)

EOB Rad. Reac. force

F̂�HEOB

Factorized waveform

h⇧m = h(N,⇥)
⇧m ĥ(⇥)

⇧m

ĥ(⇥)
⇧m = Ŝ(⇥)

effT⇧mei��m�⇧
⇧m

Resummed (DN07,DIN08)Resummed (DIS98)

BH perturbations  
RW57, Z70, Z72

hEOB
�m = �(tm � t)hinsplunge

�m (t) + �(t� tm)hringdown
�m (t)

hringdown
⇤m (t) =

�

N

C+
Ne��+

N (t�tm)

EOB waveform

PN waveform 
BD89, B95&05,ABIQ04,

PN rad losses 
WW76, BDIWW95, BDEFI 
05

Matching at merger time

⇥N = �N + i⇤N

QNMs spectrum

BNS: tides 
(Love numbers)
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NR-completed	resummed	5PN	EOB	radial	A	potential

4PN	analytically	complete	+	5	PN	logarithmic	term	in	the	A(u,	nu)	function,	
With	u	=	GM/R	and	nu	=	m1	m2	/	(m1	+	m2)^2	
[Damour	09,	Blanchet	et	al	10,	Barack-Damour-Sago	10,	Le	Tiec	et	al	11,	Barausse	et	al	11,	Akcay	et	al	12,	Bini-Damour	13,	
Damour-Jaranowski-Schäfer	14,	Nagar-Damour-Reisswig-Pollney	15]	

« We think, however, that a suitable ‘‘numerically fitted’’ and, if possible, ‘‘analytically extended’’ EOB Hamiltonian 
should be able to fit the needs of upcoming GW detectors. » (TD 2001)

here	Damour-Nagar-Bernuzzi	’13,	Nagar-etal	’16;	alternative:	Taracchini	et	al	’14,	Bohe	et	al	‘17

u =
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c2 R
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MAIN RADIAL RADIAL EOB POTENTIAL A(R) 
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Tidal extension of EOB (TEOB) [Damour-Nagar 09]

A(r) = A0
r + Atidal(r)

Atidal(r) = �⇥T
2 u6

�
1 + �̄1u + �̄2u

2 + . . .
⇥

+ . . .

TEOB[NR]  A(R) potential (Bernuzzi et al. 2015)



EOB

PN NR

PM SF

See talks by: C. Kavanagh, L. Kidder, W. Han, F-L Julié, … 



4 PN periastron precession and scattering  !
and EOB   (DJS15, Bini-Damour17) 
Technically convenient to use EOB: !

Hamilton-Jacobi, use of EOB E_eff,inclusion of spin terms, time-localization of tail action
First analytical computation of 4PN periastron precession (DJS15)



EOB-NR waveform comparison
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EOB VS PN
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« quality factor » of GW phase 

Q! = f2 d
2 (f)

df2
⇡ !2

!̇

Q! �QN
!

Husa et al 16  
PN accuracy loss 
during inspiral



OTHER EOB-NR COMPARISONS

25

Periastron precession !
(LeTiec-Mroue-Barack-Buonanno-Pfeiffer-Sago-Tarachini 11, Hinderer et al 13)
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EOB AND GSF
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Comparable-mass case:  

Gravitational Self-Force Theory : m1 << m2 

• Analytical high-PN results : Blanchet-Detweiler-LeTiec-Whiting ’10, 

Damour ’10, Blanchet et al ’10, LeTiec et al ’12, Bini-Damour ’13-15, 

Kavanagh-Ottewill-Wardell ’15 

• (gauge-invariant) Numerical results : Detweiler ’08, Barack-Sago ’09, 

Blanchet-Detweiler-LeTiec-Whiting ’10, Barack-Damour-Sago ’10, Shah-

Friedman-Keidl ’12, Dolan et al ’14, Nolan et al ’15, … 

• Analytical PN results from high-precision (hundreds to thousands of 

digits !) numerical results : Shah-Friedman-Whiting ’14, Johnson-McDaniel-

Shah-Whiting ’15  

m1 ⇠ m2

Bini-Damour-Geralico’16, Hopper-Kavanagh-Ottewill’16

Akcay-van de Meent ‘16



EOB, SF, EOB[SF], LISA ETC
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Remarkable EOB fact about expansions in nu=m1m2/(m1+m2)^2: while 

EOB[SF]  program:  improve the few EOB gauge-invariant potentials by SF-computing !
(analytically or numerically) the contributions linear in nu. Recently implemented for !
A, B, Q, gS, gS* (Bini,Damour,Geralico,Kavanagh,Akcay, van de Meent, Hopper,Wardell,Ottewill,…

Computation of 4PN O(nu) term in A from numerical (Barausse-Buonanno-LeTiec’12)!
and analytical (Bini-Damour’13) SF computation;!
Confirmation of all 4PN O(nu) terms of Damour-Jaranowski-Schaefer’14’15 from SF!
computations (Barack-Damour-Sago, Bini-Damour-Geralico, van de Meent)

Aim: define template banks for LISA



GSF : ANALYTICAL HIGH-PN RESULTS
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Bini-Damour 15 Kavanagh et al 15



FIRST EOB GYROGRAVITOMAGNETIC RATIO FROM SF
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Bini-Damour-Geralico’15

From NR calibration

From SF



EOB, PM, EFT, QFT and all that
Original EOB dictionary based on bound states.!
New (equivalent) dictionary for scattering states:!
applicable to the PM approximation (no restriction on v/c). !
[Damour2016]

Direct link between Feynman-like scattering diagrams and EOB Hamiltonian.
Different from the Feynman-like diagrams giving the Fokker-type!
action in gravity [Damour-Esposito-Farese ’96]

g = ⌘ + h

S(h, T ) =

Z ✓
1

2
h⇤h+ @@hhh+ ...+ (h+ hh+ ...)T

◆

⇤h = �T + ... ! h = GT + ...

Sred(T ) =
1

2
T GT + V3(GT,GT,GT ) + ...

O(G)= Newtonian !
+ (v/c)^n corrections

O(G^2)=1PN!
=1 loop

O(G^3)=2PN!
=2 loop

O(G^5)=4PN!
=4 loop

Recently (Damour-Jaranowski ’17)  corrected an error in the!
EFT computation (by Foffa-Mastrolia-Sturani-Sturm’16) !
of the above static 4-loop diagram.



New results already at the 1PM order (linear in G)

to order G1, the relativistic dynamics of a two-body system (of masses m1 , m2 ) is equivalent to the relativistic 
dynamics of an effective test particle of mass μ = m1m2/(m1 + m2) moving in a Schwarzschild metric of mass M = 
m1+ m2, i.e. the rather complicated 1PM Hamiltonian of Ledvinka-Schaefer-Bicak2010: with	

is fully described by the EOB energy map applied to

ds2lin = �(1� 2
GM

r
)dt2 + (1 + 2

GM

r
)dr2 + r2d⌦2

Derivation of EOB energy map to all orders in v/c:



TESTING THEORIES
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Phenomenological (theory-independent) approach

e.g. Mercury’s periastron advance:  !̇

Theory-space approach:   
consider a multi-dimensional space of theories: 
e.g. tensor-scalar gravity with free parameters 

and/or free functions. 
Problem: scarcity of sound, well-motivated alternatives to GR, 

predicting non-GR effects for BBH systems. 
Standard tensor-scalar theories need NS to predict non-GR effects 

Lack of proof that currently considered alternative theories are  
theoretically, and phenomenologically, sound  

(Vainshtein mechanism ??; higher-derivative ghosts ??). 
Use of models containing unmotivated scales. 

In addition, lack of complete theoretical derivations in most 
alternative theories.



NEW PHENOMENOLOGICAL APPROACH TO 
TESTING STRONG-FIELD GRAVITY IN BBH 
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 Parametrized EOB (PEOB) approach:

Use the analytical flexibility of EOB:  flex  some of the crucial EOB functions 
determining the complete EOB waveform (including ring down) by  

modifying them in the strong-field (u =O(1)) or relativistic (x=O(1)) domain
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Calculable theory-space alternative for BBH:!
String-inspired gravity 

Consider a 4-parameter, two-derivative deformation of BBH in GR

Here, A_mu is a « graviphoton » (Scherk), that could be coupled to dark 
matter, or to some shadow matter. Dimensionless parameters for « electric-

type charges » (assuming some type of charge separation during 
gravitational collapse; differently from the NS case: Q_NS=0):  

L[gµ⌫ ,', Aµ) =
1

16⇡G
(R� 2(@')2 � 1

4
eg'Fµ⌫F

µ⌫)

g; g0; q1 =
Q1

16⇡Gm1
; q2 =

Q2

16⇡Gm2

gobsµ⌫ = eg
0'gµ⌫

The scalar hair of each (isolated) BH is a function of  g, and q <~ 1. 
The 4 parameters will coherently and smoothly deform the dynamics, the radiation damping, the 

merger, the ringdown, and the observed waveform (adding a spin-0 polarization). By restricting the 
parameters to special sub-spaces one can explore the sensitivity of GW150914 to various consistent 

strong-field effects (e.g. q1 + q2=0 or not =0)



CONCLUSIONS
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The EOB formalism led (in 2000) to the first quantitative predictions for the waveform, and physical 
characteristics (notably final spin) of merging BBHs.	

NR-completed EOB waveforms (in Reduced Order form) are being employed in LIGO/Virgo data 
analyses [O1: 200 000 EOB templates, O2: 325 000 EOB templates] and, have played a central role in 
the search, significance-assessment, parameter-estimation analyses, and GR tests of the GW 
observations announced so far. 	

EOB waveform models have also been employed to build frequency-domain, phenomenological models 
for the inspiral, merger, and ringdown stages of the BBH coalescence. [The latter models have also been 
used to infer the properties and carry out tests of GR with GW observations.]	

The EOB formalism has been extended to tidally interacting systems (BNS, NSBH)	

The EOB formalism might also (after SF-completion) be an efficient way of defining accurate templates 
for LISA.	

Beyond its role in defining accurate waveform templates for GW detectors, the EOB formalism is also a 
new way of describing both the dynamics and the GW radiation of compact binaries. It notably led to 
accurate descriptions of: periastron precession, energetics [E(J) curve], and scattering of BBH.  	

EOB theory has also revealed several remarkably simple features (hidden in other formulations) of BBH 
dynamics such as: linearity in nu=m1m2/(m1+m2)^2 of A(u;nu) up to the 4PN level; validity of a 
simple energy map to all orders in v/c	


